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We des ribe GESTALT (GEnomi sequen es STeiner ALignmenT), a publi {domain suite of programs for generating multiple alignments of a set of biosequen es. We allow the use of either of the two popular obje tives, Tree Alignment or Sum-of-Pairs. The main distinguishing
feature of our method is that the alignment is obtained via a tree in
whi h the internal nodes (an estors) are labeled by Steiner sequen es
for triples of the input sequen es. Given lists of andidate labels for the
an estral sequen es, we use dynami programming to hoose an optimal
labeling under either obje tive fun tion. Finally, the fully labeled tree of
sequen es is turned into into a multiple alignment. Enhan ements in our
implementation in lude the traditional spa e-saving ideas of Hirs hberg
as well as new data-pa king te hniques. The running-time bottlene k of
omputing exa t Steiner sequen es is handled by a highly e e tive but
mu h faster heuristi alternative. Finally, other modules in the suite allow automati generation of linear-program input les that an be used
to ompute new lower bounds on the optimal values. We also report on
some preliminary omputational experiments with GESTALT.
Abstra t.

1

Introdu tion

Comparing genomi sequen es drawn from individuals of the same or different spe ies is one of the fundamental problems in omputational mole ular biology. These omparisons an (i) lead to the identi ation of highly
onserved (and therefore presumably fun tionally relevant) genomi regions, (ii) spot fatal mutations, (iii) suggest evolutionary relationships,
(iv) help in orre ting sequen ing errors et . Therefore, the mathemati al
formulation and solution of the Multiple Sequen e Alignment problem has
been and remains a fundamental hallenge for omputational mole ular
biologists.
Aligning a set of sequen es onsists in arranging them in a matrix
having ea h sequen e in a row. This is obtained by possibly inserting
spa es (gaps) in ea h sequen e so that they all have the same length. The
?
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following is a simple example of an alignment of the sequen es ATTCGAC,

TTCCGTC and ATCGTC.

ATT-CGA-C
-TTCCG-TC
A-T-CG-TC

There are many popular formulations of the alignment problem. The
hoi e of the obje tive fun tion for multiple alignments depends mainly
on the presen e or absen e of extra input information in the form of
a phylogeneti tree relating the sequen es to their unknown an estors.
In fa t, when su h tree is given, knowledge of the an estral sequen es
would imply the possibility of aligning the given sequen es by progressively aligning ea h sequen e to its an estor in the tree all the way to the
root and haining these pairwise alignments together [6℄. Hen e when a
phylogeny is given, the tree alignment (TA) obje tive onsists in nding
the best an estral sequen es to label this tree and deriving the indu ed
alignment. Guided by parsimony, the best labeling is taken to be one minimizing the total evolutionary hange represented in the tree, namely, the
total distan e of all the edges in the tree. When the phylogeneti tree is
not available, a popular multiple alignment obje tive is the Sum{of{pairs
(SP) obje tive, whi h attempts to minimize the average distan e between
a pair of sequen es in the multiple alignment. This obje tive results naturally by extending the alignment obje tive for pairs of sequen es, namely,
that of minimizing the edit-distan e between the pair, to more than two
sequen es. The SP obje tive has been popular in the literature and several heuristi implementations addressing it pro eed by rst nding a
heuristi tree spanning the sequen es and aligning them progressively as
mentioned earlier to obtain the nal alignment.
Histori ally, the SP obje tive is the one to whi h more attention has
been devoted by omputational biologists, and orrespondingly a set of
programs have been developed whi h are now widely in use. Among them,
the only program that omputes optimal SP alignments is MSA by Lipman, Alts hul, Ke e ioglu, Gupta and S hae er [2, 8℄. A variety of other
multiple sequen e alignment programs impli itly use the SP obje tive
in guiding heuristi onstru tion of the multi-alignments: An example
is CLUSTAL V [11℄ (see also the various methods des ribed in the surveys [16, 5℄ for other examples). As for tree alignment, the only implementation that addresses this problem dire tly that we are aware of is the reent TAAR by Jiang and Liu [13℄. This program implements some of the
ideas from the approximation algorithms of Jiang, Lawler and Wang [27℄

to heuristi ally ompute tree alignments, phylogenies and generalized tree
alignments.
In this paper we introdu e and des ribe a new publi {domain suite of
programs for multiple sequen e alignment that produ e heuristi alignments under both the TA and SP alignment obje tives. Like TAAR, Our
methods are based on ideas used in an approximation algorithm for tree
alignment due to Ravi and Ke e ioglu [17℄. However, unlike the methods
of Jiang, Lawler and Wang [27℄ on whi h TAAR is based, whose re ned
heuristi s require very high running times, the ideas of Ravi and Ke eioglu are based on mainly omputing and using Steiner sequen es as
andidates for the unlabeled an estral sequen es in the tree. Intuitively,
a Steiner sequen e for a given set of sequen es is a \ entral" sequen e to
them, one whose sum of distan es to all these sequen es is minimized.
On e these Steiner sequen es for appropriate subsets of the input sequen es have been omputed, dynami programming an be used to eÆiently pi k one su h sequen e for ea h an estral node so as to minimize
the total resulting distan e in the tree, as in [27℄. Thus, this method is
adaptable for eÆ ient implementation giving us the freedom to spe ify
the subsets of sequen es for whi h the Steiner sequen es must be omputed. Further, we an e e tively adapt this general idea by modifying
the dynami program to provide an eÆ ient heuristi even for the SP
obje tive using the postulated Steiner an estors.
Further re nements in our implementation in lude in orporating the
traditional spa e-saving ideas of Hirs hberg [12℄ as well as some new
data-pa king te hniques to redu e the spa e overhead; The running-time
bottlene k in our method of omputing exa t Steiner sequen es is e e tively handled by a mu h faster heuristi alternative that has never shown
more than two per ent degradation in quality in our extensive preliminary
testing. Finally, other programs in the suite allow automati generation
of linear-programming models as les that an be input to the popular
ommer ial CPLEX pa kage. The solution of these programs give lower
bounds on the minimum TA and SP alignment values for the given set
of sequen es, thus providing the deviations from optimality on a ase-byase basis.
We formally des ribe the various obje tives and methods in the remainder of this se tion. In Se t. 2 we give a high{level des ription of
the algorithms in GESTALT, together with an analysis of the individual
steps. In Se t. 3 we report on some experimental results on real data.

1.1

Edit Distan e

At the heart of any alignment algorithm lies the pro edure for optimally
omparing two given sequen es. This problem is alled pairwise alignment, and is formulated as follows. Given symmetri osts (a;b) for repla ing a symbol a with a symbol b and osts (a; ) for deleting (inserting) symbol a, nd a minimum{ ost set of symbol operations that turn
a sequen e S 0 into a sequen e S 00 . It is well known that this problem an
be solved by dynami programming in time and spa e O(l2 ), where l is
the length of the sequen es. The value of an optimal solution is alled the
edit distan e of S 0 and S 00 and denoted by d(S 0 ;S 00 ).
An alignment A of two (or more) sequen es is a way of inserting
\ " hara ters (gaps) in the sequen es so that the resulting sequen es
have the same length. For two sequen es S 0 and S 00 , the value dA (S 0 ;S 00 )
of their alignment is obtained by adding up the osts for the pairs of
hara ters in orresponding positions. It is immediate that d(S 0 ;S 00 ) =
minA dA (S 0 ;S 00 ).
1.2

The Sum{of{Pairs Alignment Problem

The SP s ore is the generalization to many sequen es of the pairwise alignment obje tive, in whi h the ost of the alignment is obtained by adding
the osts of the symbols mat hed up at the same positions. Analogously,
in a multiple alignment the ost is obtained by adding up the mat hing
hara ters, over all the positions and for all the pairs of sequen es.
Minimizing SP is NP-hard [26℄. In [9℄ Gus eld showed that a treebased progressive alignment method due to Feng and Doolittle (des ribed
below) using the minimum ost star gives a 2{approximation. In the program des ribed in this paper we push this idea further, by onsidering
also trees that are not only stars and also employing alignments with
sequen es whi h are not in the original set, but are derived from it as
Steiner sequen es of some of the original ones.
1.3

The Tree Alignment Problem

In the tree alignment problem, we are given n sequen es related by an
evolutionary tree T . The sequen es label the leaves of the tree, while the
internal nodes orrespond to the unknown an estral sequen es from whi h
the others have evolved. The problem onsists in nding the sequen es
at the internal nodes whi h minimize the ost of the tree, de ned as
P
(Si ;Sj )2T d(Si ;Sj ). When T is a star, the problem is alled a Steiner

problem,

and the optimal sequen e for the enter is alled the Steiner
for the leaves.
The rst exa t algorithm for tree alignment was proposed by Sanko
in [18℄, and is based on dynami programming. Later Alts hul and Lipman [1℄ introdu ed some bounding rules to redu e the size of the dynami
programming latti e. Due to the prohibitive worst ase omplexity of exa t methods, approximation algorithms for this problem were devised,
by Jiang, Lawler and Wang [27℄ rst, and improved by Wang and Guseld [25℄ later. In [27℄ a 2{approximation method is des ribed, based on
what are alled lifted alignments. In lifted alignments, the internal nodes
an only be labeled by sequen es o urring at the leaves. The running
time of their algorithm is O(n2 l2 + n3 ) for a tree of n leaves of length
l. For trees of bounded degree d, they also provided the rst PTAS for
the problem. For any t, their approximation s heme guarantees a solution
t 1 t 1 1=d 1
).
within a fa tor 1 + 3t of optimal, in time O(n2+d ld
For regular d{ary trees on n sequen es, Ravi and Ke e ioglu gave
in [17℄ a dd+11 {approximation algorithm with running time roughly (O(2kn)d )
{ the main ideas of their algorithm are brie y des ribed in Se t. 2. The
program GESTALT des ribed in this paper is the rst implementation of
the ideas in [17℄.
sequen e

1.4

A Tree-based Progressive Alignment Method

A reasonable requirement on the ost fun tion is that (a;a) = 0 8a, and
it obeys triangle inequality. In this ase, the edit distan e indu es a metri over the spa e of all sequen es and, given n sequen es, we an talk of
graphs having the sequen es as verti es and for whi h an edge is weighted
by the edit distan e between the endpoints. In this setting, graph theoreti al on epts su h as spanning trees, stars and Steiner points, have been
widely used in the design and analysis of e e tive alignment algorithms.
In parti ular, a folklore approa h to multiple alignments is due to Feng
and Doolittle [6℄ and shows how we an use any tree to align a set of n
sequen es. The appeal of the approa h is that for n 1 out of n(n 1)=2
pairs, the pairwise alignment indu ed is in fa t optimal.
Proposition 1. For any tree

a multiple alignment

d(S 0 ;S 00 )
the tree.

A(T )

T

over a set of sequen es, there exists

of the sequen es su h that

for all the pairs of sequen es

(S 0 ;S 00 )

dA T (S 0 ;S 00)
( )

=

onne ted by an edge of

Feng and Doolittle's method an be used to turn the solution of the
tree alignment problem, namely a labeling of the internal nodes of the

given tree, into a multiple alignment of the leaves. Moreover, it is straightforward to upper bound the distan e in this alignment of pairs that are
not endpoints of a tree edge. In fa t, denote by d(S 0 ;S 00 ;T ) the length
of the path in T between two sequen es S 0 and S 00 . Then, by triangular
inequality we have that dA(T ) (S 0 ;S 00 )  d(S 0 ;S 00 ;T ). This inequality suggests that, given a tree with sequen es at the leaves for whi h we want to
minimize average pairwise distan e in the resulting multiple alignment,
a good labeling for the internal nodes is one whi h minimizes the total
inter-leaf distan e in the tree. This strategy is adopted in this work to
obtain alignments of small SP value, as des ribed in 2.3.
1.5

GESTALT Program Suite

In this paper we des ribe the program GESTALT (GEnomi sequen es
STeiner ALignmenT), whi h an be used for both TA and SP multiple
alignments. GESTALT is in fa t a program suite, in luding modules for
omputing LP-based lower bounds for TA and SP, and optimal alignments
of two or three sequen es.
The main program takes as input a set L = fS1 ;::: ;Sn g of n sequen es and possibly a tree T of whi h L are the leaves. If the phylogeneti tree is not available, the algorithm internally omputes one, whi h
is then used to nd an alignment of small SP value. If the tree is given,
then the TA obje tive is optimized1. The output of the algorithm onsists
of a multiple alignment of the input sequen es, plus some extra information, su h as the Steiner sequen es omputed at the internal nodes of the
phylogeneti tree.
GESTALT is based on the ideas introdu ed by Ravi and Ke e ioglu
in [17℄ of using Steiner sequen es of the leaves to label the internal nodes
of the tree. While in their paper Ravi and Ke e ioglu show that if the tree
is d{ary the method gives a dd+11 approximation for TA, in our work we
do not restri t the degree of ea h node to a onstant. Therefore we do not
have the same approximation guarantee. However, among all the labelings
onsidered is in luded the best lifted labeling of [27℄ and therefore we still
have a performan e guarantee of 2 for the TA obje tive. As is typi ally the
ase, this bound turns out to be largely pessimisti and our omputational
results show that the algorithm performs mu h better in pra ti e.
The 2{approximation guarantee holds also for the SP alignments we
output. Re all that we in lude, among all the labelings onsidered, one
1 The hoi e of the obje tive in the presen e or absen e of the tree an also be userspe i ed

in whi h the internal nodes of the tree are all labeled with any leaf S . For
this parti ular labeling, the resulting tree is equivalent to a star entered
at S , and as remarked before [9℄, the best star entered at a leaf gives a
2{approximation.

2

Pro edure Overview

Our program is largely based on a heuristi pro edure by Ravi and Kee ioglu ([17℄) for solving the tree alignment problem. Their algorithm
relies on labeling the internal nodes with Steiner sequen es for subsets of
p leaves, where p is a parameter. The pro edure is divided in two phases.
In the rst phase a Steiner sequen e is omputed for every subset of
q  p leaves, obtaining a set F of all su h Steiner sequen es. In the se ond phase, dynami programming is used to ompute the best labeling of
the internal nodes among those in whi h only labels from F are allowed.
In this work, we have de ided to solve the TA problem by employing
Ravi and Ke e ioglu's algorithm, with the following variants: (i) Be ause
omputing exa t Steiner sequen es is expensive, we have limited the size of
the subsets for whi h a Steiner problem is solved to p = 3. (ii) In addition
to Sanko 's exa t algorithm for Steiner sequen es, with omplexity O(l3 ),
we also use a heuristi algorithm, with average (empiri al) omplexity
O(l2 ).n(iii) We do not ne essarily ompute the Steiner sequen es for all
the 3 possible triples of leaves, but provide alternate, heuristi methods
of sampling signi ant triples. (iv) We also perform a nal re-optimization
step, as introdu ed by Sanko et al ( [20℄).
Our program an be used also to optimize SP. In this ase, we rst
ompute a tree having the given sequen es for leaves and then assign
tentative labels to the internal nodes by using Steiner sequen es, as for
the TA obje tive. In hoosing the best label at ea h node, however, we use
dynami programming to minimize the total leaf{to{leaf distan e in the
tree, whi h is an upper bound on the nal SP s ore. A nal reoptimization
phase an be run to improve the alignment.
The outline of our multiple alignment heuristi pro edure is given
below.
1.

Tree omputation.
{
{

TA: none (the tree is given).
SP: We ompute a phylogeneti tree having the given sequen es
as leaves - this is derived from a MST on the sequen e graph.

2.

We tentatively assign to ea h of the
internal nodes of the phylogeneti tree a set of labels, given by the
Steiner sequen es of some subsets of the leaves.
3. Optimal labeling by Dynami Programming. We nd for ea h internal
node the best sequen e among those in its set of possible labels.
{ TA: The obje tive is to minimize the total tree-length.
{ SP: The obje tive is to minimize the total leaf{to-leaf distan e in
the tree.
4. Lo al re-optimization.
{ TA: At ea h node of degree three we repla e the urrent sequen e
by the Steiner sequen e of its neighbors. We iterate as long as
there are improvements.
{ SP: (after step 5.) We iteratively break up the alignment into two
subalignments that are then realigned optimally. The subalignments hosen have a large average di eren e in the urrent value
versus the edit distan e.
5. Final alignment by Feng and Doolittle. We ompute a multiple alignment of all the resulting sequen es (both leaves and internal nodes)
by the progressive alignment method of Feng and Doolittle.
Solution of Steiner problems.

We elaborate on some of these steps next.
2.1

Tree Computation.

In order to derive a phylogeneti tree T relating a set of sequen es when
one is not input, we use a simple greedy approa h. We start with T being
a minimum ost spanning tree of the edit distan e graph. Let (u;v) be
the largest ost edge of T . Break up T by deleting edge (u;v) into two
trees Tu ontaining u and Tv ontaining v. Re ursively, apply the same
pro edure to Tu and Tv , obtaining two new trees, Tu0 and Tv0 rooted at
new nodes u0 and v0 respe tively. Finally, join these two subtrees by means
of edges (u0 ;w) and (v0 ;w) to a new root node w, thus obtaining the nal
phylogeneti tree.
2.2

Solution of Steiner Problems.

Given a set of possible sequen es (labels)
for ea h internal node of the tree, hoosing the best label is done by
dynami programming (des ribed in 2.3) and is very fast in pra ti e. On
the other hand, omputing the labels is very expensive. Therefore on e
some labels have been omputed, it is onvenient to store them at every

Choi e of Steiner Sequen es

internal node, i.e. all the nodes will have the same set G of labels. As
previously noted, the labels allowed at the internal nodes will only be
Steiner sequen es for some subsets of q  3 leaves. When q = 1 or 2, a
Steiner sequen e is simply a leaf, so that it will always be G = L [ G 0 ,
where G 0 is a set of Steiner sequen es for some triples of leaves. Let us
denote by Y (Si ;Sj ;Sk ) a Steiner sequen es for the triple (Si ;Sj ;Sk ). We
allow three possibilities for G 0 :
{

{

{

G0

= ;. In this ase the internal nodes are labeled with leaves sequen es only. This option results in the fastest running time, but may
produ e poor nal alignments, espe ially when the given sequen es
are very dissimilar. Note that among the alignments based on these
labels are in luded all lifted alignments [27℄ for TA. Similarly, these
labels ontain also all star alignments for SP.
G 0 = fY (Si;Sj ;Sk ) : i < j < kg. This is omputationally
the most

expensive option, sin e it requires the solution of n3 Steiner problems.
On the other hand, the larger set of possible labels at the internal
nodes guarantees a better value of the nal alignment.
Let S1 ;S2 ;::: ;Sn be the sequen e of leaves as en ountered by performing a depth{ rst visit of the tree. Then, G 0 = fY (Sj ;Sk ;Sh ) :
h = k + 1 = j + 2 or h = k +  = j + 2g where  = n3 . The intention is to heuristi ally obtain a uniform sampling by sele ting triples
of leaves from di erent positions in an Euler tour of the tree. This
option is qui k {there are only O(n) su h triples{ but ensures that
ea h sequen e is in luded in some triples, and that all the sequen es
are given the same representation in the samples.

Assume we are interested in nding a Steiner
sequen e for three sequen es U1 , U2 and U3 . The dynami programming
pro edure omputes the optimal alignment of the variable Steiner sequen e and U1 , U2 and U3 . This is done ba kwards from the nal olumn
of the alignment, whi h will be of the form (x1 ;x2 ;x3 ;y)0 , where ea h xi
is either the last letter of the sequen e Ui or a blank (but at least one
xi must be nonblank), and y is any nonblank letter of the alphabet 
(representing the metter in the Steiner sequen e being onstru ted). For
any letter x, de ne 1  x = x and 0  x = . Let B + = f0; 1g3 n (0; 0; 0) be
the set of nonnull binary 3{ve tors and let V (l1 ;l2 ;l3 ) be the ost of an
optimal Steiner sequen e for the the rst l1 , l2 and l3 hara ters respe tively of U1 , U2 and U3 . The re ursive dynami programming relation is
then
Exa t Steiner Sequen es

(

V (l ;l ;l ) = b2B
min+ V (l b ;l b ;l b ) + min
y2

3
X

)

(bi  Ui [li ℄;y)
i=1
The Steiner sequen e is given, as ustomary in dynami programming,
by ba ktra king through the values V (l1 ;l2 ;l3 ) along
the path for an
P3
b
optimal solution and listing the letters y = arg min i=1 (bi  Si [li ℄;y)
whi h a hieve the minimum in the above expression. Note that the above
re urren e requires time and spa e omplexity of O(7l3 ), provided
that
P3
3
for all (x1 ;x2 ;x3 ) 2  , the values C (x1 ;x2 ;x3 ) := miny2 i=1 (xi ;y)
have been omputed in a preliminary step and stored in a look-up table.
In our implementation we have redu ed the spa e omplexity to O(l2 ) for
the matrix V (i;j;k) using ideas from [12℄.
1

2

3

1

1

2

2

3

3

Computing exa t Steiner sequen es is
very time onsuming. For instan e, the solution of a problem on sequen es of about 200 letters ea h takes roughly half minute on a Pentium
PC. Considering that for aligning 10 sequen es we may have to solve
10
= 120 su h problems, we see that speeding up the omputation of
3
Steiner sequen es would be greatly bene ial. Therefore, we have devised
an alternative, heuristi way of omputing Steiner sequen es whi h is extremely fast and turns out to be almost{optimal after extensive testing
(see Se t. 3).
The idea is to rst nd all optimal alignments of two of the three
sequen es, say S1 and S2 . They orrespond to all the shortest paths from
(0; 0) to (jS1 j; jS2 j) in the jS1 j  jS2 j dynami programming latti e used
for the pairwise alignment, and an be represented in a ompa t form
as the subgraph of the latti e of all the edges on some optimal path.
Note that this subgraph is typi ally mu h smaller than the whole latti e
(empiri ally, O(l) versus O(l2 )). Then, we perform a graph{to{sequen e
alignment, i.e. we nd the best ompletion of an optimal alignment of S1
and S2 with S3 . In this ase, \best" is taken with respe t to the Steiner
obje tive.
The value of the nal solution may depend on the ordering of the
sequen es, sin e S3 is learly used di erently than S1 and S2 . We have
observed in our experiments that hoosing S1 and S2 to be the two losest
sequen es results in the best Steiner sequen es over the three possible
hoi es. However, sin e the algorithm is very fast, we ompute all three
possibilities of rst aligning together two sequen es and then versus the
third, and return the best solution found. We on lude this se tion by
Heuristi

Steiner Sequen es

remarking that the omputation of heuristi Steiner sequen es takes on
the average one se ond for sequen es of length 200, while returning a
solution whose value was never more than 2% larger than the optimum
in our extensive testing.
2.3

Optimal Labeling by Dynami

Programming.

In this se tion we onsider the problem of optimally assigning a sequen e
from a given set G to ea h internal node of the tree. Denote by w1 ;::: ;wt
the nodes whi h are immediate des endants of a node i. Let V (i;S ) be
the optimal value for the subtree rooted at i when node i is labeled with a
sequen e S 2 G . We have the following dynami programming re urren e:

V (i;S ) =

(

0 if i is a leafP
minL1 ;:::;Lt 2G tj =1 ((i;wj )d(S;Lj ) + V (wj ;Lj )) otherwise

The oeÆ ients (i;wj ) allow us to distinguish between the two obje tive fun tions - TA and SP. For the TA obje tive, V (i;S ) represents
the minimum total length of the subtree, among the labelings that assigns S to i. This is obtained by setting all the  equal to 1. For the
SP obje tive, we want to nd the labels whi h minimize the total leaf{
to{leaf distan e. For any edge (u;v) of T , we set (u;v) to be the number of pairs of leaves whose onne ting path in the tree goes through
(u;v). This value, alled the load of the edge, is equal to k(n k), where
k is the number of leaves on one shore of the ut identi ed by (u;v).
By
using the loads, the
total leaf{to{leaf distan e an be rewritten as
P
P
d
(
S
;S
;T
)
=
i
j
Si ;Sj
(u;v )2T (u;v )d(L(u);L(v )), where L(u) and L(v )
are the sequen es labeling nodes u and v.
Using the above relation, rst the value of ea h label at ea h node is
omputed bottom{up, and later, pro eeding top{down from the root, it
is determined whi h label to pi k at ea h node for obtaining an optimal
solution. The overall omplexity is O(njGj2 ), i.e. a very fast pro edure.
2.4

Reoptimization

The reoptimization for TA obje tive is the same as in Sanko et al [20℄.
For SP, however, we use a new approa h. As in other works (e.g. [7℄)
we repeatedly break up the alignment into two pie es that are then realigned optimally via the basi dynami program for edit distan e. The
new idea relies in how these alignments are hosen. Sin e for ea h pair

of sequen es in the same subalignment the distan e remains the same,
the only improvement an be for sequen es that are in di erent subalignments. Let Æ(S;S 0 ) =
d (S;S 0 ) d(S;S 0 ). If A1 and A2 are the subalignP A
ments, Æ(A1 ; A2 ) = S2A1 ;S 02A2 Æ(S;S 0 ) is the Æ{value of the ut (A1 ; A2 )
in the graph of all sequen es, and Æ(A1 ; A2 )=jA1 jjA2 j is a per{sequen e
measure of how bad the alignment urrently is versus the lower bound
given by the edit distan e. Hen e we want to reoptimize some uts of high
(per{sequen e) value, whi h we nd through standard greedy heuristi s.
We have di erent settings on how far the reoptimization phase an be
pushed. In the most expensive setting, for ea h pair (S;S 0 ) of sequen es
we nd a large{value ut separating them and relign it. We iterate as long
as there are improvements.

3

Computational Experien es

For our preliminary tests, we used two popular data sets. First, we obtained the sets of protein sequen es of M Clure [16℄, used extensively to
ben hmark programs guided by the SP obje tive. For the Tree Alignment
problem, we have used a famous instan e by Sanko et al [20℄, used as a
ben hmark in [10, 13℄.
As for the ost matrix, in our experiments we have used a distan e
matrix due to Taylor [23℄ for amino a id sequen es, and the matrix in
Sanko [20℄ for DNA sequen es. Our program also works with all the
ommon s ore matri es (e.g. PAM, BLOSUM, et ).
1. Lower Bounds. A unique feature of the GESTALT suite is a
pro edure to generate linear programming (LP) based lower bounds on
the TA and SP obje tive values of the given instan e by using the Steiner
sequen es for triples omputed so far. We des ribe the LP for the TA
problem. We use a nonnegative variable for the length of every edge of
the tree, and the obje tive is to minimize the sum of lengths of all tree
edges. A distan e of d between a pair of leaves Si and Sj allows us to
add the onstraint that the sum of the values of the edge lengths on
the path between Si and Sj in the tree must be at least D. Similarly,
given a value of TA(i;j;k) for the minimum sum of the distan es from an
optimal Steiner sequen e for the triple (Si ;Sj ;Sk ) to the three sequen es
Si;Sj and Sk , we add the onstraint that the sum of the lengths of all the
edges in the tree indu ed by the three leaves Si ;Sj and Sk must be at least
TA(i;j;k). The obje tive fun tion in the LP is to minimize the sum of the
values of the edge variables. The set of onstraints for distan es between

Table 1.

Heuristi vs exa t Steiner sequen es. Times in se onds, Pentium 133Mhz
tot tot
instan e seqs triples
sank
9
m 582x6 6
m 586x6 6
m 587x6 6

84
20
20
20

relative
time
time
error
exa t heuristi
avg min max min max min max
0.003 0 0.02 15.8 41.0 0.6 1.9
0.004 0 0.01 52.3 75.6 0.5 3.0
0.007 0 0.017 17.8 42.5 0.6 2.1
0.01 0.003 0.019 29.2 71.9 0.8 2.7

pairs of leaves was experimented with in [10℄, while the strengthening to
triples gives better bounds as reported below.
For the SP obje tive for multiple alignment, a simple averaging argument
using the usage of Steiner triples yields a simple lower bound of
P
SP
i;j;k (i;j;k)=(n 2) for n sequen es, where SP (i;j;k) denotes the
optimal sum-of-pair value for the triple Si ;Sj and Sk . This may be further extended to a LP lower bound with one nonnegative variable for
the distan e between every pair of sequen es in the multiple alignment.
The onstraints now require that for every triple Si ;Sj ;Sk of distin t sequen es, the sum of the values of the three variables involving the three
pairs from this triple must be at least SP (i;j;k). The obje tive is to
minimize the sum of all the variables over all pairs of sequen es.
2. Steiner Sequen es. First, we determined the quality of heuristi
vs exa t Steiner sequen es. The results are reported in Table 1. For these
tests, we used four data sets, i.e. the sequen es from Sanko and three sets
of sequen es from M Clure. These sequen es have between one hundred
and two hundred letters ea h. For ea h set, we have omputed for ea h
triple the exa t and heuristi Steiner sequen es, and ompared the relative
errors. It should be noted that on these sequen es, the heuristi is roughly
thirty times faster than the exa t pro edure, while the average error is
less than one per ent. A striking result was that in 41 out of 84 triples
for the sank instan e, the heuristi solution was in fa t optimal.
3. Tree Alignment. A se ond experiment was performed to a ess
the quality of the solution to the Tree Alignment problem, and the relative performan e with di erent settings of the program. We have run
GESTALT on Sanko 's problem with all possible ombinations of user
hoi es. The results are reported in Table 2. Again, it should be noted
that using heuristi Steiner sequen es is greatly bene ial to the omputing time, and, sin e the whole pro edure is heuristi in nature, an even

lead to better solutions than the exa t option. This is indeed the ase
here.
In order to evaluate the quality of the results, we have omputed the
lower bound on the problem by using our LP module. The LP lower
bound based on all the Steiner sequen es of triples for the TA obje tive
is 266.375 improving over the best bound of 253.5 previously known [10℄.
The optimal lifted alignment nds a value of 364, as also reported in [10℄.
Using heuristi Steiner sequen es, we nd a solution of value about 302
in about 7 minutes. Contrast this with the best upper bound of 295.5
by Sanko et al. [20℄. Our improved lower bound shows that Sanko 's
solution is within 11% of optimal.
4. Sum of Pairs. For the SP obje tive, we report some results for
the M Clure data sets (Table 3). For ea h problem, we have omputed
the trivial lower bound given by the sum of edit distan es, and two lower
bounds based on the optimal SP alignment of triples of sequen es - one
uses a simple averaging argument (LB triples) and the other the solution
to an LP relaxation (LB lp). We ran GESTALT with heuristi Steiner
sequen es, sampling all triples. Our solutions are in an interval of 2 to 9
per ent from the lower bound. The table shows also the e e tiveness of
lo al reoptimization. For omparison, we also report the SP value of the
star alignment (Gus eld, [9℄).
Table 2.

TA results on the instan e sank. Times in se onds, Pentium PC
Triples Steiner Reopt Value Time
ALL
HEUR EXACT 302
592
ALL
HEUR HEUR 302.25 424
ALL EXACT EXACT 303.25 2802
SOME EXACT EXACT 304
493
ALL EXACT HEUR 304.25 2599
SOME EXACT HEUR 304.5
267
SOME HEUR EXACT 314
201
SOME HEUR HEUR 315.75
23
NONE
- EXACT 320
152
NONE
HEUR 320.5
6
ALL
HEUR NONE 322.25 298
ALL EXACT NONE 322.5 2387
SOME EXACT NONE 333.5
258
SOME HEUR NONE 333.75
15
NONE
NONE 364
1

Table 3.

SP lower and upper bounds for M Clure data sets

Instan e LB pairs LB triples LB lp Star align. GESTALT Err % GESTALT+reop Err %
m 582x6 25411
26056 26100 28444
27647
0.06
26963
0.03
m 586x6 25191
25979 26029 29307
28605
0.10
27498
0.05
m 587x6 29914
30802 30864 34085
34152
0.11
32664
0.05
m 582x10 70718
72274 72757 82011
77676
0.07
75131
0.03
m 586x10 81745
84211 84662 99140
97725
0.15
91754
0.08
m 587x10 95002
97889 98349 115918
110463 0.12
105806
0.07
m 582x12 98810
100720 101464 113328
105674 0.04
103803
0.02
m 586x12 116889 120409 121130 143792
139398 0.15
131980
0.08
m 587x12 140679 145043 145804 174270
164883 0.13
160256
0.09
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