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Higher-order unification has been shown to be undecidable. Miller discovered the pattern fragment and
subsequently showed that higher-order pattern unification is decidable and has most general unifiers. We
extend the algorithm to higher-order rational terms (a.k.a. regular B6hm trees, a form of cyclic A-terms) and
show that pattern unification on higher-order rational terms is decidable and has most general unifiers. We
prove the soundness and completeness of the algorithm.

CCS Concepts: » Theory of computation — Proof theory; Equational logic and rewriting;
Additional Key Words and Phrases: Pattern Unification, Rational Terms, Regular B6hm Trees

ACM Reference format:

Zhibo Chen and Frank Pfenning. 2024. A Saturation-Based Unification Algorithm for Higher-Order Rational
Patterns. ACM Trans. Comput. Logic 26, 1, Article 4 (December 2024), 33 pages.
https://doi.org/10.1145/3704265

1 Introduction

Unification is the backbone of logic programming [Miller, 1991] and is also used in type recon-
struction in the implementation and coverage checking of dependent type theories [Pfenning
and Schiirmann, 1999; Schiirmann and Pfenning, 2003]. Given a list of equations with unification
metavariables, unification is the problem of finding substitutions for the unification metavariables
such that the equations hold true. Often, one is interested in finding most general unifiers. Consider
the following equation as an example, where unification metavariables are written in capital letters:

Ax.Ay.Az.Fxy = Ax. Ay.Az.Gy z.

The most general unifier in this case is F = dv.Aw.Hov and G = Au. Av. Ho for some fresh
unification metavariable H.

The attempt to develop a formal representation for circular proof systems [Brotherston and
Simpson, 2011; Fortier and Santocanale, 2013] has led to the development of CoLF [Chen and
Pfenning, 2023], a logical framework with higher-order rational (circular) terms. Type checking
and reconstruction in CoLF involves unification on inherently circular terms. We also foresee appli-
cations of our unification algorithms in the context of cyclic logic and process calculi [Derakhshan
and Pfenning, 2019], for example, to implement transformations of recursive (cyclic) processes or
to perform type inference in the presence of recursive (cyclic) types.
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4:2 Z. Chen and F. Pfenning

In this article, we provide a unification algorithm on higher-order rational terms in the sense
of the type theory CoLF [Chen and Pfenning, 2023], where two A-terms are equal if their infinite
unfoldings as rational trees are equal. The higher-order rational terms we are considering are also
called L-free regular Bohm trees by Huet [1998]. Our work is distinguished from recent works
on nominal unification in A-calculus with recursive let [Schmidt-Schauf} et al., 2022] (a.k.a. cyclic
A-calculus), in that the notion of equality in their work is much weaker than ours. Their equality
is based on alpha-equivalence and permutation of order of declaration within the recursive let
construct, but our equality is based on the infinite tree equalities generated from circular terms.
For instance, given two recursive definitions r =4 cr and s =;4 ¢ (¢ s), our algorithm considers r
and s to be equal, whereas the algorithm by Schmidt-Schauf} et al. distinguishes these two terms.

We only consider the case of unification problems between simply typed higher-order rational
terms, and in particular, we treat validity as a separate issue and thus do not distinguish between
type and cotype [Chen and Pfenning, 2023]. For instance, when encountering the unification
problem F = succ F, supposedly with the type of natural numbers, our algorithm is happy to come
up with the solution F being an infinite stack of succ’s, and disregards the fact the circular terms
F = r,r =4 succ rare not valid. In an implementation, validity checking can be a separate procedure
from unification. The approach is to build validity checking into unification, such that F = succ F of
natural number type has no unifier due to the failure of the occurs check, because validity requires
every term of natural number type to be a finite term. We did not take the combined approach as
we find separating two issues leads to a cleaner presentation of the unification algorithm.

One of the simplest examples of higher-order unification on higher-order rational terms is the
following one, where F is of simple type (* — %) — =:

Ax.x (Fx) = Ax. Fx.

If we were to consider this problem in the setting of noncyclic unification, there would be no unifier
due to the failure of the occurs check. However, our cyclic-unification algorithm will successfully
find the unifier F = Ax. rx where r =4 Ax. x (rx). The symbol r is a recursion constant that unfolds
to the infinitary term, Ax. x (x (x (x ...))), an abstraction that binds x and its body is an infinite
stack of x’s.

We first present the algorithm for first-order rational unification in a new way (Section 2) and
then extend the algorithm to include higher-order patterns (Section 3). In each case, we first define
the unification problem (Sections 2.1 and 3.1) and give a preprocessing algorithm that transforms
an arbitrary unification problem into a flattened form (Sections 2.2 and 3.2). Then, we give a
saturation-based algorithm that operates on the flattened form (Sections 2.4 and 3.4). The saturation
rules are complemented with examples showing how the algorithm operates on concrete problems.
Finally, a proof of the correctness of the algorithm is given (Sections 2.6 and 3.7). Examples use the
syntax of Twelf [Pfenning and Schiirmann, 1999] extended with cyclic terms of CoLF [Chen and
Pfenning, 2023].

2 First-Order Rational Unification

First-order rational unification [Jaffar, 1984] arises directly out of first-order unification [Robinson,
1965], but without occurs check. We give a new presentation of the algorithm based on saturation
[Ganzinger, 1996; Pfenning, 2006], that mimics the structure of the higher-order case in Section 3.
In Jaffar’s algorithm, the unification is presented as transformations on equivalence classes of terms
(containing variables) into a solved form, where solutions can be read directly. Our algorithm shares
the essential idea as his algorithm, but we presented it very differently. The primary motivation for
a different presentation is to make the later presentation of the higher-order case easier to follow.
The circular terms in Jaffar’s algorithm are created implicitly by the presence of a variable and its
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A Saturation-Based Unification Algorithm for Higher-Order Rational Patterns 4:3

recursive definition in the same equivalence class, whereas we use explicit recursive definitions
and explicit equations between terms.

2.1 Problem Formulation
We present the definition of a unification problem in this section, and then present in Section 2.2
a flattened form of the unification problem that the algorithm and the proofs assume, obtainable
by preprocessing. With three syntactic entities, constructors (written c, d, or e) and unification
metavariables (written in capital letters E, F, G, H), recursion constants (written in underlined letters
1, 5, 1) [Chen and Pfenning, 2023], possibly with subscripts, a first-order concrete unification context
A. is a system of equations T = T’ together with definitions for recursion constants that may occur
inT.Intermc¢Tj ... Ty, c is the head and Ty ... T, are the arguments of c. The grammar is shown
as follows. It enforces that recursive definitions are required to be contractive: r =; T means the
head of T must be a constructor:

Concrete Unification Contexts A; =[] | Ae Ty =T | Asr=gcTh ... T,

Terms Tu=cT... T, |H|r

We now define the infinitary denotation of T in a context A. by depth k observations of M. First,
define M, to be first-order terms with the symbol L, and contractive and recursive unification
metavariables (defined later in Section 2.2):

M, s=c(M)y ... (M), | H® | H° | L.

We define definitional expansion up to depth k of a term T into M, as the function exp(A]s) (T) = My,

defined by lexicographic induction on (k, T). Since the parameter A, remains unchanged throughout,
we omit writing it to reduce visual clutter if it is not referenced:

exp(oy(T) = L
exp(rs1) (€T .. Tn) = c (exp(iy (M1)) ... (exp(x)(Mp))
exp (1) (H) = HY

exp(AkCH)(r) =expsn(cTh ... Ty) ifr=gcTy ... T, € Ac.

As an example, given a signature for conatural numbers and their simple equality, we are asked
to find which number’s double cosuccessor is omega.

conat : cotype.
cozero : conat.
cosucc : conat -> conat.

omega : conat = cosucc omega.
?- omega = (cosucc (cosucc H)).

We may formulate the problem as follows, where H is a fresh unification metavariable standing
for the answer to our query:

A. = {omega =4 cosucc omega, cosucc (cosucc H) = omega}.

We will not define unifiers for the concrete unification context, but the definition would look
similar to the one for the unification context after the preprocessing phase defined next. Eventually,
we will find the following unifier for A.:

I, = {H = omega, omega =4 cosucc omega}.
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4:4 Z. Chen and F. Pfenning

Notice that given two terms in a concrete context, their equality of definitional expansion up to
depth w is decidable [Chen and Pfenning, 2023; Huet, 1998]. The core idea is to carry out structural
comparisons of the terms and memorizing intermediate equalities. This comparison terminates
because the rationality of the terms ensures that only a finite number of intermediate equalities are
possible.

2.2 Preprocessing

Terms are now divided into recursive terms and contractive terms. A contractive term is a term
with a constructor as its head, and a recursive term is a term with a recursion constant as its head.
The purpose of preprocessing is to put recursive definitions into shallow forms that are one level
deep, meaning that the arguments to a constructor must not be contractive terms and can only
be recursive terms. That means a term c (d e) must be written down using recursive definitions:
cr,r =¢ ds,s =g e. This greatly simplifies the termination proof of the unification algorithm
here and for the higher-order case, which we eventually wish to develop. Similarly, unification
metavariables are divided into recursive unification metavariables (with superscript ©), which may
unify with only recursion constants, and contractive unification metavariables (with superscript ™)
which may only unify contractive terms. We use the lower case letter m to denote either m or
O and write H™ to indicate a unification metavariable H that is either contractive or recursive.
We also include a special symbol contra for contradictory unification contexts that do not have a
unifier. The unification context now only permits equations between two recursive terms or two
contractive terms. The grammar is as follows:

Unification Contexts AT =:=[] | AU =U; | A,N; = Ny | A,r=4U | A, contra
Contractive Terms U:=cN;...N, | H®
Recursive Terms N ==r| H°.

As an example, we would like the concrete unification context A, defined in the previous section
A= {W =q cosucc omega, cosucc (cosuccH) = %}
to be processed to the following unification context A:
A= {w =q cosucc omega, s =q COSUCCT, T =g cosucc H®, s = w}.

We define a preprocessing translation from concrete unification contexts to unification contexts.
We write A, > A translation of A, to A, T >™ U ¢ A for translating a term T into a contractive term
U with a new context A, and T >° N ¢ A for translating a term T into a recursive term N with a
new context A. We treat a unification context as an unordered list and may write Aq, A, to join two
contexts A; and A, with disjoint sets of recursion constants. If the set of recursion constants of A;
is not disjoint from the set of recursion constants of A;, we may consistently rename recursion
constants in A, such that Aq, A; is always defined.

ACDAl T] I>ON1<>A2 Tg I>ON2<>A3

(1) - - (2)
(1> 1] Ao, Ti =T > Ay, Ay, A3, N; = N,

ACDAl CTl...TnDIUOAQ
3
AC,ZZdCTl...TnDAl,Az,IZdU
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¢Ty ... T,p"UoA focha . .
ch...Tn|>05<>(A,5=dU)(I resh)(4) H>HO<>[]() 5|>£<>[]()

Vii<i<n Ty >° Nj o A
cT ... T, |>.CN1 NHO(AI,...,AH)

(7) (NorulesforT=HorT =r)

The informal intuition of the transformation rules is that we make transform both sides of a
unification equation into recursive terms and transform the body of a recursive definition to a
contractive term. Recursion constants are already recursive terms. To transform any term with a
constructor head to a contractive term, we transform the arguments into recursive terms (rule (7)).
To transform any nonrecursive term into a recursive term, create a recursive definition that mimics
the term (rule (4)).

We define the definitional expansion at depth k for a recursive or a contractive term mutually
recursively, exp(Ak) (U) = M, and exp(Ak) (N) = M,. We take the liberty to omit writing A if it
remains unchanged throughout and is not referenced:

exp(o)(U) = L
expks1) (H") = H*
exp(r+1) (€ N1 ... Np) = c (exp gy (N1)) ... (exp(x)(Nn))
exp(o)(N) = L
exp k1) (H”) = H®
XP(ks1) (1) = expy,y) (U) if r =4 U € A.
The translation preserves the definitional expansion of arbitrary depth.
THEOREM 2.1. We have
1) fTe"UoA, and exp(A]:') (s) = exp(A,i) (s) for all s occurring in'T, then exp(A]g) (T) = exp(A,i)Az (0).

(2) fT>°NoA, and exp(A]z) (s) = exp% (s) foralls occurring in T, then exp(A]g) (T) = expf,i)Az(N).

Proor. Simultaneous induction on (k, T), where (2) may appeal to (1) without a decrease in size.
We show the case for rules (4) and (7) as examples.

Rule (4): The premise ¢Ty ... T, >™ U ¢ A implies, by the induction hypothesis, that exp(Alg)
(cTy ...Ty) = exp(k) A(U). We have

exp(Alz) (¢cTy ... T)
= eXPA"A(U) (by the induction hypothesis)
(U)  (because ris fresh)
=aU "
P(k) (r)  (by definition).

ex

Rule (7): When k = 0, the result is trivial. When k > 0, the premise T; >° N; o A} implies,
by the induction hypothesis that exp(A]: 1)(T) = exp(k 1)(N) Let A" = A},..., A}, we have

exp(k 1)(N) = exp(k 1)(N) exp(k 1)(N) because each A} may only contain fresh recursion
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4:6 Z. Chen and F. Pfenning

constants. We have
exp(Alg)(c T ... T,)
=c (exp(A]:_l)(Tl)) (exp(A]:_l)(Tn)) (by definition)
=c (exp?]i’_Al) (ND) ... (exp?]i’_Al) (N,)) (by the induction hypothesis)
= exp(A,i’) /(c Ni ... Ny) (by definition). O

COROLLARY 2.2. IfA. > A, then every equation in A, corresponds to an equation in A with equal
definitional denotation, and every recursive definition in A, corresponds to a recursive definition in A.

Proor. Directly by structural induction over A, > A. O

It is worth noting that we have assumed all concrete unification metavariables H are recursive, in
the sense that they may unify with a recursion constant. In practice, implementations may want to
use the preprocessed forms directly. The concrete form and the translation procedure merely serve
as a mechanism to parse the user’s input and as a formal explanation of the flattened definitions.

We take the flattened unification context as the “canonical representation” for a unification
problem from now on, and we may use the syntax category M for either U or N. We use defs(A)
and eqgs(A) to denote the list of recursive definitions and equations of A, respectively. Definitional
expansion exp does not depend on unification equations but only on recursive definitions, and thus,

we have exp(Ak) (M) = exp((jzgs(m (M), for all A, k, and M.

2.3 Term Equality and Unifiers

Two terms are equal in a unification context if they have the same definitional expansion, i.e.,
given M = M’ in A, we say that M is equal to M’ (and thus the equation M = M’ holds) if
exp(Ak) (M) = exp(Ak) (M") for all k. We say that a unification context is contradiction-free if contra is
not present in the context.

A (simultaneous) substitution is usually understood as a mapping from unification metavariables
to terms. In the case of circular terms, the substitutions may carry recursive definitions. We choose
to define substitutions as unification contexts of special forms, where the left-hand sides of all
unification equations are unification metavariables, and the corresponding right-hand sides are
their values. We write I for substitutions and A for ordinary unification contexts. A substitution
is a contradiction-free unification context where the left-hand side of each unification equation
is a unique unification metavariable. The set of unification metavariables that occur on the left-
hand sides of a substitution T is called the domain of the substitution and is written dom(T).
If a substitution contains an equation H™ = M, we say that M is the value of H™ in I'. Two
substitutions are equal if they have the same domain, and the definitional expansions of the values
of each unification metavariable in their domain are equal, i.e., I' = I if dom(I') = dom(I"’), and
for all H™ € dom(I), expfk) (H™[I')]) = expf,;) (H™|I']), where H™[I'] is the value of H™ in T,
obtained by the substitution operation that will be defined.

As an example, T and I'” below are substitutions with the domain {H®}:

['= {H° = omega, omega =4 cosucc omega}

"= {H° =5, omega =g COSUCC Omega, S =g COSUCC 0Mmegay.

Moreover, I' = I'” because the expansions of every unification metavariable in the domain are
equal: H® expands to cosucc (cosucc. . .).

We emphasize that in a substitution, unification metavariables occurring on the right-hand sides
of unification equations and in recursive definitions are free. Thus, the substitution I'"” below has
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A Saturation-Based Unification Algorithm for Higher-Order Rational Patterns 4:7

HP in the recursive definition free, and T’ is not equal to T defined above:
I = {H® = omega, omega =4 cosucc H°}.
We write U[T'] and N [T'] for applying the substitution to terms. They are defined in obvious ways:

(eNi ... Np)[[]=c(Ni[T]) ... (Nu[T])
U’ ifH® = U’ € eqs(l)

(HIT = H" otherwise
(N[ =r

_JN" ifH® = N’ € eqs(I')
(HIT] = {HO otherwise.

The application of substitution I' to a unification context A is denoted A[I'], which replaces
occurrences of unification metavariables in I" by their values in A, while combining all recursive
definitions and performing recursion constant renaming as necessary:

A[T] = defs(T), {M[T'] = M'[T] | M = M € eqs(A)},{r=4 UIT] | r=4 U € defs(A)}.
The application of a substitution I’ to another substitution is I’ is denoted I [I], and it replaces
the occurrences of unification metavariables in the right-hand sides and recursive definitions of I;
by their values in I; and combine all recursive definitions, performing recursion constant renaming
as necessary:

I1[I3] = defs(Ip), {H™ = M'[I] | H™ = M’ € eqs(I)}, {r =q U[I2] | r =q U € defs(I1)}.

The composition of substitutions is denoted I'; o I, (applying I't and then applying I3), and is defined
to be I [I] plus any additional substitutions in T5:

[0l = (F1 [rz]), {Hm =M | H"=Me eqs(Fz) ANH™ ¢ dom(Fl)}

Let UV(A) denote the set of all unification metavariables that occur in A, a unifier for a
contradiction-free unification context A is a substitution I' such that UV(A) = dom(T), and
every equation in A[T'] holds. A unification context A with contra € A has no unifiers. A unifier I;
is more general than another unifier I; if there is a substitution I'” such that I; o IV = T5.

As an example, given I" and A defined below, I' is a unifier of A, because every equation in A[T]
holds. Notice that when carrying out the substitution, the duplicate recursion constant omega in T’

is renamed to t. The major changes are highlighted in blue.

r={ A={ ATl ={

H° = omega,

omega =q4 cosucc omega

omega =4 cosucc omega,

§ =4 cosuccr,
r =4 cosucc HO,

omega =4 cosucc omega,
=4 cosuccr,
=4 cosucc t,

= omega = omega

}

S

r

t =4 cosucc t,
$ $
} }

2.4 The Unification Algorithm

We saturate the unification context A using the rules defined below. If all the premises of a rule
are present in the context, we add the rule’s conclusion to the context. The algorithm terminates
when no new equations or recursive definitions can be added to the context. The goal of the rules
is to ensure that in a saturated unification context, either contra is present, indicating there is no
unifier, or there is an equation between each unification metavariable and its value in a unifier.
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4:8 Z. Chen and F. Pfenning
Structural Rules:
(SIMP-F) (SIMP)
¢Ny...N, =dN| ... N, ¢N;...N, =cN/ ...N,
(c#d) - -
contra N =N;,...,N, =N,
Expansion, Symmetry, and Transitivity
(R-EXP) (U-SYM) (U-TRANS) (N-SYM)
r=s r=qU s=q U; U=U’ U =U, U, = Us N =N’
U, =0, U'=U Uy = Us N =N
(N-TRANS)
N, =N, N; = N3
N; = Ns

We give an example of the ways the algorithm operates on our previous example. We label each
equation with a number and use A; to refer to the set of Equations and Definitions (1)—(i). For
example, our example A is denoted A4, consisting of Equations and Definitions (1)—(4). At each
step, we show some additional equations and definitions and the ways they are obtained. We only
show the first few important steps and the rest will be only symmetry and transitivity:

(1) omega =4 cosucc omega given
(2) s =4 cosuccr
(3) r =4 cosucc H®

(4) s = omega

(5) cosucc r = cosucc omega by Rule (R-EXP) on (4), (2), and (1)
" by Rule (SIMP) on (5)
by Rule (R-EXP) on (6), (3), and (1)
by Rule (SIMP) on (7)

by Rules (U-SYM)(U-TRANS)(N-SYM)(N-TRANS)

(6) r = omega

(7) cosucc HO = cosucc omega
(8) H® = omega

) ...

2.5 Saturated Unification Contexts

We now describe how a unifier may be constructed from a saturated contradiction-free unification
context. Given a unification context A, we say that a unification metavariable H™ is resolved if there is
an equation of the form H® = ¢N; ... NyorcN; ... N, = H® andcN; ... N, is called a resolution
of H®. Similarly, we say that a unification metavariable H® is resolved if there is an equation of the
form H® = rorr = H°, and r is called a resolution of H°. In a unification context, every unification
metavariable is either resolved or unresolved. There may be multiple resolutions for each resolved
unification metavariable; we pick a unique resolution for each unification metavariable. The choice
of resolution is not important, because every resolution will be equal modulo definitional expansion
in a saturated contradiction-free context. Unresolved unification metavariables form an equivalence
class equated by =, and we pick a unique representative variable for each class. We construct the
substitution I' = unif (A) for a contradiction-free context A as follows:
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A Saturation-Based Unification Algorithm for Higher-Order Rational Patterns 4:9

(1) Start with I' containing all recursive definitions of A.

(2) For each resolved unification metavariable in UV (A), add to I the unification metavariable
and its resolution.

(3) For each unresolved unification metavariable in UV (A), add to T the unification metavariable
and the representative unification metavariable for its equivalence class.

(4) Replace the occurrences of resolved unification metavariables in the right-hand sides and
recursive definitions of I' with their resolutions, and replace the occurrences of unresolved
unification metavariables in the right-hand sides and recursive definitions of ' with their
representative unification metavariables. Repeat this step until all unification metavariables
in the right-hand sides and recursive definitions are representative unification metavariables
for some equivalence class of unresolved unification metavariables.

We will later show that if A is a saturated contradiction-free unification context, then T' = unif(A)
is a unifier for A. As an example, we show how the unifier for Ag (Equations and Definitions (1)-(8)
defined above) can be constructed. The main differences in each step are highlighted in blue:

(1) Initialize I to all recursive definitions of Ag.

(2) Since HO is resolved, we add its resolution to get I;.

(3) There is no unresolved unification metavariable, we skip step (3).

(4) Replace occurrences of resolved unification metavariables with their resolutions to get I's.

I ={ I ={ I ={
omega =g cosucc omega, omega =g cosucc omega, omega =g cosucc omega,

s =4 cosuccr,
r =4 cosucc H°

——

s =g cosuccr,
r =4 cosucc HC,
H° = omega

s =4 cosuccr,
r =4 cosucc omega,
H® = omega

} }

(5) Note that we may remove unused recursive definitions (s, r) to get an equivalent substitu-
tion Iy:
Iy = {omega =4 cosucc omega, H° = omega}.

2.6 Correctness of the Algorithm

We want to show that given a unification context Ay, it has a finitary saturation sequence
Ay = Ay = > Ay,

where A, is a saturated unification context that has unif(A,) as its most general unifier. Moreover,
unifiers are preserved between A; and A;;;. Then, the most general unifiers of A, are the most
general unifiers of A;. Concretely, we want to show three things:

(1) Correspondence. At each step of the algorithm, the most general unifier of the context before
corresponds to the most general unifier of the context after (Theorem 2.5).

(2) Termination. Any unification context always saturates in a finite number of steps
(Theorem 2.6).

(3) Correctness. The unifier for a saturated unification context unif(A,) is actually the most
general unifier (Theorem 2.7).

LEMMA 2.3. Let A’ be a unification context, and let A have the same set of recursive definitions
and unification metavariables, but fewer unification equations than A’, ie., eqs(A) C eqs(A’),
defs(A) = defs(A’), UV(A) = UV(A’), then any unifier of A’ is a unifier of A.
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4:10 Z. Chen and F. Pfenning

ProoF. Let I be a unifier of A’ all unification equations of A’[T'] hold. Take any M = M’ €
A, we know exp(Ak%rJ(M[l"]) = exp(Ak%rJ(M’ [T]), we have UV(A) = UV(A’), and it suffices to
show exp(Ak[)r lm[r)) = expfk[f l(M[T]) by showing exp(Ak[)r lm[r)) = expf,;gr] (M[T]). But since
definitional expansions only depend on recursive definitions, we have

exp(y ! (M[T])
= exp((jzgs(A D (M[T]) (expansion only definition only depends on definitions of A[T'])
= expdEfS(A (D (M[T]) (M can only depend on recursion constants occurring in A)

(k
= exp?kgr] (M[T]) (expansion only definition only depends on definitions of A’[T']).

LEmMMA 2.4. If T is a unifier for A, thenT is a unifier for A’ where A’ has all recursive definitions of

A and additional true equations M = M’ in the sense that exp(Ak[)F (M[T)) = exp,) AT (M'[T]).

Proor. Because definitional expansion depends only on recursive definitions but not unification
equations, we have exp(Ak[fJ (M) = exp(Ak%rJ (M) for all k and M. O

THEOREM 2.5 (CORRESPONDENCE). If A’ is obtained from A by applying one of the rules, then the
unifiers of A’ and the unifiers of A coincide.

Proor. We analyze each rule.

Case (SIMP-F), both A and A’ have no unifiers.

Case (SIMP), it’s easy to check that any unifier I' of A’ is a unifier of A by Lemma 2.3. Now
suppose I is a unifier of A, we want to show that I is a unifier for A’. The additional equations
M; = M in A’ satisfy exp(kr] (M;[T]) = expy) AT (M][T]), and the rest follows by Lemma 2.4.

The rest of the cases are similar to Case (SIMP) O

THEOREM 2.6 (TERMINATION). The saturation algorithm always terminates.

Proor. We observe that all terms in an equation are built up from recursion constants, unification
metavariables, and constants, and all terms have finite depth (due to the grammar) and finite width
(the maximum width is preserved by the algorithm). There can be only finitely many equations given
a bounded number of recursion constants, constructors, and unification metavariables, and there are
no rules that create additional recursion constants, constructors, or unification metavariables. 0O

THEOREM 2.7 (CORRECTNESS OF UNIFIERS). Given any saturated contradiction-free unification
context A, letT' = unif(A), then T is a unifier for A. Moreover, it is the most general unifier.

Proor. The proof is broken into two parts. The first part is to show that I is a unifier, and the
second part is to show that T' is the most general unifier.

(Part 1) To show T is a unifier, we need to show that dom(T') = UV (A), which is true by definition,
and that every equation in A[T'] holds. We show the following two claims simultaneously by
induction on k, where claim (2) may refer to claim (1) without decreasing k:

(1) Forall Uy = U in A, exp} AT gy ) —exp([r](UZ[I‘])
(2) Forall N; = Ny in A, exp(m(Nl[ ) = exp) AT N, [T)).

Both claims are trivial when k = 0. Consider the case when k > 0, we show (1) and (2) by case
analysis on the structure of U; = U; and N; = Nj:
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A Saturation-Based Unification Algorithm for Higher-Order Rational Patterns 4:11

(a) Both U; and U, have constructors as their heads. Since contra ¢ A, they must have identical
constructor heads. Now let Uy = ¢N; ... N, and U, = ¢ Nj ... Nj,. Since A is saturated, we
have N; = N/ for all 1 < i < n. The result then follows from the fact that each N; and N/
have equal definitional expansion up to depth k — 1 by induction hypothesis.

(b) Both U; and U, are contractive unification metavariables. Due to saturation, either both are
unresolved, and the result follows because they would be in the same equivalence class and
thus have the same representative unification metavariable, or both are resolved. If they
have a unique resolution U, then we have exp ) (Ur) = exp ) (U) = exp ) (Uz). If they have
multiple resolutions and one of the resolutions is U, saturation guarantees that there is an
equation between every resolution. Rule (SIMP) ensures that the equations between children
of the head constructors are in A, and the two terms would be equal by IH, using a similar
technique as the case (a).

(c) One of U; and U, is a unification metavariable, and the other has a constructor as its head.
Obviously this is a resolution equation, and it suffices to show that all other resolutions have
equal definitional expansions up to depth k, which follows from saturation and the case (a).

(d) Both N; and N are recursion constants. Let Ny = r, where r =; U; € A and N; = s,
where s =5 U, € A. Since A is saturated, U; = U, € A, and by IH (i.e., case (a) above),

expy) (U1 [T]) = exp(y) | (Ua[T1), and

expgy | (r[T)

= exp( (1) (since r[I'] = r)

= exp(Ak[)r I (U1[T']) (by the definition of A[T'] and definitional expansion)
= exp(ly (Ua[T])  (shown)

= exp(Ak[)r I (s) (by the definition of A[T'] and definitional expansion)
=exp [ 1(s[T])  (since s[T] = 9).

(e) The case when either or both of N; and N, are recursive unification metavariables are exactly
analogous to cases (b) and (c).

(Part 2) To show T is the most general unifier, given any other unifier I} of A, it suffices to
construct a unifier I such that I" o I} = I}. But the construction of I is easy: I must map resolved
unification metavariables analogously as I (otherwise a contradiction will arise), and it may choose
to map equivalence classes of unresolved unification metavariables freely. I} simply records how
unresolved unification metavariables are mapped in I5. O

3 Higher-Order Pattern Unification

In this section, we extend the algorithm to a higher-order setting. In particular, both recursive
definitions and unification metavariables are of higher-order types: They may be applied to pattern
variables. The main technical challenge of the higher-order case is to handle the scoping of variables
in the presence of recursive definitions. We copy Miller’s higher-order pattern unification algorithm
[Miller, 1991] for nonrecursive cases and handle the recursive definitions by delegating the scoping
to unification metavariables (i.e., rule (PRUNE) in Section 3.4). In terms of presentation, recursion
constants and unification metavariables are always applied to pattern variables. We need to update
the definitions to take variable renaming into account.
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4:12 Z. Chen and F. Pfenning

3.1 Problem Formulation

We now give a similar development by allowing recursion constants and unification metavariables
to carry patterns [Miller, 1991]. A pattern is a list of pairwise distinct bound variables (written x,
y, or z), and the pattern restriction ensures that a recursion constant or a unification metavariable
may only be applied to a pattern. Here’s an example of a higher-order pattern unification problem
(without recursive definitions):

Ax. Ady.Az.c (Fxy) = Ax. Ady. Az.c (G y z).

A variable may not appear free in a unifier. For instance, the substitution Fxy = x,Gyz = x
(i.e., F = Ax. Ay. x,G = Ay. Az. x) is not a unifier because x is free in the substitution of G but the
substitution Fxy = d, Gy z = d is a unifier.

Regular B6hm trees [Huet, 1998], subsequently termed higher-order rational terms, provide a
natural model for higher-order terms. As with the first-order case, our use of a context containing
recursive definitions for recursion constants follows the design of CoLF [Chen and Pfenning, 2023].
While CoLF allows repetitions of bound variables in the arguments to recursion constants, we
disallow them in the setting of unification to ensure that most general unifiers exist. This is not a
restriction in practice, because any recursive definition with repetitive arguments can be rewritten
to definitions within the pattern fragment, as observed by Huet [1998]. For example, if we have
nonpattern appears as arguments to a recursion constant rx x, with r =4 Ay. Az. T, we can always
create a fresh recursion constant ¢ that mimics r, i.e., tx with t =; Aw. [w, w/y, z]T. We assume
that every unification metavariable, recursion constant, constructor, or variable is assigned a simple
type, and terms are always written in f-normal-5-long forms, except that arguments to recursion
constants and unification metavariables are written in nonexpanded forms. We also assume that
A-bound variables may undergo a¢-renaming. Here’s the grammar for the unification problem in
concrete syntax:

Concrete Unification Contexts A =[] |AeTh =T | Aesr =g Axy... . Axp. h Ty ... T,

Terms T = Axq..... Axp.hTy ... Ty | Axq. . ... Axi.Hyy ... yn
| Ax1..... AXp. ry; ... Yn

Constructor or Variable Heads h :=c | x.

To avoid visual clutter when writing down a list of terms, we adopt the following conventions of
using overlines to represent a list of terms:

(1) A list of variables ¥ means xy, . . ., x; that are pairwise distinct.

(2) A list of variables appearing in a binder position means iterative abstractions. For example,
Ax means Axj..... Ax;.

(3) A list of variables in an application means iterative applications. For example, ¢ ¥ means
cx1 ... Xp. Similarly, a list of terms in an application position means iterative applications.
For example, hN means h Ny ... N,,.

(4) The notation [§/X]M denotes the simultaneous renaming of variables, substituting 7 for x
in M.

With the new abbreviation notation, the grammar for the concrete syntax for a unification
problem may be written as the following:

Concrete Unification Contexts A, == [] | A, Tih = Tz | A, r =4 AX. hT
Terms T:=A%.hT | A% Hi | Ax. 1§
Constructor or Variable Heads h :=c¢ | x.
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A Saturation-Based Unification Algorithm for Higher-Order Rational Patterns 4:13

The grammar enforces that the definition for a recursion constant is required to be contractive:
It has a variable or a constructor for its head. We use FV (T) to denote the set of free variables in T.
We require all recursive definitions to be closed in the sense that r =y A%.h T € A, implies that
FV(hT) C %.

As with the first-order case, we define the infinitary denotation of T in a context A, by depth k
observations of M. Now M, includes A-bindings and variables:

M, == Ax.yM, | A&.c M, | Ax. H* M, | Ax. HOM_ | L.

We define definitional expansion up to depth k of aterm T into M, as the function exp(Als) (T) =M,,
defined by lexicographic induction on (k, T). We omit A, to reduce visual clutter if it is not
referenced:

exp(o)(T) = L

exp(k+1) (A)? h Tl . Tn) =Ax.h (exp<k) (Tl)) . (exp(k) (Tn))
exp(r+1) (A%. HYj) = Ax. H°f

expf,gﬂ) (A%.r§) = exp(Algﬂ) (A%. [§/2](hT)) if r =4 22.hT € A..

As an example, we use an encoding of stream processors sp [Abel and Pientka, 2016; Danielsson
and Altenkirch, 2010; Ghani et al., 2009]. At each step, a stream processor may choose to consume
an input element (get) or produce an output element (put) and may do so indefinitely.! The use of
A-bindings due to the typing of get ensures that a stream can only produce elements that it has
consumed:

Sp : cotype.
element : type.

get: (element -> sp) -> sp.
put: element -> sp -> sp.

We may define stream processors odd or even that return only the odd-indexed or even-indexed
elements, where the index starts from 0. We write A-abstractions in square brackets, following the
convention of CoLF [Chen and Pfenning, 2023]:

odd : sp = get ([x] even).
even : sp = get ([x] put x odd).

We may use unification to determine what is the behavior of the stream processor S after reading
two elements of the input, if it behaves the same as odd:

?7- get ([x] get ([y]l S x y)) = odd.

The problem may be posed as the following concrete unification context A., which will be used as
a running example:

Ac = {get (Ax. get (Ay.Sxy)) = odd, odd =4 get (Ax. even), even =4 get (Ax. put x odd)}.
Eventually, we will find the following most general unifier, written in the concrete syntax:
I. ={Sxy = r;y, odd =4 get (Ax. get (Ay.13Y)), r3 =4 Aw. put w odd}.
IStream processors were used to illustrate the semantics of mixed-induction and coinduction, but here we consider stream

processors to be purely coinductive. Thus, we are happy to accept stream processors that keep consuming inputs without
producing an output.
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4:14 Z. Chen and F. Pfenning

3.2 Preprocessing

As with the first-order case, we preprocess the unification problem A. such that every recur-
sive definition will only be one level deep. In the higher-order case, this processing is similar to
Huet’s treatment of regular Bohm trees [Huet, 1998]. Terms are divided into contractive terms U,
which have constructors (c, d, e), bound variables (x, y, z), or contractive unification metavariables
(E™, F™, G™, H") as their heads, and recursive terms N, which have either recursion constants (r, s, t)
or recursive unification metavariables (E®, F°, G°, H®) as their heads. It is still the case that the
terms are always written in fS-normal-n-long forms, with the exception that arguments to recursion
constants and unification metavariables are written in nonexpanded forms. The grammar for terms
in their preprocessed form is summarized as follows:

Unification Contexts A ==[] |A U =Uz | ANy =Ny | A,r=4U | A contra
Contractive Terms U:=Ax.yN|Ax.cN | Ax. H* §
Recursive Terms N :=Ax.ry| Ax. H® .

We use the letter s to denote either constructors c or variables x, but not unification metavari-
ables. We use FV(U) or FV(N) to denote the set of free variables in U or N, and may use
the syntax category M to denote either U or N. We also require all recursive definitions to be
closed in the sense that r =5 U € A implies FV(U) = 0. As with the first-order case, UV(A)
denotes the set of unification metavariables in A. defs(A) and eqs(A) denote the list of recur-
sive definitions and equations of A, respectively. A;, A, denotes the union of two contexts A;
and A, consistently renaming recursion constants in A, if necessary. A is contradiction-free if
contra ¢ A.

As with first-order terms, we use the judgments A, > A, T>" U o A, T >° N ¢ A for translating
from concrete syntax into unification contexts, contractive terms, and recursive terms. They are
defined as follows:

Ae > Ay T, >° Ny o Ay T, >° Ny o As

(1) : : ()
[] > [] AC’ Tl = TZ > Ah AZ’ A3aN1 = N2

Ao > Ay Ax.hT>"U o A,
Aer =g AX.hT > Ay, Ay r =4 U

hTo®"UoA  z=FV(hT)
A hTC Ax.rzo (A r=q A2.U)

(r fresh)(4)

5
Afc.ngb‘c.Hogo[]( )

Vit<i<n.Ti > Njo A
Af.th Tn D.Af.th NnO(AI,...,An)

(7) (NorulesforT=Ax. HjorT = Ax.rg)
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In rule (4), we ensure that the body of a recursive definition is always closed by abstracting over
all free variables when creating a recursive definition.

As an example, we show how the unification problem A, in the previous section is translated
into A. Notice that the left-hand side of the unification equation get (Ax. get (Ay. S xy)) is moved
into a recursive definition r; according to the definition, and the body of even is extracted to rs:

Ac ={ A={

get (Ax. get (Ay.Sxy)) = odd, r1 = odd,

1 =q get (Ax. r;x),

E =4 Ax. get (Ay.S° xy),

odd =4 get (Ax. even), odd =4 get (Ax. even),
even =4 get (Ax. put x odd) even =4 get (Ax.13X),
} rs =q Ax. put (r;x) odd,
E =4 Ax.x B
}

As with the first-order case, we define the definitional expansion at depth k for a recursive or

a contractive term mutually recursively, exp(Ak) (U) =M, and exp(Ak) (N) = M, . We also take the
liberty to omit writing A if it remains unchanged throughout and is not referenced:

exp(o)(U) = L

exp 41) (AX. H® §) = Ax. H"j

exp(k+1) (AJZ' h T ... Tn) =Ax.h (exp(k)(Tl)) e (exp(k) (Tn))

exp(o)(N) = L

exp(rs1) (A%. HO §) = Ax. Hj

eXP(kyr) (AX. 1 9) = exply,,) (A%. [9/2](hT)) if r =4 AZ.hT € A.
We show that the translation preserves the definitional expansion of arbitrary depth.

THEOREM 3.1. We have

(1) fTe>"U< A, and exp(A]:) (Ax.sg) = exp(A]é) (Ax. sg) for all s occurring in T, then exp(Als) (T) =

exp?,i’)A2 (U).
(2) fT>° No Ay and exp(Alg) (Ax.s9) = exp(A]i) (Ax. s7) for all s occurring in T, then exp(A]:')(T) =
exp?]i’)A2 (N).

Proor. Simultaneous induction on (k, T), where (2) may appeal to (1) without a decrease in size.
We show the case for rule (4) as an example. The premise h T >® U o A implies, by the induction
hypothesis, that exp(Alg) (hT) = exp™:®(U). Let z = FV(hT), we want to show that exp(A]s) (Ax.hT) =

(k
exp(A]i’)A’FdAZ‘ v (Ax.rZz). Observe that both exp(A]S) and exp(Ak) commute with A-abstractions, and that

exp(Ak) is fixed by the recursive definitions for recursion constants that occur in the argument, i.e.,
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exp(A,i’)A(U) = expf]i’)A’FdM' Y(U). We have
exp(Alg) (Ax.hT)
= )%. exp@z) (hT) (by definition)
= AX. exp ( I:)A(U) (by the induction hypothesis)
= Ax. eprl’A’rsz'U(U) (because r is fresh)
= Ax. exp(A]i’)A’FdM‘ Y rz) (by definition)
= exp(AIi’)A’FdAz' Yz, rz)  (by definition). o

COROLLARY 3.2. IfA.1> A, then every equation in A, corresponds to an equation in A with an equal
definitional denotation, and every recursive definition in A, corresponds to a recursive definition in A.

Proor. Directly by structural induction over A > A. O

3.3 Term Equality and Unifiers

The core ideas for term equality, substitution, and unifiers for the higher-order case are similar to
the first-order case. The main technical difference from the first-order case is that H™ x = U is to
be interpreted as H™ standing for Ax. U. We will only repeat the most essential definitions.

Informally two terms are equal if they have the same definitional expansion. Formally, M is equal
to M’ in a context A (i.e., M = M’ holds) if for all k, exp(Ak) (M) = exp(Ak) (M),

There are two kinds of substitutions in the higher-order case, substitutions for ordinary variables
and substitutions for unification metavariables. Due to the pattern restriction, the only substitutions
for ordinary variables are simultaneous variable renaming that we have seen, and are written in the
notation [§/x]M. Substitutions for unification metavariables remain a special form of unification
contexts, but they are now higher-order.

A substitution is a contradiction-free unification context where the left-hand side of each unifi-
cation equation is a unique unification metavariable followed by a list of bound variables, which
is a superset of the free variables occurring on the right-hand side of that equation. Intuitively,
the variables following a unification metavariable serve as A-binders for its value (on the right-
hand side). All unification equations in a substitution are of the form H®x = U or H° ¥ = N,
where FV(U) C % and FV(N) C x. The equation H® x = U or H° x = N is called a substitution
equation for H® or H® in T. The intuitive meaning of a substitution equation H™ ¥ = M is that
H™ “stands for” Ax. M. Since terms are all written in their n-long-form, U or N on the right-hand
side of the unification equation should not contain top-level A-bindings. The set of unification
metavariables that occur on the left-hand sides of the unification equations in a substitution T' is
called the domain of the substitution and is denoted dom(T’). Two substitutions I' and I'” are equal
if dom(T") = dom(I"”), and for all H™ € dom(T), exp{k) ((Ax.H™x)[I']) = expf,'<> ((Ax.H™x)[T]),
for all k, where Ax. H™ x is the n-long-form of H™ according to its simple type.

As an example, the T, I/, and I’ below are all equal substitutions with the domain {S°}. The
main differences are highlighted in blue.

I={ I'={ I ={

SPzw=r;w, Soyuirsu’ SPwz =1z

odd =4 get (Ax. even), odd =4 get (Ax. even), odd =4 get (Ax. even),
even =g get (Ax. r3x), even =4 get (Ax. r3x), even =4 get (Ax. r; x),
rs =q Ax. put (ryx) odd, rs =q Ax. put (r;x) odd, ri=q Ax. put (rsx) odd,
ry=q Ax.x ry=adex rs=qAx.x

¥ } ¥
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We write U[T'] and N[I'] for applying the substitution (for unification metavariables) to terms.
They are defined as follows:

(AZ.AN; ... N)[T] = A%k (N[T]) ... (Na[T])

(A% H"§)[T] = {gg./z]w if H"z = U’ € eqs(T)

(Ax.rg)[T]=A%.ry

otherwise

Ax. [§/zIN’  ifH°Zz = N’ € eqs(T)

- 10 - —
(Ax.H® §)[T] = {/bz.Hog

otherwise.

It is worth noting that the substitution commutes with A-abstractions so that (Ax. M)[I'] =
Ax. (M[T]). Substitution also commutes with simultaneous variable renaming so that ([§/x]M)[T] =
[§/x](M[T]). We can show both claims by induction on the structure of M, and the intuition is
that substitutions are “closed” substitutions for unification metavariables.

The application of a substitution I' to a unification context A, the application of a substitution I
to another substitution I, and the composition of substitutions I7 o I); (apply I} and then I;) are
analogous counterparts of their first-order definitions:

A[T] = defs(D), {M[] = M'[T] | M = M’ € eqs(A)}, {r =q U[T] | r =4 U € defs(A)}
[1[Iz] = defs(lz), {H™ x = M'[I2] | H"x = M’ € eqs(T1) }, {r =4 U[I2] | r =4 U € defs(I1)}
Lol = (L[L]), {H™% = M |H" % = M € eqs(Ty) A H™ ¢ dom(I})}.

We repeat the definition of unifiers and the most general unifier for the higher-order case. A
unifier for a contradiction-free unification context A is a substitution I" such that UV (A) = dom(T),
and every equation in A[T'] holds. A unification context A with contra € A has no unifiers. A
unifier I} is more general than another unifier I, if there is a substitution I'” such that T} o IV = T5.

As an example, given I" and A defined below, T is a unifier of A, because every equation in A[T']
holds. The main changes are highlighted in blue. Notice that when carrying out the substitution,
the duplicate recursion constants in I" are renamed by adding a prime (') sign.

r={ A=
Sozwiﬁw, r = odd,
r1 =q get (Ax. rzx),

A[T] =A{
1 = odd,
r1 =g get (Ax. r2 x),

0dd =q get (Ax. even),
even =g get (Ax. rsx),
rs =4 Ax. put (rsx) odd,
§ =4 Ax.x o

}

3.4 The Algorithm

r2 =g Ax. get (ly.S° x y),
odd =; get (Ax. even)
even =4 get (Ax. r3x),

rs =q4 Ax. put (r4;) odd,
E =4 Ax.x -

}

12 =q Ax. get (Ay. 5" y),
odd =4 get (Ax. even),
even =4 get (Ax.r3x),

3 =q Ax. put (ry4x) odd,
ry =g Ax.x

odd' =4 get (Ax. ever),
even’ =4 get (Ax. Q’ x),
vy’ =a Ax. put (] %) odd,
rd =q Ax.x

}

We now present the saturation-based algorithm for higher-order rational terms.
In the first-order case, a unification metavariable is resolved if there is an equation between

the unification metavariable and either a recursion constant or a term with a constructor head. In
the higher-order case, we have to consider the binding structure, the resolution must only have
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free variables that appear in the arguments to the unification metavariable. Also, a unification
metavariable may be resolved by another unification metavariable that has strictly fewer arguments.
A contractive unification metavariable H" is resolved if (a) there exists a unification equation
H" 4 = hz (or its symmetry) and Z C §, or (b) there exists a unification equation H* §j = G® w
(or its symmetry) with w C 7.2 H™ is unresolved otherwise, and is denoted by the judgment
H"™ unresolved. Similarly, a contractive unification metavariable H® is resolved if there exists an
equation H® §j = rz (or its symmetry) and z C 7, or there exists an equation H® §j = G° w (or its
symmetry) with w ¢ . H is unresolved otherwise, and is denoted by the judgment H® unresolved.

We saturate the unification context A using the rules defined in Figure 1. The saturation rules
preserve the definition of all recursion constants. Once saturated, a unifier can be constructed
easily. The presence of the symbol contra in a unification context indicates that the unification
context has no unifiers.

We use the concept of a parameter to ensure the termination of the saturation-based algorithm.
The parameters are indicated by bracketed existential quantifiers (3X) where X is a parameter
that stands for a variable, a recursion constant, a unification metavariable, or a list of those. The
new equations or definitions under the existential quantification subsume any instantiation of
the equation or definition [McLaughlin and Pfenning, 2009]. The parameters ensure freshness
and nonredundancy: When new variables, recursion constants, or unification metavariables are
introduced by one of the rules (freshness), the existential quantification ensures that the rule
applies (thus the conclusion equations or definitions are created) only if there does not exist any
instantiation of the conclusion equations or definitions in the unification context (nonredundancy).
For example, (3x,y) c x = d y means that we pick globally fresh variables x, y, ensure that there is
no equation of the form ¢ z = d w in the unification context for any variable z and w, as this is a
renaming of ¢ x = d y, and then add the equation ¢ x = d y to the unification context.

We extend the notation of using overlines to denote lists of unification metavariables (possibly
with arguments) and operations on them. A list of unification metavariables is written GO or G".

Also, we write G© x to denote the list of applications where each unification metavariable is applied

to X. For example, ¢ GO x denotes ¢ (G x1 ... Xp) ... (GS X1 ... Xp). hnexp(GO X) denotes a term
with head h whose arguments are the result of applying top-level n-expansions to all terms in

GO X according to the simple type of h. For example, ¢ nexp(G° x)* denotes a term of the form
c(AW1.G X W) ... (AW,.GFXwy), ie.,

o o
c(Awii. o Awyy . GPxy oo xmwir oo wig) o (Awpne AW G Xy L X Wit . Wh ).

Rule (U-INST)(N-INST) instantiate A-abstractions, but only when there are no instantiations
that are currently present in the context. Rule (IMIT) is called imitation by Huet [1975] because
H™ mimics the behavior of the term ¢ N on the right. Rules (PROJ-F)(PRO]J) are called projections
because H™ projects its ith argument its head. Rule (PRUNE) prunes the variables that are not in
common from both H® and r, by creating a recursive definition #, whose body G® w can only use
variables w that are common to H® and r. Rules (FF-D)(FF-S)* also serve a similar effect of pruning
by removing the extra variables from the arguments to unification metavariables that cannot be
used. It resolves H™, or G™, or both, by equating them to a common unification metavariable F™
2w C § means w is a proper subset of 7. For example, H® y = G™ y is not a resolution equation, but H"y = G" is, while
either equation may appear as a substitution equation for H® in a unifier.
3We should remark that the non-g-expanded version ¢ GO x should not appear in the unification context, since we
write everything in the n-long form (except the arguments to recursion constants and unification metavariables). Thus,

h nexp(G© x) always appears in a conclusion where GO is fresh (bound by the existential quantifier (3@)).
4(FF-D) suggests flexible-flexible pairs with different unification metavariables and (FF-S) suggests flexible-flexible pairs
with the same unification metavariable. See Huet [1975] for the distinction between flexible and rigid terms.
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4:19
Structural Rules
(U-INST) (N-INST) (SIMP-F1) (SIMP-F2)
Ax. U = Ax. U’ Ax.N = Ax. N’ xN=cN xNin’( )
X #
@)U =U’ (Fx)N = N’ contra contra Y
(SIMP-F3) (SIMP) (PROJ-F)
cNidN’( o hN;...N, =hN] ...N, Hy=zN  zi¢§
—(c #
contra N; =Nj,...,N, =N, contra
Resolution Rules
(IMIT) (PROJ)
H"j=cN  H" unresolved H*3=y;,N y;€y  H" unresolved
(3G°) H™ g = c nexp(G° 7)) (3G°) H™ § = y; nexp(G° 9)
(PRUNE)
H°g=rx €7 w=xNg HC unresolved
FH@EG"HC § = tw,rx = tw, t =g Aw.G"w
(FF-D)
G"x=H"jg
G™+H" Z=xN7 XLYGAGL X H™ unresolved VG™ unresolved
. — - (m € {m,0})
(IF"G"x=F"zZH"§j=F"z
(FF-S)
G"x=G"j
X=X1...Xp T=Y1 ... Yn Z=Ui{x; | x; = y;} X+{ G™ unresolved
. . . (m € {m.0})
(FFYG"x=F"z,G"j=F"z
Expansion, Consistency, Symmetry, and Transitivity
(REC-EXP)
rX =sj r=q Az.Uj s=q4 Aw.U;
[x/z]U; = [§/w]U,
(U-AGREE)
H"x = U, H"§j=U, FV(Uy) C x FV(U;) C
Ur = [x/9]U,
(N-AGREE) (U-SYM) (N-SYM)
H°x = N H°§ =N, FV(N)) Cx  FV(Ny) C i Uu=U' N=N
N1 = [%/g]N, U =U N' =N
(U-TRANS) (N-TRANS)
U =U, U, = Us N; =N, Ny = N3
U =Us N; =Ns

Fig. 1. Unification rules.
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whose arguments z is a strict subset of both x and §. Rule (REC-EXP) unfolds recursive definitions
and compares them for equality. Rules (U-AGREE)(N-AGREE) ensure that any two resolutions of a
unification metavariable are consistent.

We give an example of how the algorithm operates on the stream processor unification context,
now denoted A; (Equations and Definitions (1)-(7)). At each step, we show some additional
equations or definitions and the ways they are obtained. We omit the final uninteresting steps
when only symmetry and transitivity rules can be applied:

(1) r; = odd given
(2) r_1 =4 get (Ax. ryx)

(3) ry =4 Ax. get (Ay. SO xy)

(4) odd =4 get (Ax. even)

(5) even =4 get (Ax. r3x)

(6) r3 =4 Ax. put (rsx) odd

(7) ry =q Ax.x

(8) Eet (Ax.7r2x) = get (Ax.even) by Rule (REC-EXP) on (1), (2), and (4)

(9) Ax.rx = lx. even by Rule (SIMP) on (8)

(10) r2 z= even by Rule (N-INST) on (9), and we verify that there does

not exist any equation (3x) rzx = evenin the context Ao.
(11) get (Ay.S° zy) = get (Ax. r3x) by Rule (REC-EXP) on (10), (3), and (5)

(12) 1y.S°zy = Ax.r3x by Rule (SIMP) on (11)

(13)SPzw = sw by Rule (N-INST) on (12), and we verify that there does not
exist any equation (Ix) S°zx = r3x in the context A,

(14) ... by Rules (U-SYM)(N-SYM)(U-TRANS)(N-TRANS). ..

The above example used only the structural rules and expansion rules. More examples will be
given in Section 3.6.

3.5 Saturated Unification Contexts

We now describe how a substitution I' = unif (A) can be constructed from a contradiction-free
unification context A. The construction in the higher-order case takes the pattern variables following
a unification metavariable into account. We will later show that if A is a saturated unification
context, then unif(A) is the most general unifier for A.

Given any unification context, every unification metavariable H™ or H® is either resolved or
unresolved. Suppose H™ or H® is resolved:

(1) If H™ is resolved, then there exists an equation H* §j = hZor H® j = G® w, with FV(hZ) C §
and w C 7. The equation H® § = hZ or H™ §j = G™ w is called a resolution equation for H".

(2) If HC is resolved, then there exists an equation H° § = rz or H §j = G° w, with FV(rz) C §
and w ¢ . The equation H® § = rz or H® §j = G° w is called a resolution equation for H®.

There may be multiple such equations, but we consistently pick a resolution equation (called the
resolution equation, or simply the resolution®) for each unification metavariable:

(1) Further, the operation of replacing occurrences of a (resolved) contractive unification metavari-
able H® by its resolution in a term M is defined to be M with occurrences of H® x replaced by
[%/7](hz) or [x%/7](G™ W) according to the resolution equation H® §j = hz or H® j = G® w.

5In the higher-order case, resolutions for unification metavariables are in the form of equations, whereas in the first-order
case, the resolutions are terms.
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(2) Similarly, the operation of replacing occurrences of a (resolved) recursive unification metavari-
able H® by its resolution in a term M is defined to be M with occurrences of H® x replaced by
[%/9](r2) or [#/9](G° W) according to the resolution equation H° § = rz or H° §j = G° w.

Now suppose H™ (m € {m, O}) is unresolved. Unresolved unification metavariables form equiva-
lence classes related by =. We pick a representative unification metavariable for each equivalence
class, such that if G™ is the representative unification metavariable for the equivalence class of H™,
there is an equation H™ §j = G™ z, where Z is a permutation of §. This equation is called the repre-
sentative equation for H™. We pick the representative equation in such a way that the right-hand
sides G™ z of all representative equations are equal for all unresolved unification metavariables in
the same equivalence class, i.e., for any other unification metavariable F™ in the same equivalence
class as H™, F™ w = G™ z is picked (and F™ w’ = G™ z’ with Z’ # Z is not picked). The operation of
replacing occurrences of a (unresolved) unification metavariable H™ by its representative unification
metavariable G™ in a term M is defined to be M with occurrences of H™ x replaced by [x/§](G™ 2).

We construct the substitution I' = unif(A) for a contradiction-free context A as follows. The
construction is very similar to the first-order case, except that now the replacement of unification
metavariables uses variable renaming:

(1) Start with I’ containing all recursive definitions of A.

(2) For each resolved unification metavariable in UV (A), add to T the resolution equation of
that unification metavariable.

(3) For each unresolved unification metavariable in UV (A), add to T the representative equation
of that unification metavariable.

(4) Replace the occurrences of resolved unification metavariables in the right-hand sides and
recursive definitions of I' with their resolutions, and replace the occurrences of unresolved
unification metavariables in the right-hand sides and recursive definitions of I' with their
representatives. Repeat this step until all unification metavariables in the right-hand sides
and recursive definitions are representative unification metavariables for some equivalence
class of unresolved unification metavariables.

As an example, we show how the unifier for A;; (Equations and Definitions (1)-(13) defined
above in Section 3.4), I' = unif (A13) can be constructed. Major changes in each step are highlighted
in blue:

(1)
(2) Since H° is resolved, we add its resolution equation to get I.

(3) There are no unresolved unification metavariables, we skip step (3).

(4) Replace occurrences of resolved unification metavariables with their resolutions to get I's.

Initialize I to all recursive definitions of A;3.

I ={ L ={ I3 = {
r1 =4 get (Ax. 12 x), SOzw =r3w, SPzw =r3w,
12 =q Ax. get (Ay.S° x y), r1 =4 get (Ax. 1z x), r1 =4 get (Ax. 12 x),
odd =4 get (Ax. even), ry =g Ax. get (1y.S° x y), 12 =q Ax. get (Ay. r3y),
even =4 get (Ax. r3x), odd =, get (Ax. even), odd =4 get (Ax. even),
3 =q Ax. put (ry4x) odd, even =4 get (Ax. r3x), even =4 get (Ax. r3x),
r4=q Ax.x rs =q Ax. put (r4x) odd, r3 =q Ax. put (ry4x) odd,
} ry=q Ax.x ry=q Ax.x

} }
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(5) Note that we may remove unused recursive definitions (ry, 3) to get an equivalent substitu-
tion Iy:
Iy ={S°zw = ryw, odd =4 get (Ax. even),
even =4 get (Ax._ﬁx),ﬁ =g Ax. put (r4x) odd, ry =q Ax. x}.

Note that the final substitution I} is equivalent to the following substitution I, written in the
concrete syntax without flattened definitions. We can easily check that this is a unifier for the
concrete unification context A, in Section 3.1:

. ={S°zw = r;w, odd =4 get (Ax. get (Ady. r3y)), r3 =q Aw. put w odd}.

3.6 Additional Examples

Recall the definition for odd and even in Section 3.1:

odd : sp = get ([x] even).
even : sp = get ([x] put x odd).

We have seen an example of how unification can figure out the behavior of the stream processor
S after reading two elements of the input, if it behaves the same as odd:

?- get ([x] get ([y]l S x y)) = odd.

Ac = {get (Ax. get (Ay.Sxy)) = odd, odd =4 get (Ax. even), even =4 get (Ax. put x odd)}.

3.6.1 An Example with No Solution. In the above example, S may depend on both numbers x
and y that read from the input stream. We may restrict x to only use the number at index 0, by
omitting y from the argument of S:

?7- get ([x] get (Lyl S x)) = odd.

Ac = {get (Ax. get (Ay.Sx)) = odd, odd =, get (Ax. even), even =4 get (Ax. put x odd)}.

The odd stream processor outputs an element at index 1, but S doesn’t have access to y. This
unification problem does not have a solution, and the algorithm eventually adds the symbol contra
to the unification context. The first six steps (Equations and Definitions (1)—-(13)) are similar to the
previous example with changes marked in blue, but now Equation (13) is no longer a resolution
equation for S°. Note that A, > A; (Equations and Definitions (1)-(7)):

(1) r; = odd given
(2) r_1 =4 get (Ax. ryx)

(3) s =4 Ax. get (Ay. S x)

(4) odd =4 get (Ax. even)

(5) even =4 get (Ax. r3x)

(6) r3 =4 Ax. put (rsx) odd

(7) ry =q Ax.x

(8) Eet (Ax.72x) = get (Ax.even) by Rule (REC-EXP) on (1), (2), and (4)

(9) Ax.rx = Ax. even by Rule (SIMP) on (8)

(10) 2 z= even by Rule (N-INST) on (9), and we verify that there does not

exist any equation (3x)r; x = even in the context Ao.
(11) get (Ay.S°z) = get (Ax.r;x) by Rule (REC-EXP) on (1_0), (3), and (5)
(12) Ay. S°z = Ax. r3x - by Rule (SIMP) on (11)
(13) Sz = 3w - by Rule (N-INST) on (12), and we verify that there does not
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(14)SPz = ¢
(15) 7w = ¢
(16) t =q G*

(17) put (r4w) odd = G™

(18) G® = put (r; w) odd

(19) G® = put FOH®

(20) put (ryw) odd = put FOH®
(21) ryw = FO

(22) odd = H°
(23) F° = ryw
(24)F° = 5
(25)ryw=s
(26) s =q F"
(27)w = F"
(28) F" =w

(29) contra

exist any equation (3x) S° z = r; x in the context A,.

by Rule (PRUNE) on (13)

by Rule (REC-EXP) on (15), (6), and (16)
by Rule (U-SYM) on (17)

by Rule (IMIT) on (17)

by Rule (U-TRANS) on (17) and (19)

by Rule (SIMP) on (20)

by Rule (N-SYM) on (21)
by Rule (PRUNE) on (23)

by Rule (REC-EXP) on (25), (7), and (26)
by Rule (N-SYM) on (27)
by Rule (PROJ-F) on (28).

We now consider some more problems that do not involve odd or even.

4:23

3.6.2 A Stream Processor that Keeps Producing Elements. For example, we may ask, what is a
stream H that outputs the given element and continues as itself:

?7- [x] put x (H x) = [x] H x.

We should have the following result, which says that H produces an argument and continues as

itself:
H = [x] put x (H x).

Indeed, the algorithm is able to find this solution. Our unification algorithm correctly finds a

recursive definition for H®, as seen below, with A, > A3 (Equations and Definitions (1)—(3)):

Ac = {Ax. put x (Hx) = Ax. Hx}

() Ax.rix = Ax. HO x given
(2) r1 =a Ax. put (rzx) (H® x)

(3) rz =4 Ax.x
(4)riz = H°z
(5) ...

by Rule (N-INST) on (1)

unif(A,) = {H°z = r1z,r1 =g Ax. put (r2x) (r1x),r2 =q Ax. x}.

Note that this problem has no unifier under Miller’s higher-order pattern unification algorithm
[Miller, 1991] due to the failure of the occurs check on H.

3.6.3 A Stream Processor that Keeps Consuming Elements. Dually, consider a stream processor S
that reads an element and continues as itself, with A, > A,:

?- [x] get (Lyl Sy) = [xI S x.

The intuitive solution is that S reads an element and continues as itself:
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S = [x] get (Iyl S y).
The algorithm is able to find this solution:
Ac = {Ax. get (Ay.Sy) = Ax.Sx}

(1) Ax.rix = Ax. 8% x
(2) 1 =q Ax. get (Ay.S°y)
(3)riz=5%
4) ...

unif(As) = {S°z = ri1z,11 =g Ax. get (Ay.r1y)}.

given

by Rule (N-INST) on (1)

Here, the definition ry never uses its argument. Our unification algorithm will not actively prune the
arguments to recursion constants unless triggered by a unification equation like in rule (PRUNE).

3.6.4 Another Stream Processor that Keeps Consuming Elements. In the previous example, S
discards its arguments but passes the read element to itself. One interesting question to ask would
be, what if it discards the read element and passes the input argument to itself. Will the two stream
processors be equal?

?7- [x] get ([yl Sy) =[x]S x. [x] get ([y]l S x) =1[x]S x.

We expect S not to be able to use any arguments and instead should discard all arguments.
Informally, we expect S to be equivalent to H, which discards all arguments and just keeps reading
the input stream:

S = [x] H. H=get ([yl H).

The algorithm is able to find this solution. This example highlights the use of Rules (PRUNE)(N-
AGREE), during steps (9), (15), and (16):

Ac = {Ax. get (Ay.Sy) = Ax.Sx, Ax. get (Ay.Sx) = Ax. S x}

(1) Ax.ryx = Ax. 8% x
(2) 1 =4 Ax. get (Ay.S°y)
(3) Ax.rpx = Ax.S9x
(4) 2 =q Ax. get (Ay.S° x)

given

(5)riz=5%z by Rule (N-INST) on (1)
(6)rzw =S%w by Rule (N-INST) on (3)
(7)SPz=rz by Rule (N-SYM) on (5)

(8)SPw = ryw

(9 riz= Q_z

(10) get (Ay.S°y) = get (Ay.S° 2)
(11) Ay.S°y = Ay. S92

(12)S°y =S°2

(13)S°y = H®

(14)S°z = H®

(15)riz = H°

(16)riz=t
(17) H®

t
(18) t =4 G"
(19) get (Ay.S°y) = G"

(

(

(

by Rule (N-SYM) on (6)
by Rule (N-AGREE) on (7)
by Rule (REC-EXP) on (9), (2) and (4)
by Rule (SIMP) on (10)
by Rule (N-INST) on (11)
by Rule (FF-S) on (12)

by Rule (N-AGREE) on (7) and (14)
by Rule (PRUNE) on (15)

by Rule (REC-EXP) on (16), (2) and (18)
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(20) G™ = get (Ay.S°y) by Rule (U-SYM) on (19)
(21)SPy =t by Rule (N-TRANS) on (13) and (17)
(22) ... .

We have

unif(Ag) = {S°z = 1,1 =4 get (Ay. 1)}

We explain the construction of unif(Ay), and only show the most relevant equations and
definitions:

O={t=4G",...} Start with all the recursive definitions of Ay.
={SCz=tt=4G",...} Add the resolution equation for S°.
[ ={S°z=tt=4get(Ay.5°z),...} Replace resolved unification metavariable G°

with its resolution.
[ ={S°z=tt=4 get(Ay.1),...} Replace resolved unification metavariable S°
with its resolution.

3.6.5 Variable Dependency. Finally, consider the following unification problem which illustrates
how pattern variables following different unification metavariables restrict how the variables can
be used:

?- get ([x] get ([yl H x)) = get ([x] get ([yl S y)).

After reading two input elements, continuation H may use the first element, and continuation S
may use the second element, but H and S have to be equal. Intuitively, H and S will be equal to some
stream processor F that does not use any arguments:

H=I[x]F, S=1[x]F
Indeed, unification correctly finds that neither H nor S can use their argument:

Ac = {get (Ax. get (Ay. Hx)) = get (Ax. get (Ay.Sy))}

(Dr;=r; given
(2) 11 =q get (Ax. 2 x)

(3) r2 =q Ax. get (Ay. HC x)

(4) 5 =4 get (Ax. ryx)

(5) 14 =a Ax. get (1y.S°y)

(6) get (Ax.rzx) = get (Ax. r4x) by Rule (REC-EXP) on (1), (2) and (4)
(7) Ax.rax = Ax.ryx by Rule (SIMP) on (6)

8)ry z=rz by Rule (N-INST) on (7)

(9) get (Ay. HO z) = get (1y.S°y) by Rule (REC-EXP) on (8), (3) and (5)
(10) Ay. H®z = Ay. Sy by Rule (SIMP) on (9)

(11)H® z = S°w by Rule (N-INST) on (10)

(12) H® z = F° by Rule (FF-D) on (11)

(13) S°w = F°©

(14) ...

Now the unifier for Ay is

unif(Ay3) = {H® z = F°,5°w = F°, F° = F°}.
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3.7 Correctness of the Algorithm

As with the first-order case, we show the following three properties of the algorithm to establish
its correctness:

(1) Correspondence. At each step of the algorithm, the most general unifier of the context before
corresponds to the most general unifier of the context after (Theorem 3.8). Some steps in the
algorithm create additional unification metavariables, and as a result, this correspondence
needs to take the difference in the domains of the unifiers into account. The correspondence
proof shares the essential ideas of Miller [1991] and Huet [1975]’s proofs in that terms are
inspected one level at a time, and the dependencies of unification metavariables on pattern
arguments are implicitly kept track of.

(2) Termination. Any unification context always saturates in a finite number of steps (Theorem
3.10). This proof is much more involved due to the presence of pattern variables.

(3) Correctness. The unifier for a saturated unification context unif(A) is actually the most
general unifier for A (Theorem 3.11). The main complexity in this case is to handle the pattern
variables following a unification metavariable.

LEmMA 3.3. Given unification contexts A and A’, eqs(A) C eqs(A’), defs(A) = defs(A”), UV (A) =
UV (A’), then any unifier of A’ is a unifier of A.

Proor. The proofis essentially the same as the proof for Lemma 2.3, by observing that definitional
expansion does not depend on unification equations but only on recursive definitions. O

LEmMA 3.4. If T is a unifier for A, thenT is a unifier for A" where A" has all recursive definitions of

A and additional true equations M = M’ in the sense that exp?k[)r] (M[T])) = exp(Ak[)F] (M'[T]).

Proor. Because definitional expansion depends only on recursive definitions, we have

expl 1 (M) = exp I (M) for all k and M. «

Let I'"|yv(a) be the substitution I with the domain restricted to UV (A). That is, I'|yv(a) is
obtained from I by removing all substitution equations of I'” if the unification metavariable on the
left-hand side is not in UV (A).

We state a similar lemma to Lemma 3.4 but now the unifier of A’ can have a larger domain than
Uv(A).

LemMa 3.5. IfT is a unifier for A, then T’ (whereI' = I |gom r) ) is a unifier for A’ where A’ has all

AT M) =

recursive definitions of A and additional true equations M = M’ in the sense that exp,

exp(l (M [T7]).

Proor. Similar to the proof of Lemma 3.4. O

We show that the domain restriction preserves unifiers and their ordering.

LEMMA 3.6. Given unification contexts A and A, eqs(A) C eqs(A’), defs(A) C defs(A’), UV (A) €
UV(A’), for any unifier I’ of A, T’ |yv(a) is a unifier of A.

Proor. This proof is similar to the proof of Lemma 2.3.

Let I be a unifier of A’, all unification equations of A’[T’] hold. Let T' = I"|yy(a). Take any
M = M’ € A, we want to show exp(Ak[)r] (M[I')) = exp(Ak[)r] (M’[T]). We know expﬁ;gr,] (M[T']) =
exp® T 0ptk(M’[I"]), and all recursion constants in M occur in A (because unification contexts
have to be well-formed). WLOG, it suffices to show exp(Ag] (M[T]) = exp(Akgr ](M[F’]). By defini-
tion, for any M that occurs in A, M[T'] = M[I"], we have A[T'] = A[I"]. Then, it suffices to show
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exp(Ak[)r (M[T']) = exp(Allgr’] (M[T’]). But since definitional expansions only depend on recursive

definitions that actually occur in A, we have

A ’
exply, (MII'])

= ex pde;s(A )(M [T’])  (expansion only definition only depends on definitions of A[I"])

= exp(zgs(A (D (M[T’]) (M can only depend on recursion constants occurring in A)

= exp y 'l (M[T']) (expansion only definition only depends on definitions of A’[I']).
O

LEMMA 3.7 (DOMAIN RESTRICTION PRESERVES UNIFIER ORDERING). Given a substitution I} o I, =
I3, let S € dom(T}), then there exists I, such that (T1|s) o I, = (I3]s). Moreover, I, = I3|ryv(r,|s)
where the set of free unification metavariables of a substitution, FUV(T), is the set of unification
metavariables that occur on the right-hand sides and recursive definitions of the substitution T

Proor. For any substitution equation H™ ¥ = M € I|s, the result of applying I’ to M is the
same as the result of applying Iy |ryv (ry|s) to M. O

THEOREM 3.8 (CORRESPONDENCE). IfA transforms into A’ by applying one of the rules to some
equation in A, then the set of unifiers of A coincides with the set of unifiers in A’ with domains restricted
to UV (A). Moreover, domain restriction preserves most general unifiers.

Proor. The proof has two parts. First, we show that domain restriction preserves unifiers. Then,
we show that the domain restriction preserves most general unifiers.

(Part 1) If A’ contains contra then there is no unifier for A’, and we can show in each case that
there is no unifier for A by inspecting rules (SIMP-F1)(SIMP-F2)(SIMP-F3)(PRO]J-F), and the case
where contra is already present in A. Otherwise, assume contra ¢ A’.

There are two groups of rules, rules that do not add new unification metavariables (Group 1), and
rules that add new unification metavariables (Group 2).

(Group 1) For the rules that do not add new unification metavariables, every unifier for A’ is also
a unifier of A by Lemma 3.3. And every unifier of A is also a unifier for A’ by Lemma 3.4. We show
rules (REC-EXP)(U-AGREE) as examples for applying Lemma 3.4.

Rule (REC-EXP), givenrx = sij,r =4 Az. Uy, and s =g Aw. U, in A, it adds the equation [x/z]U; =
[§/w]U, in A’. By Lemma 3.4, it suffices to show exp(Ak[)r T [;-c/z] U)[r]) = expfk[f] (([g/Ww]U)[T]).
Since T is a unifier for A, we have exp(k)]((rx)[ D= exp(k) ((sy) [T]), but expy, m((rx)[ I)) =

exp(k) ](rx) = exp(k) ([x/z](Ul[ 1)) and similarly for (s 7).

Rule (U-AGREE), given H® x = U; and H® §j = U, in A, it adds the equation U; = [x/7]|U, to A’.
Let I be a unifier for A, we want to show I is a unifier for A’. By Lemma 3.4, it suffices to show
exp(Ak[fJ (UL [T) = exp(Ak[fJ (([x/9]Us)[T]). Suppose H® w = Ugn is the substitution equation in T,

and then

A
exp( (Ui [T])

= exp(Ak[)r] ((H"x)[T]) (since T is a unifier for A and H®* x = U; € A)
= exp(Ak[)r] ([x/w]Ugm) (by the substitution equation H® w = Ugs € T)

exp (k) ([x/ y] [§/W]Upm)  (by the definition of variable renaming)

[x/7] exp ( k) ([y /w]Ugm) (variable renaming commutes with definitional expansion)
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= [x/9] exp(Ag] ((H"9)[T]) (by the substitution equation H® w = Uym € T)

= [x/7] exp(Ag] (U:[T]) (since T is a unifier for A and H®* §j = U, € A)

= expfg I ([x/9]1(U[T])) (variable renaming commutes with definitional expansion)
= expfk[{ I (([x/g]U)[T]) (variable renaming commutes with substitution).

The rest of the cases except rules (IMIT)(PROJ)(PRUNE)(FF-D)(FF-S) are similar. It is obvious that
the identity mapping (as a trivial domain restriction) preserves the most general unifiers.

(Group 2) For rules that add new unification metavariables (i.e., rules (IMIT)(PROJ)(PRUNE)(FF-
D)(FF-S)), we show that if I is a unifier for A’, and then I' = I |yy () is the unifier for A.

Rules (IMIT)(PRQOJ), we have H*j = hN; ... N, € A, and

H*G=h(A%.GP§%1) ... (A%n. Gy §%n) € A,

Given I is a unifier for A’, it follows from Lemma 3.6 that I is a unifier for A. To show that the
restriction —|yy(a) preserves unifiers, it suffices to show that given any T’ that is a unifier of A,
there exists a unique I'" such that I'|yy(a) is T'. Given a unifier T', the substitution equation for
H"is H"z = h (A%;.N]) ... (A%,.N,). The corresponding I will map H"™ analogously, and will
have the substitution equation for G as G x;z = N;.I" is a unifier for A’ by Lemma 3.5. This
I is unique because any different mapping of G? (modulo definitional expansion) will make the

additional equation in A’ false.

Rule (PRUNE), we have H° §j = rx € A, and

Hog=twrx=twt=gAw.G"we AN

with w = ¥ N §. Given I"” is a unifier for A’, it follows from Lemma 3.6 that I is a unifier for A. To
show that the restriction —|yv(a) preserves unifiers, it suffices to show that given any I' that is
a unifier of A, there exists a unique I such that I |yy(a) is T. Given a unifier T, the substitution
equation for H® is H® §j = sw with s =; Aw.U € I'.® H® cannot be mapped to another recursive
unification metavariable because of the equation H® j = r . The corresponding I’ will map H®
analogously, and will have the substitution equation for G® as G® w = U. This I is unique because
any different mapping of G™ (modulo definitional expansion) will make the additional equation in
A’ false.

Rules (FF-D)(FF-S) follows a similar argument. We elide the full development and remark that I'’
will map the additional unification metavariable F™™ analogously as I' maps G™.

(Part 2) —|yv (a) preserves the most general unifiers since the substitution that mediates between
the most general unifier IV and any more specific I}, is a substitution whose restriction mediates
between I' |7y (a) and I|yv(a) by Lemma 3.7. o

LEMMA 3.9 (PRESERVATION OF WELL-FORMED UNIFICATION CONTEXTS). The pattern restriction,
B-normal-n-long forms, and typing are respected by the unification rules.

Proor. Directly by analyzing the rules. O

The preservation of f-normal-5-long forms guarantees that the number of variables following any
unification metavariable is constant throughout. We define the width of a unification metavariable
to be the number of variables following it. For example, if F® x y z appears in a unification context
A, then the width of F™ is 3. Similarly, we define the width of a recursion constant to be the number

%In practice, the substitution equation may be H® Z = si, we can a-rename it to H® § = s([§/z]a). It might be the
case that ([§/z]a) ¢ w, with s =4 A([§/Zz]@). U, but we can always construct another definition ¢ =4 Aw. U and set

HC g =qw.
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of variables following it. A recursion constant r is pruned if there exists an equation r ¥ = s ¢ such
that § € X, and r is unpruned otherwise. Note that the formal concept of pruned and unpruned
recursion constants here should be understood in a different sense from the rule (PRUNE), which
has been suggesting the informal meaning of removing variables from the pattern arguments.

THEOREM 3.10 (TERMINATION). The algorithm always terminates.

Proor. We observe that terms in the unification contexts are shallow as defined by the grammar,
and all terms are well-typed. Given a bounded amount of variables, unification metavariables,
and recursion constants, there can only be finitely many equations and recursive definitions
in a unification context because terms are shallow that they are only one level deep. The rules
that create new unification metavariables, variables, or recursion constants are rules (U-INST)
(N-INST)(IMIT)(PROJ)(PRUNE)(FF-D)(FF-S), it suffices to show that these rules can only be applied
finitely many times.

First we show that given a bounded amount of unification metavariables and recursion constants,
the rules (U-INST)(N-INST) can only be applied finitely many times. Since everything is well-typed,
the maximum depth and width for terms are bounded. Then, there are only finitely many equations
modulo simultaneous variable renaming, and the subsumption 3x in the conclusion of the rule
(U-INST)(N-INST) prevents additional equations from being created that are merely variable re-
naming of existing equations.

Then, it suffices to show the rules (IMIT)(PROJ)(PRUNE)(FF-D)(FF-S) can only be applied finitely
many times. We associate with each unification context a lexicographic multiset order (A, B, C),
where A, B, C are multisets of natural numbers defined below, and show that each rule that creates
new unification metavariables or recursion constants strictly decreases this order. The multiset
order [Dershowitz and Manna, 1979] states that a multiset of natural numbers X is considered
smaller than another multiset Y if X can be obtained from Y by removing a natural number n and
adding a finite number of natural numbers that are strictly smaller than n. The order (A, B,C) is
given by

(1) A={width(r) | r =4 U € A, r unpruned} is the multiset of widths of all unpruned recursion
constants.

(2) B ={width(H"™) | H® € UV(A), H® unresolved} is the multiset of widths of all unresolved
contractive unification metavariables.

(3) C = {width(H®) | H® € UV(A), H® unresolved} is the multiset of widths of all unresolved
recursive unification metavariables.

For example, we could decrease the order (A, B, C) by resolving a contractive unification metavari-
able, and adding arbitrarily many recursive unification metavariables of any width.

First, it is easy to see that no rules can ever increase this order except rules (IMIT)(PROJ)(PRUNE)
(FF-D)(FF-S): Once a unification metavariable is resolved, it remains resolved, and once a recursion
constant is pruned, it remains pruned. Both conditions rely on the existence of certain equations
and rules never remove equations from the unification context. Then we show each of the rules
(IMIT)(PROJ)(PRUNE)(FF-D)(FF-S) strictly decreases the order (A, B,C).

Rule (IMIT) or (PRQO]J) removes one unresolved contractive unification metavariable and adds
a finite number of recursive unification metavariables.

Rule (PRUNE) prunes a recursion constant and adds a contractive unification metavariable.

Each of the rules (FF-D) and (FF-S) resolves a recursive (respectively, contractive) unification
metavariable and adds a recursive (respectively, contractive) unification metavariable of a smaller
width. O
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THEOREM 3.11 (CORRECTNESS OF UNIFIERS). If A is a saturated contradiction-free unification
context, and T = unif (A) is the most general unifier for A.

Proor. The proof largely follows the structure of the first-order case. We have two parts, the
first part is to show that T’ is a unifier, and the second part is to show that I is the most general
unifier.

(Part 1) To show T is a unifier, we need to show that dom(I') = UV (A), which is true by definition,
and that every equation in A[T'] holds. It suffices to show the following:

(1) Forall Uy = U in A, expl} AT, ) —exp([F](UZ[F])
(2) Forall Ny = Ny in A, exp([r](Nl[ ) = exp() AT N, [T]).

We show the following two claims simultaneously by lexicographic induction on (k, and the struc-
ture of U or N), where claim (2) may refer to claim (1) without decreasing k. Both claims are trivial
when k = 0. Consider the case when k > 0, we show (1) and (2) by case analysis on the structure
of U1 = Ug and N1 = Nz.

We state some facts about the construction of unif(A). These facts build intuitions that make the
proof cases easier to understand. We note that if the substitution equation for H™ is H® w = F® z
(F is necessarily unresolved by step (4) of the construction for I = unif (A)), then the substitution
equation will also appear in A due to transitivity and the consistency of resolution rule. Also, if the
substitution equation for H™ is H* w = h N; ... Ny, there exists equations (not necessarily picked as
resolution equations) H* w = h N] ... N}, (with FV(AN] ... N;) Cw),and N; = N,...,N, = N,
in A, by inspecting the process of obtaining I' and the structural rule (SIMP). For recursive unifi-
cation metavariables H®, the substitution equations H° w = F° z and H® w = rz will appear in
A due to transitivity and the consistency of resolution (rule (N-AGREE)):

(a) If Uy or U, contains top-level A-abstractions, then they must have equal number of A-
abstractions due to typing and 5-long forms. Due to the commutation of the definitional
expansion and A-abstractions and the commutation between substitution and A-abstractions,
the result follows by induction hypothesis. The cases (b)—(d) below show the claim when
U; and U, do not have top-level A-abstractions.

(b) Both U; and U, have constructors or variables as their heads. Since contra ¢ A, they must have
identical constructor or variable heads. Now let Uy = ANy ... N,and U, = AN ... N;. Since
A is saturated, we have N; = N/ for all 1 < i < n. The result then follows from the fact that
each N; and N} have equal definitional expansion up to depth k — 1 by induction hypothesis.

(c) One of Uy and U, is a unification metavariable, and the other has a constructor as its head.
Without loss of generality, assume U; = H*x and U, = h N. We have two cases, either
FV(hN) C % or not:

(i) If FV(h N) C x, then this is a resolution equation. If this is the resolution equation used
in T, then we’re done. Otherwise, the resolution equation of H® in I' may be H® x = h N'.
The rule (U-AGREE) ensures that there is an equation between U, and hN’, and the rest
follows from the case (b) above.

(i) fFFV(h N) ¢ %, in this case either H® is resolved or unresolved. H® cannot be unresolved,
since otherwise rule (IMIT) or (PROJ) would apply. If H® is resolved, then H® x = h N’
is a substitution equation, and the result follows from IH on the necessary equations
between N’ and N.

(d) Both U; and U, have contractive unification metavariables as their heads. Let U; = H™ x and
U, = G §. Due to saturation, WLOG, there are three cases, both unification metavariables
are unresolved, only one is unresolved, or both are resolved. We consider them one by one:
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(i)

(ii)

(iii)

Both are unresolved. If H® is equal to G™ (they are the same unification metavariable),
then x = ¢ (position-wise) since otherwise rule (FF-S) will apply, and it would have a
resolution. Otherwise, suppose H™ # G™. Since they are in the same equivalence class, for
some representative unification metavariable be F®, we have the representative equations
H"w = F®z and G"a = F®z in . Here w and x may differ. By rule (U-AGREE), on
H", we have equations G = [x/w](F™ z) and similarly H* x = [x/w](F™2) in A. By
symmetry and transitivity, we have [x/w](F® z) = [§/a](F™ z) in A. We have just shown
that [x/w](F™ z) and [§/a] (F™ Z) are syntactically equal (otherwise they will be resolved
by rule (FF-S)). But now U [T'] = (H® %)[T] = [x/w](F*2) = [g/a](F*2) = (G"§)[T] =
U;[T].

Only one of them is unresolved. WLOG, H" is unresolved and G" is resolved. We have
G" i = F"z or G® 4 = h N inT. In the first case F® Z is unresolved (otherwise it would
have been replaced in step (4)), and then H™ and F™ are in the same equivalence class, and
the rest follows from the case (d)(i) above. In the second case, we would have an equation
H® % = [§/@](h N). But now H® could be resolved by rule (IMIT) or (PROJ).

Both are resolved. Suppose H® ¥ = Ugs and G™ §j = Ugn are substitution equations in I'. It
cannot be the case that only one of Uy and Ugs has unresolved unification metavariables
as the head, and the other has a constructor or a variable as the head. Since transitivity and
rule (U-AGREE) ensure an equation between Uys and Ugs, and the other would be resolved
by rule (IMIT) or (PROJ). Thus, both Uys and Ugs have unresolved unification metavari-
ables as the head, or both have constructors or variables as the head. In the first case, the
result follows from the case (d)(i) above. In the second case, let Uys = h N and Ugs = h N,
there are equations U; = h N and U, = h N”” in A, with equations between N and N”
(pairwise), and similarly for N’ and N, By transitivity, there is an equation h N’ =hN",
and thus there are equations between N’ and N’/ (pairwise). Then the result follows by
IH to show N, N’, N, N"”" all have equal definitional expansions up to depth k — 1.

(e) The case where N; or N, contains top-level A-abstractions is similar to the case (a), and we
show subsequently the cases when N; and N, do not contain top-level A-abstractions.
(f) Both N; and N, have recursion constants as heads. Let N; = rx, where r =3 w.U; € A
and N; = s, where s =; Ai. U, € A. Since A is saturated, [x/w]U; = [g/a]U; € A. By IH,
AIT] /1 e e AIT)rrom
exp(l (([%/w]UD[T]) = exp(l (([9/a]U)[T1), and then

(k)

exp(l (N [T])
= expp | ((r®)[T]) (given)
= exp(} (([%/W]UD)[T])  (by the definition of exp()")
= exp(} (([9/]U5)[T])  (shown by TH above)
[

= exp(Ag] (s [T (by the definition of exp(Ak[)r])
= exp(y, | (NL[T]) (given).

(g) One of N and N; is a unification metavariable, and the other has a recursion constant as its
head. WLOG, assume N; = H® ¥ and N, = r ij. We have two cases, either FV(r §j) C % or not:

(i)

(i)

If FV(rg) C X, then this is a resolution equation. If this is the substitution equation used in
I', then we’re done. Otherwise, rule (N-AGREE) ensures that there is an equation between
N, and the resolution equation used in T, and the rest follows from the case (f) above.

If FV(rg) ¢ , in this case either H is resolved or unresolved. H® cannot be unresolved,
since otherwise rule (PRUNE) would apply. If H® is resolved, then let H° % = sz be a
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substitution equation. By transitivity, there is an equation between sz and rg. By the
case (), exp) (s2) = expge) (r9).

(h) Both N; and N, have recursive unification metavariables as their heads. Let N; = H® % and
N, = G° . Due to saturation, WLOG, there are three cases, both unification metavariables
are unresolved, only one is unresolved, or both are resolved. We consider them one by one:
(i) Both are unresolved. This is exactly analogous to the case (d)(i).

(ii) Only one of them is unresolved. This is exactly analogous to the case (d)(ii), except that in
the case the resolution is a recursion constant, the unresolved unification metavariables
may be resolved by rule (PRUNE).

(iii) Both are resolved. Suppose H® x = Nyo and G°§ = Ngo are substitution equations
in T. By a similar reasoning as (d)(iii), both Nyo and Ngo have unresolved unification
metavariables as heads, or both have recursion constants as the heads. In the first case, the
equality can be established by (h)(i). In the latter case, there is an equation Nyo = Ngo
due to transitivity and the rest follows by the case (f).

(Part 2) To show T is the most general unifier, given any other unifier I} of A, it suffices to
construct a unifier I such that I" o I} = I’,. But the construction of I} is easy: I must map resolved
unification metavariables analogously as I (otherwise a contradiction will arise), and it may choose
to map equivalence classes of unresolved unification metavariables freely. I} simply records how
unresolved unification metavariables are mapped in I5. O

4 Related Work

The unification algorithm for the first-order terms was first developed by Robinson [1965] as a
procedure for implementing resolution. Jaffar [1984] gave an efficient unification algorithm for
first-order rational trees based on the system of equations presentation of Martelli and Montanari
[1982]. Huet [1975] discovered a preunification algorithm for general higher-order terms. Although
general higher-order unification is undecidable and does not have most general unifiers [Huet,
1973], Miller [1991] discovered the pattern restriction that if arguments to unification metavariables
are restricted to pairwise distinct bound variables, decidability and most general unifiers can be
recovered. A similar idea of restricting the arguments to bound variables gives a formulation of
regular Bohm trees [Huet, 1998] with decidable equality. Huet’s idea later becomes the prepattern
restriction in CoLF [Chen and Pfenning, 2023]. The prepattern restriction is slightly relaxed over
the pattern restriction that repetition of bound variables are allowed. Our use of a signature for
representing recursive definitions directly follows that of CoLF [Chen and Pfenning, 2023].

Nominal unification is an alternative way of carrying out higher-order unification [Urban et al.,
2004; Urban, 2010]. It is encodable in higher-order pattern unification and higher-order pattern
unification can be encoded in nominal unification. Schmidt-Schauf} et al. [2022] have presented a
nominal unification algorithm for a version of cyclic A-calculi by Ariola and Blom [1997]. However,
their cyclic A-calculi has a different criterion for term equality than ours.

5 Conclusion

We have presented a saturation-based unification algorithm for finding most general unifiers for
higher-order rational terms (_L-free regular Bohm trees). We have shown the termination, soundness,
and completeness of this algorithm. The main complexity is to arrange the conditions for applying
the rules to ensure termination. We once again find Miller’s pattern fragment to be fundamental in
determining the most general unifiers in the presence of higher-order terms. A detailed analysis of
the complexity of the algorithm and an efficient implementation will be future work.
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