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Mixed Integer Linear Programming for
Maximum-Parsimony Phylogeny Inference
Srinath Sridhar, Fumei Lam, Guy E. Blelloch, R. Ravi, and Russell Schwartz
Abstract—Reconstruction of phylogenetic trees is a fundamental problem in computational biology. While excellent heuristic methods
are available for many variants of this problem, new advances in phylogeny inference will be required if we are to be able to continue
making effective use of the rapidly growing stores of variation data now being gathered. In this paper, we present two integer linear
programming (ILP) formulations for finding the most parsimonious phylogenetic tree from a set of binary variation data. One method
uses a flow-based formulation that can produce exponential numbers of variables and constraints in the worst case. The method has,
however, proven to be extremely efficient in practice on data sets that are well beyond the reach of the available provably efficient
methods, solving several large mtDNA and Y-chromosome instances within a few seconds and giving provably optimal results in times
competitive with fast heuristics that cannot guarantee optimality. An alternative formulation establishes that the problem can be solved
with a polynomial-sized ILP. We further present a Web server that was developed based on the exponential-sized ILP that performs
fast maximum parsimony inferences and serves as a front end to a database of precomputed phylogenies spanning the human
genome.
Index Terms—Graph algorithms, trees, biology and genetics, linear programming.
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1

INTRODUCTION

P

HYLOGENY construction, or the inference of evolutionary
trees from some form of population variation data, is
one of the oldest most intensively studied problems in
computational biology. Yet, it remains far from being
solved. The problem has become particularly acute for the
special case of intraspecies phylogenetics, or tokogenetics,
in which we wish to build evolutionary trees among
individuals in a single species. In part, the persistence of
the problem reflects its basic computational difficulty. The
problem in most reasonable variants is formally NP-hard
[1] and thus has no known efficient solution. The continuing
relevance of phylogeny inference algorithms also stems
from the fact that the data sets that will be solved have been
getting increasingly large in both population sizes and the
numbers of variations examined. The genomic era has led to
the identification of vast numbers of variant sites for human
populations [2], [3], as well as various other complex
eukaryotic organisms [4], [5], [6]. Large-scale resequencing
efforts are now under way to use such sites for studying
population histories with precision that has never been
previously possible [7]. Even more vast data sets are
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available for microbial and viral genomes. As a result,
methods that were adequate even a few years ago may no
longer be suitable today.
In this work, we focus on the inference of intraspecies
phylogenies on binary genetic variation data, which is of
particular practical importance because of the large amount
of binary SNP data that are now available. The binary
intraspecies phylogeny problem has traditionally been
modeled by the minimum Steiner tree problem on binary
sequences, which is a classic NP-hard problem [1]. Some
special cases of the problem are efficiently solvable, most
notably the case of perfect phylogenies, in which each variant
site mutates only once within the optimal tree [8], [9], [10].
However, real data will not, in general, conform to the
perfect phylogeny assumption. The standard, in practice, is
the use of sophisticated heuristics that will always produce
a tree but cannot guarantee optimality (e.g., [11], [12], and
[13]). Some theoretical advances have recently been made in
the efficient solution of near-perfect phylogenies, i.e., those
that deviate only by a fixed amount from the assumption of
perfection [14], [15], [16], [17]. These methods can provide
provably efficient solutions in many instances but still
struggle with some moderate-sized data sets in practice. As
a result, some recent attention has turned to integer linear
programming (ILP) methods [18]. ILPs provide provably
optimal solutions, and while they do not provide guaranteed runtime bounds, they may have practical runtimes that
are far better than those of the provably efficient methods.
In this work, we develop two ILP formulations for
solving the most parsimonious phylogenetic tree problem
on binary sequences. These methods find provably optimal
trees from real binary sequence data, much like the prior
theoretical methods and unlike the prevailing heuristic
methods. The practical runtime is, however, substantially
lower than that of the existing provably efficient theoretical
Published by the IEEE CS, CI, and EMB Societies & the ACM
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methods, allowing us to tackle larger and more difficult
data sets. In what follows, we formalize the problem solved,
present our methods, and establish their practical value on
a selection of real variation data sets. We further document
a Web server that provides open access to this ILP method
and serves as a front end to a database of local phylogenies
inferred throughout the autosomal human genome. This
work provides a platform for more extensive empirical
studies of variation patterns on genomic scales than what
were previously possible and may also help in laying the
groundwork for more sophisticated optimization methods
that will likely be needed in the future.

2

DEFINITIONS

We will assume that the input to the problem is a
haplotype matrix H, where each row corresponds to a
haploid sequence of a taxon, and each column corresponds to a binary marker such as a Single Nucleotide
Polymorphism (SNP). The input H can therefore be
viewed as an n  m binary matrix.
Definition 1. A phylogeny T for input I is a tree where each
vertex represents a binary string in f0; 1gm and all the input
sequences are represented in T . The length of T is the sum of
the Hamming distances between all the adjacent vertices. The
problem of constructing the most parsimonious (optimal)
phylogeny is to find the phylogeny T  such that lengthðT  Þ is
minimized.
Definition 2. A phylogeny T for input I with m varying sites is
q-near-perfect (or q-imperfect) if lengthðT Þ ¼ m þ q.
The problem of reconstructing phylogenies is closely
related to the Steiner tree problem, which is a well-studied
problem in combinatorial optimization (for a survey and
applications, see [19] and [20]). Given a graph G ¼ ðV ; EÞ
and a set of terminals in V , the problem is to find the
smallest subgraph of G such that there is a path between
any pair of terminals.
The problem can be related to the phylogeny
construction problem as follows: Let graph G be the
m-cube defined onPvertices V ¼ f0; 1gm and edges
E ¼ fðu; vÞ 2 V  V : i jui  vi j ¼ 1g. The vertices are
binary strings of length m and an edge connects two
vertices if and only if their Hamming distance is 1. Let
VT  V be the set of species corresponding to the rows
of input matrix H. The maximum parsimony problem is
then equivalent to the minimum Steiner tree problem on
underlying graph G with terminal vertices VT . Even in
this restricted setting, the Steiner tree problem has been
shown to be NP-complete [21]. However, the phylogeny
reconstruction problem when the optimal phylogeny is
q-near-perfect can be solved in time polynomial in n and
m when q ¼ Oðlogðpolyðn; mÞÞÞ [17]. If q is very large,
though, such algorithms do not perform well. Moreover,
these algorithms use a subroutine that solves the Steiner
tree problem on m-cubes when the dimensions are small.
Therefore, improving the existing solutions for the
general problem will also improve the runtime for the
restricted cases.

3

VOL. 5,

NO. 3,

JULY-SEPTEMBER 2008

PREPROCESSING

We now describe a set of preprocessing steps that can
substantially reduce the size of the input data without
affecting the final output.

3.1 Reducing the Set of Possible Steiner Vertices
The complexity of solving the Steiner tree problem in
general graphs is a consequence of the exponentially many
possible subsets that can be chosen as the final set of Steiner
vertices in the most parsimonious phylogeny. Therefore, an
important component of any computational solution to the
Steiner tree problem is to eliminate vertices that cannot be
present in any optimal tree. We describe an approach that
has been used to eliminate such vertices when the underlying graph is the m-cube.
For input graph H and column c of H, the split cð0Þjcð1Þ
defined by c is a partition of the taxa into two sets, where
cð0Þ is the set of taxa with value 0 in column c, and cð1Þ is
the set of taxa with value 1 in column c. This forms a
partition of the taxa, since cð0Þ [ cð1Þ is the set of all taxa,
and cð0Þ \ cð1Þ is empty. Each of cð0Þ and cð1Þ is called a
block of c. Buneman used the blocks of binary taxa to
introduce a graph, now called the Buneman graph BðHÞ,
which captures structural properties of the optimal phylogeny [22]. We will explain the generalization of this graph
according to Barthélemy [23]. Each vertex of the Buneman
graph is an m-tuple of blocks ½c1 ði1 Þ; c2 ði2 Þ; . . . cm ðim Þ (ij ¼ 0
or 1 for each 1  j  m), with one block for each column,
such that each pair of blocks has nonempty intersection
(cj ðij Þ \ ck ðik Þ 6¼ ; for all 1  j, k  m). There is an edge
between two vertices in BðHÞ if and only if they differ in
exactly one block. Buneman graphs are very useful because
of the following theorem.
Theorem 3.1 [11], [24]. For input matrix H, let TH denote the
optimal phylogeny on H and let BðHÞ denote the Buneman
graph on H. If matrix H has binary values, then every optimal
phylogeny TH is a subgraph of BðHÞ.
Using the above theorem, our problem is now reduced to
constructing the Buneman graph on input H and solving
our problem on the underlying graph BðHÞ. Ideally, we
would like to find the Buneman graph in time OðpolyðkÞÞ,
where k is the number of vertices in the Buneman graph.
Note that this is output sensitive. We first state the
following theorem, which we will use to show that the
Buneman graph can be generated efficiently.
Theorem 3.2 [24]. The Buneman graph BðHÞ is connected for
any input matrix H in which all columns contain both states
0, 1 and all pairs of columns are distinct.
To generate the graph BðHÞ, let i1 ; i2 ; . . . im be the first
taxon in H. Then, v ¼ ½c1 ði1 Þ; c2 ði2 Þ; . . . cm ðim Þ is a vertex of
BðHÞ. Now, there are several ways of generating the graph
BðHÞ. The pseudocode in Fig. 1 begins with VT , i.e., the set
of vertices of the BðHÞ corresponding to H. The algorithm
then iteratively selects a vertex v and enumerates all the
neighbors. For each vertex, the algorithm checks if it obeys
the conditions of the Buneman graph, and if it does so, it is
added to , and we recurse it.
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Fig. 1. Finding the Buneman graph in polynomial time.

Lemma 3.3. The algorithm in Fig. 1 finds the Buneman graph
BðHÞ for the given input in time OðkmÞ, where k is the
number of vertices in BðHÞ.
Proof. The algorithm begins with a vertex v 2 BðHÞ and
determines BðHÞ in the depth-first search order. By
Theorem 3.2, the algorithm will visit all vertices in BðHÞ.
Step 1a iterates over all m possible neighbors of vertex v
in the m-cube, which takes time OðmÞ. For each vertex
v 2 BðHÞ, function bunemanNeighbor is called using v
exactly once. Therefore, if there are k vertices in BðHÞ,
then the time spent to discover all of BðHÞ is OðkmÞ.
Note that instead of using depth-first search, we could
use breadth-first search or any other traversal order. t
u

3.2 Decomposition into Smaller Problems
In addition to allowing us to reduce the set of possible
Steiner vertices, we show how Theorem 3.1 also allows us to
decompose the problem into independent subproblems.
Definition 3 [25]. A pair of columns i, j conflict if the matrix H
restricted to i, j contains all four gametes (0, 0), (0, 1), (1, 0),
and (1, 1). Equivalently, the columns conflict if the projection
of H onto dimensions i, j contains all four points of the square.
For input I, the structure of the conflicts of I provides
important information for building optimal phylogenies for
I. For example, it is well known that a perfect phylogeny
exists if and only if no pair of columns conflict [9], [24]. In
order to represent the conflicts of H, we construct the
conflict graph G, where the vertices of G are columns of H,
and the edges of G correspond to pairs of conflicting
columns [26]. The following theorem has been stated
previously without proof [26]. For the sake of completeness,
we provide an explicit proof using Theorem 3.1 and ideas
from Gusfield and Bansal [26]. We denote the matrix H
restricted to set of columns C as CðHÞ.
Theorem 3.4. Let  denote the set of nontrivial connected
components of conflict graph G and let Visol denote the set of
isolated vertices of G. Then, any optimal Steiner tree on H is a
union of optimal Steiner treesP
on the separate components of G

Þ.
and lengthðTH Þ ¼ jVisol j þ C2 lengthðTCðHÞ
Proof. We use the fact that the optimal phylogeny is
contained in the Buneman graph and show that the
connected components impose restrictions on the set of
possible edges in the Buneman graph. For two columns c
and c0 , the block cðiÞ is the dominated block of c with
respect to the pair ðc; c0 Þ if block cðiÞ is contained in some
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block of c0 (i.e., cðiÞ  c0 ð0Þ, or cðiÞ  c0 ð1Þ). Similarly,
block cðiÞ is the dominating block of c with respect to the
pair ðc; c0 Þ if cðiÞ contains some block of c0 .
Let C be a component in  [ Visol . If C is the only
component in G, the theorem follows immediately.
Otherwise, we can reorder the columns so that C
consists of the first k columns, i.e., c1 ; c2 ; . . . ; ck 2 C,
and ckþ1 ; . . . ; cm 62 C. Recall that for any edge in the
Buneman graph BðHÞ, its end points correspond to
two m-tuples of blocks, which differ in exactly one
column. Label this edge by the column for which its
end points differ. For any collection of columns
1 ; 2 ; . . . ; l , let TH ½1 ; 2 ; . . . ; l  denote the subgraph
of TH induced by the set of edges labeled by
1 ; 2 ; . . . ; l . We will characterize all edges in the
Buneman graph labeled by columns in C by using the
following lemma from Gusfield and Bansal [26].
u
t
Lemma 3.5 [26]. For a column ci , with i > k, ci does not conflict
with any column in connected component C, and therefore,
exactly one of ci ð0Þ or ci ð1Þ is the dominating block in ci with
respect to every column in C.
Let ci ðli Þ (i > k) denote the set of dominating blocks of ci
with respect to C. (It follows that ci ð1  li Þ is the dominated
block in ci with respect to every column in C.)
Any vertex in the Buneman graph is an m-tuple of blocks
that have a pairwise nonempty intersection. Therefore, an
edge e labeled by a column in C, say, c1 , must have end
points in which the blocks of column ckþ1 ; ckþ2 ; . . . ; cm
intersect both c1 ð0Þ and c1 ð1Þ. This implies that the blocks
of ckþ1 ; ckþ2f ; . . . ; cm are forced to be the dominating blocks
with respect to component C, i.e., the last m-k coordinates of
the end points of e must be ckþ1 ðlkþ1 Þ; ckþ2 ðlkþ2 Þ . . . ; cm ðlm Þ.
Let BðCÞ be the subgraph of BðHÞ generated by the vertices
whose last m  k columns have this form. Then, any edge
labeled by a column in C has both end points in BðCÞ.
Lemma 3.6. TH ½C ¼ TH ½c1 ; c2 ; . . . ; ck  is an optimal Steiner tree
on BðCÞ.
Proof. We say that vertex v 2 BðCÞ is a C-projected terminal
vertex if there exists h 2 H with the same states as v in
columns of C. We first show that any two terminals in
BðCÞ that are C-projected vertices are connected by a
path in TH ½c1 ; c2 ; . . . ; ck . Suppose otherwise and let v1
and v2 be two distinct vertices in BðCÞ, which are not
connected by such a path. By the definition of TH , there is
a path P in TH connecting v1 to v2 . We can assume that v1
and v2 are chosen so that the length of path P is
minimized. Let d1 ; d2 ; . . . ; dl denote the edge labels of P
(by assumption, at least one of d1 ; d2 ; . . . ; dl is not in
fc1 ; c2 ; . . . ; ck g). If for some i, we have di 2 fc1 ; c2 ; . . . ; ck g,
then the end points u and w of di are in BðCÞ, and v1 , u, or
w, v2 is a pair that is not connected in TH ½c1 ; c2 ; . . . ; ck ,
which is a contradiction to the choice of vertices v1 , v2 .
Therefore, all edge labels di are in the set
fckþ1 ; ckþ2 ; . . . ; cm g. However, since v1 and v2 are in
BðCÞ, the final m  k components of these two vertices
are ckþ1 ðlkþ1 Þ; ckþ2 ðlkþ2 Þ . . . ; cm ðlm Þ by definition. Finally,
since there are no edges in P labeled by c1 ; c2 ; . . . ; ck , it
follows that v1 and v2 are equal in all components, which
is a contradiction.
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Therefore, TH ½c1 ; c2 ; . . . ; ck  is a Steiner tree on BðCÞ,
where the set of terminal vertices are the C-projected
terminal vertices. Therefore, if TH is not optimal, then by
removing TH ½c1 ; c2 ; . . . ; ck  from TH and replacing it by a
tree of smaller cost, we obtain a Steiner tree for H with
smaller cost than TH , which is a contradiction.
The terminal vertices of CðHÞ correspond to
C-projected terminal vertices of BðHÞ. Therefore, the
above shows that for every connected component C,

is a subgraph of TH . Therefore,
TCðHÞ


X

length TCðHÞ
lengthðTH Þ ¼
C2[Visol

¼ jVisol j þ

X




length TCðHÞ
:

C2

This completes the proof of Theorem 3.4.

u
t

Our decomposition preprocessing step proceeds as
follows: We first construct the conflict graph G for input
matrix H and identify the set of connected components of G.
We ignore the columns corresponding to the isolated
vertices Visol , since they each contribute exactly one edge
to the final phylogeny. Then, the columns corresponding to
each connected component c of  can be used independently to solve for the most parsimonious phylogeny. Our
problem is now reduced to input matrices H consisting of a
single nontrivial connected component.

3.3 Merging Rows and Columns
We now transform the input matrix H to possibly reduce its
size. We can remove rows of H until all the rows are
distinct, since this does not change the phylogeny.
Furthermore, we can remove all the columns of H that do
not contain both states 0 and 1, since such columns will not
affect the size or the topology of the phylogeny. Finally, we
will assign weights wi to column i; wi is initialized to 1 for
all i. We iteratively perform the following operation:
Identify columns i and j that are identical (up to relabeling
0, 1), set wi :¼ wi þ wj , and remove column j from the
matrix. Notice that in the final matrix H, all pairwise rows
are distinct, all pairwise columns are distinct (even after
relabeling 0, 1), every column contains both 0, 1, and all the
columns have weights wi 1. From now on, the input to
the problem consists of the matrix H, along with vector w
containing the weights for the columns of H. We can now
redefine the length of a phylogeny by using a weighted
Hamming distance as follows:
Definition 4. The length of phylogeny T ðV ; EÞ is
P
P
lengthðT Þ ¼ ðu;vÞ2E i2Dðu;vÞ wi , where Dðu; vÞ is the set
of indices where u, v differ.
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ILP FORMULATION

A common approach for studying the minimum Steiner tree
problem is to use ILP methods. For convenience, we will
consider the more general problem of finding a minimum
Steiner tree for directed weighted graphs G (we represent an
undirected graph as a directed graph by replacing each edge
by two directed edges). The input to the minimum directed
Steiner tree problem is a directed graph, a set of terminals T ,
and a specified root vertex r 2 T . The minimum Steiner tree
is the minimum cost subgraph containing a directed path
from r to every other terminal in T .
For a subgraph S of graph G, we associate a vector
S
x 2 IRE , where edge variable xSe takes value 1 if e appears
in the subgraph S; otherwise, it takes value 0. A subset of
vertices U  V is proper if it is nonempty and does not
contain all vertices. For U  V , let þ ðUÞ denote the set of
edges ðu; vÞ, with u 2 U, v 62 U, and for a subset of edges
P
F  E, let xðF Þ ¼ e2F xe . Finally, edge weights are given
by we 2 RE .
The problem of finding a minimum directed Steiner tree
rooted at r has previously been examined with an ILP based
on graph cuts [27], [28], [29]:
X
w x
subject to
ð1Þ
min
u;v u;v u;v
xðþ ðUÞÞ

8U  V ; r 2 U; T \ U 6¼ ;;

1

ð2Þ
xu;v 2 f0; 1g

for all ðu; vÞ 2 E:

ð3Þ

Constraint (2) imposes that r has a directed path to all
terminal vertices T . Note that in our phylogenetic tree
reconstruction problem, the underlying graph for the
problem is the Buneman graph, and any input taxon can
be chosen as the root vertex r. Since the Buneman graph
may have an exponential number of vertices and edges with
respect to the size of the input matrix H, the runtime for
solving this integer program may be doubly exponential in
m in the worst case.
We develop an alternative formulation based on multicommodity flows [29]. In this formulation, one unit of flow
is sent from the root vertex to every terminal vertex. Every
terminal vertex, except the root, acts as a sink for one unit of
flow, and the Steiner vertices have perfect flow conservat
and su;v —for each
tion. We use two types of variables—fu;v
t
edge ðu; vÞ 2 E. The variables fu;v are real valued and
represent the amount of flow along edge ðu; vÞ whose
destination is terminal t. Variables su;v are binary variables
denoting the presence or absence of edge ðu; vÞ. The
program is then the following:
X
w s
subject to
ð4Þ
min
u;v u;v u;v
X

It is straightforward to prove the correctness of the
preprocessing step.
Lemma 3.7. The length of the optimal phylogeny on the
preprocessed input is the same as that of the original input.
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X

f t ¼ 1;
v v;t

ft
v u;v

X

¼

X

f t ¼ 0;
v t;v

ft
v v;u
X
v

for all u 2
= T;
t
fr;v
¼1

ð5Þ

for all t 2 T ; ð6Þ
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t
0  fu;v
 su;v

for all t 2 T ;

ð7Þ

su;v 2 f0; 1g

for all e 2 E:

ð8Þ

Constraint (5) imposes the condition of flow conservation on the Steiner vertices. Constraint (6) imposes the
inflow/outflow constraints on terminals in T . Finally,
constraint (7) imposes the condition that there is a positive
flow on an edge only if the edge is selected. By the maxflow min-cut theorem, the projection of the solution onto
the variables s satisfies (2) [28]. The results will thus satisfy
the following theorem.
Theorem 4.1. All integer variables of the above linear program
are binary, and the solution to the ILP gives the most
parsimonious phylogenetic tree.

5

ALTERNATIVE POLYNOMIAL-SIZED
ILP FORMULATION

The preceding ILP requires, in the worst case, an exponentially large number of variables and constraints. It is,
however, possible to formulate this problem with only a
polynomial number (in n and m) of variables and
constraints. The exponential-sized ILP ultimately proved
to be more efficient in practice than the polynomial-sized
ILP, and we therefore used that one for our empirical
validation. We nonetheless include this alternative formulation, because it may prove to be more promising for future
improvements and extensions to more general cases of the
Steiner tree problem than our exponential-sized ILP will.
Note that preprocessing operations B and C above for the
exponential-sized ILP will also be relevant to the polynomial-sized ILP. We will therefore assume that we have
performed those preprocessing steps and, in particular, that
we have eliminated all redundant rows and columns in the
data set.
We will use hi;j , 1  i  n, to denote the state of the ith
taxon at site j of the input matrix H. Note that these are not
variables of the linear program. We will use hi;j ,
n þ 1  i  2n, to represent the state of the ith Steiner
vertex at site j. We will therefore use nm such variables in
the ILP.
However, T  might not use n Steiner vertices, and
therefore, we associate binary variables pi to denote the
presence or absence
of a Steiner vertex i.

We use 2 2n
edge
selection binary variables ei;j to denote
2
the presence or absence of directed edge ði; jÞ. We want
P

i;j ei;j to be the number of edges in T .
To define the distance between a pair of vertices,
we need
 
some additional auxiliary variables. We use n2 m variables
ci;j;k ¼ jhi;k  hj;k j to denote whether vertices i, j differ at site
k. The absolute value for this constraint can be expressed as a
P
.
linear equation. Now, distance ri;j ¼ m
k¼1 wk ci;j;k P
To define the objective, however, we need
i;j ei;j ri;j ,
which is quadratic. We can instead achieve the same
result by defining the following linear constraint
si;j ri;j  mwmax þ mwmax ei;j , w h e r e wmax ¼ maxi wi .
Now, the objective function is simply to minimize
P
i;j si;j .
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We, however, need additional constraints to ensure that
the output is a tree and it connects all the terminal
vertices.
P
First, we have Oðn2 Þ constraints: for all i, j, k ci;j;k 1. We
also have 2n integer variables di representing the depth of a
vertex i from the root (arbitrarily the first row of H). We
ensure that vertex a can connect to another vertex of the
phylogeny only if it is one depth smaller, with the constraints
that for all i, j, yi;j  di þ dj P
1, yi;j þ di  dj 1, and
ð2n þ 1Þei;j þ yi;j  2n þ 1. Also, j ei;j þ pi ¼ 1 for all i to
ensure that there exists only one parent for
P every vertex
(except the root). Finally, the constraint
i;j ei;j ¼ n  1
ensures that the set of edges selected forms a tree. We now
have the following theorem. Putting these components
together results in the following ILP:
X
min
s
subject to
ð9Þ
i;j i;j
ci;j;k

hi;k  hj;k ; 81  i; j  n; i 6¼ j; 1  k  m;

ð10Þ

ci;j;k

hj;k  hi;k ; 81  i; j  n; i 6¼ j; 1  k  m;

ð11Þ

ri;j ¼
si;j

Xm
k¼1

wk ci;j;k ; 81  i; j  n; i 6¼ j;

ri;j þ mwmax ðei;j  1Þ; 81  i; j  n; i 6¼ j;
X

1; 81  i; j  n; i 6¼ j;

c
k i;j;k

yi;j  di þ dj
yi;j þ di  dj

e
j i;j

ð14Þ
ð15Þ

1; 81  i; j  n; i 6¼ j;

ð16Þ

þ pi ¼ 1; 81  i  n;

X

ð13Þ

1; 81  i; j  n; i 6¼ j;

ð2n þ 1Þei;j þ yi;j  2n þ 1; 81  i; j  n; i 6¼ j;
X

ð12Þ

e
i;j i;j

¼ n  1:

ð17Þ
ð18Þ
ð19Þ

We further constrain all variables to be nonnegative and
fix the depth of the root node to be zero.
Theorem 5.1. The above linear program uses a polynomial
number of variables and constraints, and the solution of the
ILP is the most parsimonious phylogenetic tree.
Proof. We have nm variables coding unknown allele values
for the n Steiner nodes that might be present in the
phylogeny, ð2nÞð2n  1Þ edge selection variables identifying the edges in the phylogeny, 12 ðnÞðn  1Þm auxiliary
variables used to measure Hamming distances, 12 ðnÞðn 
1Þ variables specifying the Hamming distances of
selected edges only, 2n depth variables, 2n  1 parent
variables, and ð2nÞð2n  1Þ auxiliary yij variables used in
setting the depth constraints. The total variable set
therefore has size Oðn2 mÞ.
We have 2nðn  1Þm constraints for computing absolute values (lines 10 and 11), nðn  1Þ for determining
edge costs between nodes (line 12), nðn  1Þ for determining weights of selected edges (line 13), nðn  1Þ enforcing
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Fig. 2. Imperfection of the most parsimonious phylogeny for overlapping
windows across the complete mitochondrial genome. The x-axis shows
the sites in their order along the genomic axis. The y-axis shows the
imperfection for the window centered at the corresponding site. The
hypervariable D-loop region (1 . . . 577 and 16,028 . . . 16,569) shows
significantly larger imperfection.

that all nodes are connected to the phylogeny (line 14),
3nðn  1Þ for enforcing node depth constraints (lines 1517), n for ensuring that each node has a parent (line 18),
and one forcing the phylogeny to have n  1 edges and,
thus, to be a tree (line 19). The total number of constraints
is therefore also Oðn2 mÞ.
The correctness of the program has been established
in the text above, explaining its derivation.
u
t

6

EMPIRICAL VALIDATION

Experience with both ILPs showed the exponential-sized
one to be generally the more efficient in practice. This
seems to be the case in practice because the LP relaxation
of the exponential-sized ILP produces integer solutions or
just requires a few rounding iterations. In contrast, the
polynomial-sized ILP contains integer variables that
remain fractional and therefore require many relaxations
to be solved. We therefore used that variant for our
empirical studies. We applied the ILP to several sets of
variation data chosen to span a range of data characteristics and computational difficulties. We used only
nonrecombining data (Y chromosome, mitochondrial,
and bacterial DNA), because imperfection in nonrecombining data will most likely be explained by recurrent
mutations. We used two Y chromosome data sets: a set of
all human Y chromosome data from the HapMap [2] and
a set of predominantly chimpanzee primate data [30].
Several different samples of mitochondrial DNA (mtDNA)
were also included [31], [32], [33], [34]. Finally, we
analyzed a single bacterial sample [35].
The preprocessing and ILP formulation was performed
in C++ and was solved using the Concert callable library of
CPLEX 10.0. In each case, the ILP was able to find an
optimal tree on the data after preprocessing. We also used
the pars program of phylip, which attempts to heuristically find the most parsimonious phylogeny. pars was
run with default parameters. Empirical tests were conducted on a 2.4-GHz Pentium 4 computer with 1-Gbyte
RAM running Linux. We attempted to use the penny

Fig. 3. Examples of trees of varying levels of difficulty. Nodes labeled
with numbers correspond to the numbered input haplotypes, while those
labeled A# correspond to inferred Steiner nodes. Edges are labeled with
the site variations to which they correspond. (a) Human mitochondrial
data from Wirth et al. [31]. (b) Human Y chromosome from HapMap [21].

program of phylip, which finds provably optimal solutions by branch and bound, but it terminated in under
20 minutes only for the smallest mitochondrial data set, and
we aborted it after 20 minutes for all other tests.
We first used the mitochondrial data as a basic validation
of the correctness of the methods and the reasonableness of
the maximum parsimony criterion on these data. The HVS-I
and HVS-II segments of the mitochondrial D-loop region
have exceptionally high mutation rates [31], providing a
good test case of the ability of our algorithm to distinguish
regions that we would expect to have perfect or near-perfect
phylogenies from those that were expected to have highly
imperfect phylogenies. Fig. 2 shows a scan of 201-site-long
windows across the complete 16,569-site mtDNA genome.
Since the mtDNA is circular, the windows wrap around
over the ends in the genome order. The y-axis corresponds
to imperfection, which is the number of recurrent mutations
in the most parsimonious phylogeny. The figure indeed
shows substantially larger phylogenies within the high
mutation rate D-loop region (1 . . . 577 and 16,028 . . . 16,569)
than in the low-mutation-rate coding regions, confirming
the relevance of a parsimony metric for such data sets.
We then ran the ILP on a collection of data sets to assess
its efficiency. Fig. 3 provides two examples of the most
parsimonious phylogenies for data sets at opposite extremes
of difficulty: an mtDNA sample [31] with imperfection 21
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TABLE 1
Empirical Runtime Results on a Selection of Nonrecombining Data Sets

(Fig. 3a) and the human Y chromosome sample with
imperfection 1 (Fig. 3b). Table 1 presents the empirical
runtime data for all of the data sets. The columns “input
before” and “input after” correspond to the size of the
original input and that after preprocessing (rows 
columns). The table also provides the ILP size for each data
set (variables and constraints). Runtimes vary over several
orders of magnitude and appear largely insensitive to the
actual sizes of the data sets. Rather, the major determinant of
runtime appears to be a data set’s imperfection, i.e., the
difference between the optimal length and the number of
variant sites. It has recently been shown that the phylogeny
problem under various assumptions is a fixed parameter
tractable in imperfection [14], [15], [16], [17], possibly
suggesting why it is a critical factor in runtime determination. The pars program of phylip, despite providing no
guarantees of optimality, indeed finds optimal phylogenies
in all of the above instances. It is, however, slower than the
ILP in most of these cases.

7

ONLINE TOOL

In order to provide more general access to our methods, we
have implemented a Web server based on our worst case
exponential-sized ILP. The server provides a front end to an
implementation of the ILP in C++ using the CPLEX
10 libraries. We call the server SCan for IMperfect Phylogenies (SCIMP). It can be accessed at http://www.cs.cmu.
edu/~imperfect/index.html. There are two ways of using
the Web server, as explained in the following.
First, the users can input a haplotype variation data set.
These are simply a set of n haplotype sequences typed over
m SNPs. As stated in the previous sections, this has to be
phased data. Therefore, essentially, the input is an n 
mf0; 1g matrix.
Alternatively, the users can select any region of the
genome and provide the number of contiguous SNPs that
will be examined in that region. The user also needs to
specify the population group that will be used. The Web
server currently has support for the Central European
population (CEPH) and Yoruba African population (YRI).
The entire HapMap (phase II) phasing data is present in the
Web server’s back-end database, and this makes it easy for
users to quickly examine and construct phylogenies for any

region of interest. Since the HapMap data for these two
populations were sequenced in trios, the number of phasing
errors should be very small.
The Web server can be used in two different modes. As
has been described until now, the user can just request it to
construct the most parsimonious phylogenetic tree and
return the topology, the parsimony score (the number of
mutations), and the imperfection (the number of recurrent
mutations).
The Web server can also perform an imperfection scan.
The user specifies the location and size and, additionally,
for this mode, provides a window length w in the number of
SNPs. The Web server then slides this window across the
genome and, for each overlapping set of w consecutive
SNPs, constructs a maximum parsimony phylogeny. The
server returns to the user a plot of the imperfection (the
number of recurrent mutations) of each of these windows
across the entire region examined. It can further provide the
maximum parsimony tree found within each window.
In addition to providing a general interface to the
phylogeny inference code, the server also houses a precomputed database of maximum parsimony phylogenies
that it constructed offline for more than 3.7 million instances
by using the HapMap SNPs. Therefore, when users request
to see phylogenies that are present in this precomputed data
set (or while performing scans), the results are returned as
soon as they are fetched, with no online solution required.
This precomputed databases currently has phylogenies for
every contiguous region of up to 10 SNPs in all of HapMap.
Fig. 3 provides examples of the server output.

8

CONCLUSION

We have developed ILP formulations for optimally solving
for the most parsimonious phylogeny by using binary
genome variation data. These methods fill an important
practical need for fast methods for generating provably
optimal trees from large SNP variation data sets. This need
is not served well by the heuristic methods that are
currently the standard for tree building, which generally
work well in practice but cannot provide guarantees of
optimality. More recent theoretical methods that find
provably optimal trees within defined runtime bounds are
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inefficient in practice without a fast subroutine for solving
the general problem on smaller instances. The ILP approach
allows extremely fast solutions of the easy cases while still
yielding runtimes that are competitive with a widely used
fast heuristic for hard instances. Such methods will likely be
increasingly important as data sets accumulate on larger
population groups and larger numbers of variant sites.
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