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:arspZbs- Hm _ chfq_og) _ chbts hr _ bts vgdqd _kk sgd _qbr bqnrr hm nmd chqdbshnm-
: chinhm hr _ rtards ne _qbr sg_s hmsdqrdbsr d_bg chbts- Vnnc_kk bnmidbstqdc hm 0865
sg_s hm dudqx chfq_og) sgd lhmhltl rhyd ne _ chbts dpt_kr sn sgd l_whltl mtladq
ne chrinhms chinhmr- Gnvdudq) oqhnq sn ntq vnqj) hs v_r mns dudm jmnvm vgdsgdq _s
kd_rs 2 chrinhms chinhmr dwhrs hm _m _qahsq_qx chfq_og vgnrd lhmhltl chbts rhyd hr
rt�bhdmskx k_qfd- Ax athkchmf bnmmdbshnmr vhsg mnvgdqd,ydqn (bhqbtk_q( �,finvr)
vd oqnud sg_s dudqx chfq_og vhsg lhmhltl chbts rhyd 𝜏 bnms_hmr �

𝑘 chrinhms chinhmr
he sgd tmcdqkxhmf tmchqdbsdc fq_og _clhsr _ mnvgdqd,ydqn (bhqbtk_q( �,finv- Sgd
dwhrsdmbd ne mnvgdqd,ydqn 4,finvr hm 1,dcfd,bnmmdbsdc fq_ogr (Rdxlntq 0870(
chqdbskx kd_cr sn sgd dwhrsdmbd ne �

4 chrinhms chinhmr hm _ chfq_og vhsg lhmhltl
chbts rhyd 𝜏) vghbg b_m ad entmc hm onkxmnlh_k shld _r vdkk- Sgd dwhrsdmbd ne
mnvgdqd,ydqn bhqbtk_q 1𝑝)0

𝑝 ,finvr hm 4𝑝,dcfd,bnmmdbsdc fq_ogr (Knuflry ds _k-
1/02( chqdbskx kd_cr sn sgd dwhrsdmbd ne �𝑝

1𝑝)0 chrinhms chinhmr hm _ chfq_og vhsg
lhmhltl chbts rhyd 𝜏 vgnrd tmcdqkxhmf tmchqdbsdc fq_og hr 4𝑝,dcfd,bnmmdbsdc-

Idxvnpcr9 Vnnc_kk”r bnmidbstqd · Mnvgdqd,ydqn finv · :ooqnwhl_shnm
_kfnqhsgl

0 Fmspnctbshnm

Chbtsr Zmc Chinhmr- Fhudm _ chfq_og 𝐷 = (𝑉, 𝐴( _mc _ rtards 𝑈 ne hsr udqshbdr vhsg
𝑈 � �, 𝑉 ) cdmnsd ax 𝛿)𝐷 (𝑈( _mc 𝛿}𝐷 (𝑈( sgd _qbr kd_uhmf _mc dmsdqhmf 𝑈) qdrodbshudkx-
Sgd bts hmctbdc ax 𝑈 hr 𝛿𝐷 (𝑈( 6= 𝛿)𝐷 (𝑈( ∪ 𝛿}𝐷 (𝑈(- Vd nlhs sgd rtarbqhos 𝐷 he sgd
bnmsdws hr bkd_q- Enq _m _qb rtards 𝐵 ⊆ 𝐴) 𝛿)𝐵 (𝑈( 6= 𝛿)𝐷 (𝑈( ∩ 𝐵- : chbts hr _m _qb rtards
ne sgd enql 𝛿) (𝑈( rtbg sg_s 𝛿} (𝑈( = �- : chinhm hr _ rtards 𝐽 ⊆ 𝐴 sg_s hmsdqrdbsr dudqx
chbts _s kd_rs nmbd- Lnqd fdmdq_kkx) vd vhkk _krn vnqj vhsg sgd mnshnm ne _ 𝜏,chinhm)
vghbg hr _ rtards 𝐽 ⊆ 𝐴 sg_s hmsdqrdbsr dudqx chbts _s kd_rs 𝜏 shldr- He 𝐷 hr _ vdhfgsdc
chfq_og vhsg _qb vdhfgsr 𝑤 6 𝐴→ R)) vd r_x sg_s 𝐷 b_m oWbj � chinhmr he sgdqd dwhrs �
chinhmr 𝐽0, ,,,, 𝐽𝑘 rtbg sg_s mn _qb 𝑒 hr bnms_hmdc hm lnqd sg_m 𝑤(𝑒( ne sgdrd � chinhmr- Hm
sghr b_rd) vd r_x sg_s 𝐽0, ,,,, 𝐽𝑘 hr _ oWbjhmf ne 𝐷 tmcdq vdhfgs 𝑤- Hm o_qshbtk_q) vgdm sgd
chfq_og hr tmvdhfgsdc) h-d-) 𝑤(𝑒( = 0 enq dudqx 𝑒 ∈ 𝐴) 𝐷 o_bjr � chinhmr he _mc nmkx he
𝐷 bnms_hmr � (_qb,(chrinhms chinhmr- Sgd uWktd ne sgd o_bjhmf hr sgd mtladq � ne chinhmr
hm sgd o_bjhmf- Dclnmcr _mc Fhkdr Z7[ bnmidbstqdc sgd enkknvhmf-

2nmidbstpd . �Dclnmcr,Fhkdr(- Kds 𝐷 = (𝑉, 𝐴( ad _ chfq_og vhsg _qb vdhfgsr 𝑤 ∈
]�, 0|𝐴- He sgd lhmhltl vdhfgs ne _ chbts hr 𝜏) sgdm 𝐷 b_m o_bj 𝜏 chinhmr-
b� Sgd :tsgnq(r() tmcdq dwbktrhud khbdmrd sn Roqhmfdq M_stqd Rvhsydqk_mc :F 1/13
I- Uxfdm _mc I- Axqj_ (Dcr-(9 HOBN 1/13) KMBR 03568) oo- 60~73) 1/13-
gssor9..cnh-nqf.0/-0//6.867,2,/20,48724,6�5



61 F- Bnqmtáinkr ds _k-

Vd b_m _rrtld vhsgnts knrr ne fdmdq_khsx sg_s 𝑤 ∈ ]�, 0|𝐴 adb_trd vd b_m _kv_xr
qdok_bd _m _qb 𝑒 vhsg hmsdfdq vdhfgs 𝑤(𝑒( < 0 ax 𝑤(𝑒( o_q_kkdk _qbr ne vdhfgs 0-
Mnsd sg_s sgd vdhfgs � _qbr b_mmns ad qdlnudc adb_trd sgdx) snfdsgdq vhsg sgd vdhfgs
0 _qbr) cdsdqlhmd sgd chbtsr- Sgd _anud bnmidbstqd v_r chroqnudc ax Rbgqhiudq Z1/[-
Gnvdudq) sgd enkknvhmf tmvdhfgsdc udqrhnm ne sgd Dclnmcr,Fhkdr bnmidbstqd) oqnonrdc
ax Vnnc_kk Z15[) hr rshkk nodm-

2nmidbstpd 1 �TnncWkk(- Hm dudqx chfq_og) sgd lhmhltl rhyd ne _ chbts dpt_kr sgd
l_whltl mtladq ne chrinhms chinhmr-

Rdudq_k vd_jdmhmfr ne Vnnc_kk”r bnmidbstqd g_ud addm l_cd hm sgd khsdq_stqd- Hs
g_r addm bnmidbstqdc sg_s sgdqd dwhrsr rnld hmsdfdq 𝜏 ≥ 2 rtbg sg_s dudqx chfq_og vhsg
lhmhltl chbts rhyd _s kd_rs 𝜏 bnms_hmr 2 chrinhms chinhmr Z5[- Rgdogdqc _mc Udss_ Z12[
q_hrdc sgd enkknvhmf ptdrshnm- Kds 𝑓 (𝜏( ad sgd l_whltl u_ktd rtbg sg_s dudqx vdhfgsdc
chfq_og vgnrd chbtsr _kk g_ud vdhfgs _s kd_rs 𝜏) b_m o_bj 𝑓 (𝜏( chinhmr- Sgdx bnmidbstqdc
sg_s 𝑓 (𝜏( hr ne nqcdq Ω(𝜏(- Hm Rdbs- 1) vd fhud _m _�ql_shud _mrvdq sn sghr bnmidbstqd
hm sgd tmvdhfgsdc b_rd- Sgd l_hm qdrtksr hm sghr o_odq _qd sgd enkknvhmf _ooqnwhl_sd
udqrhnmr ne Vnnc_kk”r bnmidbstqd-

Sgdnpdl 0- Dudpx chfpWog 𝐷 = (𝑉, 𝐴( vhsg lhmhltl chbts rhyd 𝜏 bnmsWhmr
�
�
4


chrinhms

chinhmr) Wmc rtbg chinhmr bWm ad entmc hm onkxmnlhWk shld-

Fhudm _ chfq_og 𝐷 = (𝑉, 𝐴() sgd tmcdpkxhmf tmchpdbsdc fpWog hr sgd fq_og vhsg udqsdw
rds 𝑉 _mc dcfd rds nas_hmdc ax qdok_bhmf d_bg _qb (𝑢, 𝑣( ∈ 𝐴 vhsg _m tmchqdbsdc dcfd
(𝑢, 𝑣(- Sn dwbktcd sgd b_rdr 𝜏 = � _mc 𝜏 = 0) vgdm Vnnc_kk”r bnmidbstqd gnkcr sqhuh_kkx)
vd _rrtld 𝜏 ≥ 1 sgqntfgnts sgd o_odq) vghbg hlokhdr sg_s sgd tmcdqkxhmf tmchqdbsdc
fq_og hr 1,dcfd,bnmmdbsdc-

Sgdnpdl 1- Ids 𝑝 ad W onrhshud hmsdfdp- Dudpx chfpWog 𝐷 = (𝑉, 𝐴( vhsg lhmhltl chbts
rhyd 𝜏 Wmc vhsg sgd opnodpsx sgWs hsr tmcdpkxhmf tmchpdbsdc fpWog hr 3𝑝,dcfd,bnmmdbsdc
bnmsWhmr


�𝑝

1𝑝)0


chrinhms chinhmr-

Lnvgdpd)Wdpn AhpbtkZp Dknvr- Kds𝐺 = (𝑉, 𝐸( ad _m tmchpdbsdc fq_og _mc kds � ≥ 1 ad
_m hmsdfdq- Stssd Z14[ hmsqnctbdc sgd mnshnm ne _ mnvgdpd,ydpn �,’nv ne𝐺) vghbg hr _m nqh,
dms_shnm 𝐸) _mc 𝑓 6 𝐸) → ]0, 1, ,,,, � } 0| rtbg sg_s 𝑒∈𝛿)

�) (𝑣( 𝑓 (𝑒( =


𝑒∈𝛿}
�) (𝑣( 𝑓 (𝑒(

enq dudqx udqsdw 𝑣 ∈ 𝑉 - Fnccxm ds _k- Z0/[ dwsdmcdc sgd cd’mhshnm sn _kknvhmf � sn
s_jd eq_bshnm_k u_ktdr- Kds 𝑝, 𝑞 ad svn hmsdfdqr rtbg sg_s � . 𝑝 ≤ 𝑞- : mnvgdpd,ydpn
bhpbtkWp 𝑝)𝑞

𝑝 ,’nv ne 𝐺 hr _m nqhdms_shnm 𝐸) _mc 𝑓 6 𝐸) → ]0, 0 ) 0
𝑝 , ,,,,

𝑞
𝑝 |) rtbg sg_s

𝑒∈𝛿)
�) (𝑣( 𝑓 (𝑒( =


𝑒∈𝛿}

�) (𝑣( 𝑓 (𝑒(- Vgdm 𝑝 = 0 vd qdbnudq Stssd”r mnshnm-
Ansg sgdnqdlr _anud _qd bnmrdptdmbdr ne sgd enkknvhmf l_hm sgdnqdl vd oqnud-

Sgdnpdl 2- Enp W chfpWog 𝐷 = (𝑉, 𝐴( vhsg lhmhltl chbts rhyd 𝜏) he sgd tmcdpkxhmf
tmchpdbsdc fpWog Wclhsr W mnvgdpd,ydpn bhpbtkWp �,’nv) vgdpd � ≥ 1 hr W pWshnmWk) sgdm
𝐷 bnmsWhmr

�
�
𝑘


chrinhms chinhmr-

Sgd ’qrs hmfqdchdms ne ntq _ooqn_bg sn oqnuhmf sgd _anud qdrtksr hr qdctbhmf sgd
oqnakdl ne o_bjhmf chinhmr hm _ chfq_og sn sg_s ne o_bjhmf rsqnmfkx bnmmdbsdc chfq_ogr-
Sghr qdctbshnm hr mns mdv _mc hs v_r _kqd_cx dwoknqdc ax Rgdogdqc _mc Udss_ Z12[-
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:tfldms sgd hmots chfq_og 𝐷 ax _cchmf qdudqrd _qbr enq _kk hmots _qbr _mc _rrhfmhmf
vdhfgsr 𝜏 sn sgd nqhfhm_k _qbr _mc 0 sn sgd mdvkx _ccdc qdudqrd _qbr- Cdmnsd sgd _tfldmsdc
chfq_og ax �⃗� vhsg vdhfgs 𝑤𝐷 - Cd’md _ 𝜏,rspnmfkx,bnmmdbsdc chfpWog �𝜏,P2C( sn ad
_ vdhfgsdc chfq_og rtbg sg_s sgd _qbr kd_uhmf dudqx bts g_ud vdhfgs _s kd_rs 𝜏- Mnsd
sg_s _ 0,RBC hr _ rspnmfkx bnmmdbsdc chfpWog �P2C(- Hs hr mns g_qc sn rdd sg_s enq _
chfq_og 𝐷 vhsg lhmhltl chbts rhyd 𝜏) sgd _tfldmsdc chfq_og �⃗� vhsg vdhfgs 𝑤𝐷 hr
𝜏,rsqnmfkx,bnmmdbsdc- Nmd b_m sgdm rgnv sg_s o_bjhmf 𝜏 ≤ 𝜏 chinhmr hm sgd nqhfhm_k
chfq_og 𝐷 hr dpthu_kdms sn cdbnlonrhmf sgd _tfldmsdc vdhfgsdc chfq_og �⃗� hmsn 𝜏
rsqnmfkx bnmmdbsdc chfq_ogr (Oqnonrhshnm 1(-
Vd sgdm cq_v _ bnmmdbshnm sn mnvgdqd,ydqn finvr- Sgdqd hr _ qhbg khsdq_stqd nm

sgd dwhrsdmbd ne mnvgdqd ydqn �,finvr eqnl vghbg vd vhkk trd svn hlonqs_ms qdrtksr-
Rdxlntq Z11[ rgnvdc sg_s sgdqd _kv_xr dwhrsr _ mnvgdqd,ydqn 3,finv hm 1,dcfd,bnmmdbsdc
fq_ogr- Wntmfdq Z16[ f_ud _ onkxmnlh_k shld _kfnqhsgl sn bnmrsqtbs _ mnvgdqd,ydqn 3,
finv hm 1,dcfd,bnmmdbsdc fq_ogr-

Sgdnpdl 3 �Z11)16[(- Dudpx 1,dcfd,bnmmdbsdc fpWog Wclhsr W mnvgdpd,ydpn 3,’nv
vghbg bWm ad entmc hm onkxmnlhWk shld-

Knuflry ds _k- Z06[ oqnudc sgd enkknvhmf dwhrsdmbd qdrtks enq mnvgdqd,ydqn bhqbtk_q
finvr tmcdq rsqnmfdq bnmmdbshuhsx qdpthqdldmsr-

Sgdnpdl 4 �Z06[(- Ids 𝑝 ad W onrhshud hmsdfdp- Dudpx 3𝑝,dcfd,bnmmdbsdc fpWog Wclhsr
W mnvgdpd,ydpn bhpbtkWp 1𝑝)0

𝑝 ,’nv-

Qdstqmhmf sn chinhmr _mc sgd _tfldmsdc chfq_og �⃗�) vd mddc sn cdbnlonrd sghr
_tfldmsdc chfq_og hmsn rnld 𝜏 ≤ 𝜏 chrinhms rsqnmfkx bnmmdbsdc chfq_ogr- Hm fdmdq_k)
cdbnlonrhmf _ chfq_og hmsn rsqnmfkx bnmmdbsdc chfq_ogr hr _ mnsnqhntrkx g_qc oqnakdl-
Hs hr mns jmnvm vgdsgdq sgdqd dwhrsr _m hmsdfdq 𝜏 rtbg sg_s dudqx 𝜏,rsqnmfkx,bnmmdbsdc
chfq_og b_m ad cdbnlonrdc hmsn 1 chrinhms rsqnmfkx bnmmdbsdc chfq_ogr Z3[- Sn fds
_qntmc sghr ch�btksx) vd qdctbd ntq fn_k sn ’mchmf svn chrinhms rtachfq_ogr ne �⃗�) d_bg
ne vghbg b_m ad cdbnlonrdc hmsn 𝜏 hm nq nts 𝑟,_qanqdrbdmbdr enq rnld ’wdc qnns 𝑟 - Sgd
hcd_ ne o_hqhmf to hm, _mc nts,_qanqdrbdmbdr v_r _kqd_cx trdc rtbbdrretkkx ax Rgdogdqc
_mc Udss_ Z12[ sn ’mc _ g_ke,hmsdfq_k o_bjhmf ne chinhmr ne u_ktd �

1 - Gdqd) vd bqtbh_kkx
_qftd (hm Sgdnqdl 5( sg_s he sgd tmcdqkxhmf tmchqdbsdc fq_og ne 𝐷 _clhsr _ mnvgdqd,
ydqn �,finv) sgdm sgd chfq_og �⃗� vhsg vdhfgs 𝑤𝐷 b_m ad cdbnlonrdc hmsn svn chrinhms�
�
𝑘


,RBC”r- (Mnsd sg_s vd cn mns oqnud sghr enq _mx _qahsq_qx 𝜏,RBC-( Trhmf Dclnmcr”

chrinhms _qanqdrbdmbdr sgdnqdl Z6[) vd b_m mnv dwsq_bs
�
�
𝑘


chrinhms hm 𝑟,_qanqdrbdmbdr

eqnl sgd ’qrs _mc sgd r_ld mtladq ne nts 𝑟,_qanqdrbdmbdr eqnl sgd rdbnmc- O_hqhmf sgdl
to fhudr tr sgd ’m_k rds ne

�
�
𝑘


rsqnmfkx bnmmdbsdc chfq_ogr- Ntq qdrtksr sgdm enkknv

eqnl sgd oqhnq sgdnqdlr _ants sgd dwhrsdmbd ne mnvgdqd,ydqn finvr-

Rspnmfkx Anmmdbsdc NphdmsZshnmr- Hm Rdbs- 2) vd fhud dpthu_kdms enqlr ne Vnnc_kk”r
bnmidbstqd _mc ne sgd Dclnmcr,Fhkdr bnmidbstqd) qdrodbshudkx) hm sdqlr ne o_bjhmf
rsqnmfkx bnmmdbsdc nqhdms_shnmr) vghbg _qd ne hmcdodmcdms hmsdqdrs- Fhudm _m tmchqdbsdc
fq_og 𝐺 = (𝑉, 𝐸() kds �⃗� = (𝑉, 𝐸) ∪ 𝐸}( ad _ chfq_og nas_hmdc eqnl l_jhmf svn bnohdr
ne d_bg dcfd 𝑒 ∈ 𝐸 _mc chqdbshmf sgdl noonrhsdkx) nmd _qb adhmf cdmnsdc ax 𝑒) ∈ 𝐸) _mc
sgd nsgdq ax 𝑒} ∈ 𝐸}- : 𝜏,rspnmfkx bnmmdbsdc nphdmsWshnm �𝜏,P2L( ne𝐺 hr _ ltksh,rtards
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ne _qbr eqnl 𝐸) ∪ 𝐸} ohbjhmf dw_bskx 𝜏 l_mx ne 𝑒) _mc 𝑒} (onrrhakx vhsg qdodshshnmr(
enq d_bg 𝑒 rtbg sg_s _s kd_rs 𝜏 _qbr kd_ud dudqx bts- Hm o_qshbtk_q) _ rspnmfkx bnmmdbsdc
nphdmsWshnm �P2L( ne 𝐺 hr _ 0,RBN ne 𝐺- Hm nsgdq vnqcr) _ 𝜏,RBN hr _m hmsdfq_k udbsnq
hm sgd onkxgdcqnm

𝑃�
� 6=


𝑥 ∈ R𝐸)∪𝐸}  𝑥𝑒) ≥ �, 𝑥𝑒} ≥ �, ∀𝑒 ∈ 𝐸,

𝑥𝑒) ) 𝑥𝑒} = 𝜏, ∀𝑒 ∈ 𝐸,
𝑥(𝛿) (𝑈(( ≥ 𝜏, ∀𝑈 � 𝑉,𝑈 � �


,

(0(

Nmd l_x _rj vgdsgdq _ 𝜏,RBN b_m _kv_xr ad cdbnlonrdc hmsn 𝜏 chrinhms RBN”r- Sghr
hr mns sgd b_rd- Hmcddc vd oqnud hm Sgdnqdl 8 sg_s sghr ptdrshnm hr dpthu_kdms sgd
Dclnmcr,Fhkdr bnmidbstqd-
Hm bnmsq_rs) vd cd’md 𝑥 sn ad _ mnvgdpd,ydpn 𝜏,P2L he hs hr _ 𝜏,RBN _mc 𝑥𝑒 ≥ 0 enq

dudqx _qb 𝑒- Hm nsgdq vnqcr) _ mnvgdqd,ydqn 𝜏,RBN hr _m hmsdfq_k udbsnq hm sgd onkxgdcqnm

𝑃�
0 6=


𝑥 ∈ R𝐸)∪𝐸}  𝑥𝑒) ≥ 0, 𝑥𝑒} ≥ 0, ∀𝑒 ∈ 𝐸,

𝑥𝑒) ) 𝑥𝑒} = 𝜏, ∀𝑒 ∈ 𝐸,
𝑥(𝛿) (𝑈(( ≥ 𝜏, ∀𝑈 � 𝑉,𝑈 � �


,

(1(

Hm Sgdnqdl 0/) vd oqnud sg_s Vnnc_kk”r bnmidbstqd hr sqtd he _mc nmkx he enq dudqx
tmchqdbsdc fq_og 𝐺) _ mnvgdpd,ydpn 𝜏,RBN b_m ad cdbnlonrdc hmsn 𝜏 chrinhms RBN”r-

PdkZsdc Tnpj

Rgdogdqc _mc Udss_ Z12[ q_hrdc sgd ptdrshnm ne _ooqnwhl_sdkx o_bjhmf chinhmr- Sgdx _krn
hmsqnctbdc sgd hcd_ ne _cchmf qdudqrd _qbr sn l_jd sgd chfq_og 𝜏,rsqnmfkx,bnmmdbsdc)
sgdm o_bjhmf rsqnmfkx bnmmdbsdc rtachfq_ogr) _mc ’m_kkx o_hqhmf to hm, _mc nts,
_qanqdrbdmbdr- Wds) sghr _ooqn_bg hsrdke nmkx fhudr _ g_ke hmsdfq_k o_bjhmf ne u_ktd
�
1 hm _ chfq_og vhsg lhmhltl chbts rhyd 𝜏- Hs hr bnmidbstqdc ax Jhqflkx Z04[ sg_s dudqx
chfq_og vhsg lhmhltl chbts rhyd 𝜏 bnms_hmr svn chrinhms

�
�
1


,chinhmr) rdd _krn Z0[- Nmd

lhfgs mnshbd sg_s he sghr bnmidbstqd hr sqtd) snfdsgdq vhsg sgd _ooqn_bg ne bnlahmhmf hm
_mc nts 𝑟,_qanqdrbdmbdr) nmd b_m rgnv sg_s sgdqd dwhrs

�
�
1


chrinhms chinhmr hm _ chfq_og

vhsg lhmhltl chbts rhyd 𝜏- :ach ds _k- Z1[ oqnudc sg_s dudqx chfq_og b_m ad cdbnlonrdc
hmsn _ chinhm _mc _ (𝜏 } 0(,chinhm- :ach ds _k- Z0[ etqsgdq rgnvdc sg_s _ chfq_og vhsg
lhmhltl chbts rhyd 𝜏 b_m ad cdbnlonrdc hmsn _ �,chinhm _mc _ (𝜏 } �(,chinhm enq dudqx
hmsdfdq � ∈ ]0, ,,,, 𝜏 } 0| tmcdq sgd bnmchshnm sg_s sgd tmcdqkxhmf tmchqdbsdc fq_og hr
𝜏,dcfd,bnmmdbsdc- Láryflqnr Z07[ oqnudc sg_s vgdm sgd tmcdqkxhmf tmchqdbsdc fq_og hr
(𝑞 } 0, 0(,o_qshshnm,bnmmdbsdc enq rnld oqhld onvdq 𝑞) sgd chfq_og b_m ad cdbnlonrdc
hmsn 𝑞 chrinhms chinhmr- Gnvdudq) mnmd ne sgdrd _ooqn_bgdr sdkk tr gnv sn cdbnlonrd
_ chfq_og vhsg lhmhltl chbts rhyd 𝜏 hmsn _ k_qfd mtladq ne chrinhms chinhmr vhsgnts
bnmmdbshuhsx qdpthqdldmsr- Vd _krn qdedq sn sgd o_odqr sg_s uhdv sgd oqnakdl eqnl sgd
odqrodbshud ne qdnqhdmshmf sgd chqdbshnmr ne _ rtards ne _qbr sn l_jd sgd fq_og rsqnmfkx
bnmmdbsdc) rtbg _r Z0)4)08[- Enq sgd bnmsdws ne mnvgdqd,ydqn �,finv) vd qdedq hmsdq,
drsdc qd_cdqr sn Z00~02)06)11)13)16[ _mc sgd dwbdkkdms rtqudx ax I_dfdq Z03[- Ehm_kkx)
Rbgqhiudq”r tmotakhrgdc mnsdr Z08[ qdenqltk_sd Vnnc_kk”r bnmidbstqd hmsn sgd oqnakdl
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ne o_qshshnmhmf sgd _qbr ne sgd chfq_og hmsn rsqdmfsgdmhmfr- : rspdmfsgdmhmf hr _m _qb rds
𝐽 ⊆ 𝐴 vghbg) nm fihoohmf sgd nqhdms_shnm ne sgd _qbr hm 𝐽) l_jdr sgd chfq_og rsqnmfkx
bnmmdbsdc- Sghr hmrohqdc sgd qdenqltk_shnmr hm Sgdnqdl 8 _mc Sgdnqdl 0/-

1 :m :oopnwhlZsd OZbjhmf ne Chinhmr

Hm sghr rdbshnm vd oqnud ntq l_hm qdrtks) Sgdnqdl 2- Vd adfhm ax nardquhmf sg_s sgd
dwhrsdmbd ne _ bnmrs_ms u_ktdc mnvgdqd,ydqn bhqbtk_q finv hlokhdr sg_s sgdqd hr _ md_qkx
a_k_mbdc nqhdms_shnm hm sgd rdmrd sg_s) enq d_bg bts) sgd mtladq ne _qbr dmsdqhmf hs chffdqr
ax _ bnmrs_ms e_bsnq eqnl sgd mtladq ne _qbr kd_uhmf hs- Sghr hr _kqd_cx onhmsdc nts
hm chffdqdms ok_bdr (d-f- rdd hm Z8)0/)13[(- Vd rtll_qhyd sghr jdx e_bs hm sgd enkknvhmf
kdll_- Rhmbd vdvhkk qdtrd sghr e_bs vd _krn fhud sgd oqnne gdqd- Hm _ chfq_og 𝐷 = (𝑉, 𝐴()
cdmnsd ax 𝑒}0 sgd qdudqrd ne _qb 𝑒 ∈ 𝐴) _mc ax 𝐵}0 sgd _qbr nas_hmdc ax qdudqrhmf sgd
chqdbshnmr ne sgd _qbr hm 𝐵 ⊆ 𝐴-

KdllZ 0- Ids 𝐺 = (𝑉, 𝐸( ad Wm tmchpdbsdc fpWog sgWs Wclhsr W mnvgdpd,ydpn bhpbtkWp
�,’nv 𝐸) Wmc 𝑓 6 𝐸) → /0, � }0\) vgdpd � ≥ 1 hr W pWshnmWk mtladp- Ids 𝐸} = (𝐸)(}0-
Sgdm) enp dudpx 𝑈 � 𝑉,𝑈 � �)

0
�
{𝛿𝐺 (𝑈( { ≤ {𝛿)𝐸) (𝑈( { ≤

� } 0
�

{𝛿𝐺 (𝑈( {,
0
�
{𝛿𝐺 (𝑈( { ≤ {𝛿)𝐸} (𝑈( { ≤

� } 0
�

{𝛿𝐺 (𝑈( {,

Opnne- Ax finv bnmrdqu_shnm) 𝑓 (𝛿)𝐸) (𝑈(( = 𝑓 (𝛿}𝐸) (𝑈((,∀𝑈 � 𝑉,𝑈 � �- Sgtr) nmd
g_r 0 · {𝛿)𝐸) (𝑈( { ≤ 𝑓 (𝛿)𝐸) (𝑈(( = 𝑓 (𝛿}𝐸) (𝑈(( ≤ (� } 0( · {𝛿}𝐸) (𝑈( {- Rhlhk_qkx) nmd _krn
g_r 0 · {𝛿}𝐸) (𝑈( { ≤ 𝑓 (𝛿}𝐸) (𝑈(( = 𝑓 (𝛿)𝐸) (𝑈(( ≤ (� } 0( · {𝛿)𝐸) (𝑈( {- Hs enkknvr eqnl
sgd dpt_khsx {𝛿𝐺 (𝑈( { = {𝛿)𝐸) (𝑈( { ) {𝛿}𝐸) (𝑈( { sg_s 0𝑘 {𝛿𝐺 (𝑈( { ≤ {𝛿)𝐸) (𝑈( { ≤ 𝑘}0

𝑘 {𝛿𝐺 (𝑈( {
_mc 0

𝑘 {𝛿𝐺 (𝑈( { ≤ {𝛿}𝐸) (𝑈( { ≤ 𝑘}0
𝑘 {𝛿𝐺 (𝑈( {- Ax mnshbhmf sg_s {𝛿)𝐸} (𝑈( { = {𝛿}𝐸) (𝑈( {) sgd

hmdpt_khsx 0
𝑘 {𝛿𝐺 (𝑈( { ≤ {𝛿)𝐸} (𝑈( { ≤ 𝑘}0

𝑘 {𝛿𝐺 (𝑈( { gnkcr- 

Kds 𝐷 = (𝑉, 𝐴( ad _ chfq_og- Ax Kdll_ 0) ansg sgd rtachfq_og bnmrhrshmf ne sgd _qbr
sg_s _qd hm sgd r_ld nqhdms_shnm _r sgd mnvgdqd,ydqn bhqbtk_q finv _mc hsr bnlokdldms
hmsdqrdbs dudqx chbts hm _ k_qfd oqnonqshnm ne hsr rhyd- Sghr fhudr tr _ v_x sn cdbnlonrd
sgd chfq_og hmsn svn �,chinhmr vhsg _ k_qfd � (_m dw_lokd hr hm Ehf- 0(- Qdb_kk sg_s _
�,chinhm hr _m _qb rds sg_s hmsdqrdbsr d_bg chbts _s kd_rs � shldr-

Opnonrhshnm 0- Enp W chfpWog 𝐷 = (𝑉, 𝐴( vhsg lhmhltl chbts rhyd 𝜏) he sgd tmcdpkxhmf
tmchpdbsdc fpWog Wclhsr W mnvgdpd,ydpn bhpbtkWp �,’nv enp rnld pWshnmWk mtladp � ≥ 1)
sgdm 𝐷 bnmsWhmr svn chrinhms

�
�
𝑘


,chinhmr-

Opnne- Kds 𝐸) _mc 𝑓 6 𝐸) → /0, � } 0\ ad _ mnvgdqd,ydqn bhqbtk_q �,finv ne sgd tmcdq,
kxhmf tmchqdbsdc fq_og 𝐺 ne 𝐷- Ax Kdll_ 0) 0

𝑘 {𝛿𝐺 (𝑈( { ≤ {𝛿)𝐸) (𝑈( { ≤ 𝑘}0
𝑘 {𝛿𝐺 (𝑈( {

enq dudqx 𝑈 � 𝑉,𝑈 � �- S_jd 𝐽 = 𝐴 ∩ 𝐸) sn ad sgd _qbr sg_s g_ud sgd r_ld
chqdbshnmr hm 𝐴 _mc 𝐸)- Sgdm) enq _ chbts 𝛿)𝐷 (𝑈( rtbg sg_s 𝛿}𝐷 (𝑈( = �) vd g_ud
{𝐽 ∩ 𝛿)𝐷 (𝑈( { = {𝛿)𝐸) (𝑈( { ≥ 0

𝑘 {𝛿𝐺 (𝑈( { = 0
𝑘 {𝛿)𝐷 (𝑈( { ≥ �

𝑘 _mc {(𝐴 [ 𝐽( ∩ 𝛿)𝐷 (𝑈( { =
{𝛿)𝐷 (𝑈( { } {𝛿)𝐸) (𝑈( { ≥ {𝛿)𝐷 (𝑈( { } 𝑘}0

𝑘 {𝛿𝐺 (𝑈( { = {𝛿)𝐷 (𝑈( { } 𝑘}0
𝑘 {𝛿)𝐷 (𝑈( { ≥ �

𝑘 - Sgtr)
ansg 𝐽 _mc 𝐴 [ 𝐽 _qd

�
�
𝑘


,chinhmr- 
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Dhf- 0- (𝐸), 𝑓 ( hr _ mnvgdqd,ydqn 3,finv ne 𝐺 = 𝐾3- 𝐷 = (𝑉, 𝐴() vgnrd tmcdqkxhmf tmchqdbsdc
fq_og hr 𝐺) b_m ad cdbnlonrdc hmsn _ chinhm 𝐴 ∩ 𝐸) _mc _ 1,chinhm 𝐴 [ 𝐸)-

Hm _ chfq_og 𝐷 vhsg lhmhltl chbts rhyd 𝜏) _ksgntfg Oqnonrhshnm 0 rtffdrsr sg_s 𝐷
b_m ad cdbnlonrdc hmsn svn chfq_ogr) d_bg adhmf _

�
�
𝑘


,chinhm) sgdqd hr mn ft_q_msdd

sg_s sgd mdv chfq_ogr g_ud lhmhltl chbts rhyd _s kd_rs
�
�
𝑘


- Sghr hr adb_trd _ mnm,chbts

hm 𝐷 l_x adbnld _ chbts vgdm vd cdkdsd _qbr) vghbg b_m onsdmsh_kkx g_ud udqx rl_kk
rhyd- Sghr hr _ fdmdq_k ch�btksx vhsg hmctbshud oqnner enq cdbnlonrhmf _ chfq_og hmsn
chinhmr-
Sgd jdx nardqu_shnm gdqd hr sg_s) ax rvhsbghmf sn sgd rdsshmf ne rsqnmfkx bnmmdbsdc

chfq_ogr) vd b_m axo_rr sghr hrrtd- Fhudm _ chfq_og 𝐷 = (𝑉, 𝐴( vhsg lhmhltl chbts
rhyd 𝜏) kds 𝐺 ad sgd tmcdqkxhmf tmchqdbsdc fq_og ne 𝐷 _mc �⃗� = (𝑉, 𝐸) ∪ 𝐸}( ad
sgd chfq_og nas_hmdc ax bnoxhmf d_bg dcfd ne 𝐺 svhbd _mc chqdbshmf sgdl noonrhsdkx-
Enq bnmudmhdmbd) vd kds 𝐸) = 𝐴 _mc 𝐸} = 𝐴}0- Cd’md sgd vdhfgsr WrrnbhWsdc vhsg
𝐷 sn ad 𝑤𝐷 ∈ R𝐸)∪𝐸} rtbg sg_s 𝑤𝐷

𝑒) = 𝜏,∀𝑒) ∈ 𝐸) _mc 𝑤𝐷
𝑒} = 0,∀𝑒} ∈ 𝐸}- Hs

hr d_rx sn rdd sg_s �⃗� vhsg vdhfgs 𝑤𝐷 hr 𝜏,RBC- Hmcddc) enq dudqx 𝑈 � 𝑉,𝑈 � �
rtbg sg_s 𝛿)𝐷 (𝑈( � �) sgdqd dwhrsr rnld _qb 𝑒) ∈ 𝐸) rtbg sg_s 𝑒) ∈ 𝛿)

�⃗�
(𝑈() _mc

sgtr 𝑤𝐷 (𝛿)
�⃗�
(𝑈(( ≥ 𝑤𝐷

𝑒) = 𝜏- Nsgdqvhrd) 𝛿)𝐷 (𝑈( = � vghbg ld_mr 𝛿}𝐷 (𝑈( hr _ chbts-
Sgdqdenqd) 𝑤𝐷 (𝛿)

�⃗�
(𝑈(( = 𝑤𝐷 (𝛿)𝐸} (𝑈(( = {𝛿}𝐷 (𝑈( { ≥ 𝜏- Sghr ld_mr sg_s sgd _tfldmsdc

chfq_og �⃗� vhsg vdhfgs 𝑤𝐷 hr 𝜏,rsqnmfkx,bnmmdbsdc- Vd ’qrs qdenqltk_sd sgd oqnakdl ne
o_bjhmf chinhmr hm 𝐷 hmsn _ oqnakdl ne o_bjhmf rsqnmfkx bnmmdbsdc chfq_ogr hm �⃗� tmcdq
vdhfgs 𝑤𝐷 - Vd sgdm oqnud _ cdbnlonrhshnm qdrtks hmsn svn 𝜏+�,rsqnmfkx,bnmmdbsdc
chfq_ogr vhsg sgd gdko ne mnvgdqd,ydqn bhqbtk_q �,finvr- Sgd enkknvhmf qdenqltk_shnm
g_r drrdmsh_kkx addm rs_sdc _mc trdc hm Z12[- Vd hmbktcd hsr oqnne gdqd-

Opnonrhshnm 1- Enp Wm hmsdfdp � ≤ 𝜏) sgd chfpWog 𝐷 bnmsWhmr � chrinhms chinhmr he Wmc
nmkx he �⃗� vhsg vdhfgs 𝑤𝐷 bWm oWbj � rspnmfkx bnmmdbsdc chfpWogr-

Opnne- Kds 𝐹0, ,,,, 𝐹𝑘 ad � rsqnmfkx bnmmdbsdc chfq_ogr ne𝐺 sg_s hr _ o_bjhmf ne �⃗� tmcdq
vdhfgs 𝑤𝐷 - Cd’md 𝐽𝑖 6= ]𝑒) ∈ 𝐸) { 𝜒𝐹𝑖 (𝑒}( = 0, 𝑒} ∈ 𝐸}|- Vd bk_hl d_bg 𝐽𝑖 hr _ chinhm
ne 𝐷- Rtoonrd mns- Sgdm sgdqd dwhrsr rnld chbts 𝛿}𝐷 (𝑈( rtbg sg_s 𝐽𝑖 ∩ 𝛿}𝐷 (𝑈( = �- Sghr
hlokhdr 𝐹𝑖 ∩ 𝛿)

�⃗�
(𝑈( = �) bnmsq_chbshmf sgd e_bs sg_s 𝐹𝑖 hr _ rsqnmfkx bnmmdbsdc chfq_og
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ne �⃗�- Lnqdnudq) rhmbd 𝑤𝐷
𝑒} = 0) _s lnrs nmd ne 𝐹0, ,,,, 𝐹𝑘 trdr 𝑒}) ∀𝑒} ∈ 𝐸}- Sgtr) _s

lnrs nmd ne 𝐽0, ,,,, 𝐽𝑘 trdr 𝑒),∀𝑒) ∈ 𝐸) = 𝐴- Sgdqdenqd) 𝐽0, ,,,, 𝐽𝑘 _qd chrinhms chinhmr
ne 𝐷-
Bnmudqrdkx) kds 𝐽0, ,,,, 𝐽𝑘 ad � chrinhms chinhmr hm 𝐷- V-k-n-f- vd b_m _rrtld d_bg 𝐽𝑖 hr

_ lhmhl_k chinhm) sg_s hr) 𝐽𝑖 hr mns bnms_hmdc hm _mnsgdq chinhm- Hs hr rgnvm ax Eq_mj (rdd
d-f- hm Z05[) Bg_o- 5( sg_s d_bg lhmhl_k chinhm hr _ rsqdmfsgdmhmf) h-d-) (𝐴 [ 𝐽𝑖( ∪ 𝐽}0𝑖 hr _
rsqnmfkx bnmmdbsdc chfq_og- Kds 𝐹𝑖 6= (𝐴 [ 𝐽𝑖( ∪ 𝐽}0𝑖 ) ∀𝑖- Sgd r_ld _qftldms _r enq sgd
nsgdq chqdbshnm _ookhdr sn _qftd sg_s 𝐹0, ,,,, 𝐹𝑘 hr _ u_khc o_bjhmf ne rsqnmfkx bnmmdbsdc
chfq_ogr hm �⃗� tmcdq vdhfgs 𝑤𝐷 - 

Sgdnpdl 5- Ids 𝐷 = (𝑉, 𝐴( ad W chfpWog vhsg lhmhltl chbts rhyd 𝜏- Ge sgd tmcdpkxhmf
tmchpdbsdc fpWog Wclhsr W mnvgdpd,ydpn bhpbtkWp �,’nv enp rnld pWshnmWk mtladp � ≥ 1)
sgdm sgd vdhfgs 𝑤𝐷 WrrnbhWsdc vhsg 𝐷 bnmsWhmr svn chrinhms

�
�
𝑘


,P2Czr-

Opnne- Kds 𝐸) _mc 𝑓 6 𝐸) → ]0, ,,,, � } 0| ad _ mnvgdqd,ydqn �,finv ne 𝐺- Kds 𝐸} ad
nas_hmdc ax qdudqrhmf sgd _qbr ne 𝐸)- Kds 𝐺 ad sgd tmcdqkxhmf tmchqdbsdc fq_og ne 𝐷
_mc �⃗� = (𝑉, 𝐸) ∪ 𝐸}(- Bnmrsqtbs 𝑥 ∈ R𝐸)∪𝐸} _r enkknvr-

𝑥𝑒 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩


�
1


, 𝑒 ∈ 𝐴 ∩ 𝐸)�

�
1


, 𝑒 ∈ 𝐴 ∩ 𝐸}

0, 𝑒 ∈ 𝐴}0 ∩ 𝐸)
�, 𝑒 ∈ 𝐴}0 ∩ 𝐸}

, _mc dpthu_kdmskx (𝑤𝐷 } 𝑥(𝑒 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

�
�
1


, 𝑒 ∈ 𝐴 ∩ 𝐸)

�
1


, 𝑒 ∈ 𝐴 ∩ 𝐸}

�, 𝑒 ∈ 𝐴}0 ∩ 𝐸)
0, 𝑒 ∈ 𝐴}0 ∩ 𝐸}

,

Vd oqnud sg_s ansg 𝑥 _mc (𝑤𝐷 } 𝑥( _qd
�
�
𝑘


,RBC”r- Vd chrbtrr svn b_rdr-

He 𝛿𝐷 (𝑈( hr _ chbts) sgdm {𝛿𝐺 (𝑈( { ≥ 𝜏- Rhmbd 𝜏 ≥ 1) vd g_ud 𝑥𝑒 ≥ 0, ∀𝑒 ∈ 𝛿)𝐸) (𝑈(-
Sgdqdenqd) 𝑥(𝛿)

�⃗�
(𝑈(( ≥ 𝑥(𝛿)𝐸) (𝑈(( ≥ {𝛿)𝐸) (𝑈( { ≥ 0

𝑘 {𝛿𝐺 (𝑈( { ≥ �
𝑘 ) vgdqd sgd sghqc

hmdpt_khsx enkknvr eqnl Kdll_ 0- Nm sgd nsgdq g_mc) (𝑤𝐷 } 𝑥(𝑒 ≥ 0, ∀𝑒 ∈ 𝛿)𝐸} (𝑈(-
Sgdqdenqd) (𝑤𝐷 } 𝑥( (𝛿)

�⃗�
(𝑈(( ≥ (𝑤𝐷 } 𝑥( (𝛿)𝐸} (𝑈(( ≥ {𝛿)𝐸} (𝑈( { ≥ 0

𝑘 {𝛿𝐺 (𝑈( { ≥ �
𝑘 -

He 𝛿𝐷 (𝑈( hr mns _ chbts) sgdm 𝛿)
�⃗�
(𝑈(∩𝐴 � �- Sgdqdenqd) 𝑥(𝛿)

�⃗�
(𝑈(( ≥ 𝑥(𝛿)

�⃗�
(𝑈(∩𝐴( ≥�

�
1


≥

�
�
𝑘


rhmbd � ≥ 1- :krn) (𝑤𝐷}𝑥( (𝛿)

�⃗�
(𝑈(( ≥ (𝑤𝐷}𝑥( (𝛿)

�⃗�
(𝑈(∩𝐴( ≥

�
�
1


≥

�
�
𝑘


rhmbd � ≥ 1- Sgdqdenqd) ansg 𝑥 _mc (𝑤𝐷 } 𝑥( _qd

�
�
𝑘


,RBC”r- 

Opnne ne Sgdnpdl 2

Eqnl Oqnonrhshnm 1) fhudm _ chfq_og 𝐷) vd b_m qdctbd sgd oqnakdl ne o_bjhmf chinhmr
ne 𝐷 sn sg_s ne o_bjhmf rsqnmfkx bnmmdbsdc chfq_ogr ne sgd _tfldmsdc chfq_og �⃗� vhsg
vdhfgs 𝑤𝐷 vghbg hr 𝜏,rsqnmfkx,bnmmdbsdc- Sn _bghdud sgd fn_k) vd qdb_kk _ bk_rrhb_k
sgdnqdl _ants cdbnlonrhmf chfq_ogr hmsn _qanqdrbdmbdr- Hm _ chfq_og 𝐷 = (𝑉, 𝐴( vhsg
_ ’wdc qnns 𝑟 ) _m nts �hm( 𝑟,Wpanpdrbdmbd hr _ chqdbsdc ro_mmhmf sqdd rtbg sg_s d_bg udqsdw
hm𝑉 []𝑟| g_r dw_bskx nmd _qb dmsdqhmf (kd_uhmf( hs- He sgd qnns hr mns ’wdc hs hr b_kkdc _m nts
�hm( Wpanpdrbdmbd- Dclnmcr” chrinhms _qanqdrbdmbdr sgdnqdl Z6[ rs_sdr sg_s vgdm ’whmf
_ qnns 𝑟 ) dudqx pnnsdc,𝜏,bnmmdbsdc chfq_og) h-d-) {𝛿)𝐷 (𝑈( { ≥ 𝜏,∀𝑈 � 𝑉, 𝑟 ∈ 𝑈) b_m ad
cdbnlonrdc hmsn 𝜏 chrinhms nts 𝑟,_qanqdrbdmbdr- Etqsgdqlnqd) sghr cdbnlonrhshnm b_m
ad cnmd hm onkxmnlh_k shld-
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Sgdnpdl 6 �Z6[(- Fhudm W chfpWog 𝐷 Wmc W pnns 𝑟 ) he 𝐷 hr pnnsdc,𝜏,bnmmdbsdc) sgdm
𝐷 bnmsWhmr 𝜏 chrinhms nts 𝑟,Wpanpdrbdmbdr) Wmc rtbg 𝑟,Wpanpdrbdmbdr bWm ad entmc hm
onkxmnlhWk shld-

: 𝜏,rsqnmfkx,bnmmdbsdc chfq_og hr hm o_qshbtk_q qnnsdc,𝜏,bnmmdbsdc- Sgdqdenqd) ’w,
hmf _ qnns 𝑟 ∈ 𝑉 ) _ 𝜏,rsqnmfkx,bnmmdbsdc chfq_og bnms_hmr 𝜏 chrinhms nts 𝑟,_qanqdrbdmbdr-
He vd qdudqrd sgd chqdbshnmr ne sgd _qbr _mc _ookx Sgdnqdl 6) vd rdd sg_s _ 𝜏,rsqnmfkx,
bnmmdbsdc chfq_og _krn bnms_hmr 𝜏 chrinhms hm 𝑟,_qanqdrbdmbdr-
Sgdqdenqd) vd b_m cdbnlonrd chfq_og �⃗� vhsg vdhfgs 𝑤𝐷 hmsn 𝜏 hm 𝑟,_qanqdrbdmbdr)

nq hmsn 𝜏 nts 𝑟,_qanqdrbdmbdr- O_hqhmf d_bg hm 𝑟,_qanqdrbdmbd vhsg _m nts 𝑟,_qanqdrbdmbd)
vd nas_hm 𝜏 rsqnmfkx bnmmdbsdc chfq_ogr- Gnvdudq) d_bg _qb b_m ad trdc hm ansg hm _mc
nts 𝑟,_qanqdrbdmbdr- Rgdogdqc _mc Udss_ Z12[ trd sghr hcd_ sn nas_hm _ g_ke hmsdfq_k
o_bjhmf ne chinhmr ne u_ktd �

1 - Wds) ’mchmf chrinhms hm _mc nts _qanqdrbdmbdr snfdsgdq
hr pthsd bg_kkdmfhmf- Hs hr nodm vgdsgdq sgdqd dwhrsr 𝜏 rtbg sg_s _ 𝜏,rsqnmfkx,bnmmdbsdc
chfq_og b_m dudm o_bj nmd hm,_qanqdrbdmbd _mc nmd nts,_qanqdrbdmbd Z2[-
Sgdnqdl 5 o_udr sgd v_x sn _ooqnwhl_sdkx o_bjhmf chrinhms hm _mc nts _qanqdrbdmbdr

hm ntq hmrs_mbdr- Ehwhmf _ qnns 𝑟 ) he vd _qd _akd sn cdbnlonrd sgd fq_og hmsn svn 𝜏,
rsqnmfkx,bnmmdbsdc fq_ogr _mc sgdqdax ’mc 𝜏 chrinhms hm 𝑟,_qanqdrbdmbdr hm sgd ’qrs
fq_og _mc 𝜏 chrinhms nts 𝑟,_qanqdrbdmbdr hm sgd rdbnmc fq_og) sgdm vd b_m bnlahmd
sgdl sn fds _ rsqnmfkx bnmmdbsdc chfq_og-

Opnne ne Sgdnpdl 2- Ax Oqnonrhshnm 1) hs rt�bdr sn oqnud sg_s 𝑤𝐷 b_m o_bj
�
�
𝑘


rsqnmfkx

bnmmdbsdc chfq_ogr- Ax Sgdnqdl 5) �⃗� vhsgvdhfgs𝑤𝐷 b_m ad cdbnlonrdc hmsnvdhfgsdc
chfq_ogr 𝐽0 _mc 𝐽1 rtbg sg_s d_bg ne sgdl hr

�
�
𝑘


,rsqnmfkx,bnmmdbsdc- Ehwhmf _m _qahsq_qx

qnns 𝑟 ) rhmbd _
�
�
𝑘


,rsqnmfkx,bnmmdbsdc chfq_og hr hm o_qshbtk_q qnnsdc,

�
�
𝑘


,bnmmdbsdc)

ax Sgdnqdl 6) 𝐽0 b_m ad cdbnlonrdc hmsn
�
�
𝑘


chrinhms nts 𝑟,_qanqdrbdmbdr 𝑆0, ,,,, 𝑆 𝜏

𝑘  -
Rhlhk_qkx) 𝐽1 b_m ad cdbnlonrdc hmsn

�
�
𝑘


chrinhms hm 𝑟,_qanqdrbdmbdr 𝑇0, ,,,, 𝑇 𝜏

𝑘  - Kds
𝐹𝑖 6= 𝑆𝑖 ∪𝑇𝑖 ) enq 𝑖 = 0, ,,,,

�
�
𝑘


- D_bg 𝐹𝑖 hr _ rsqnmfkx bnmmdbsdc chfq_og- Sghr hr adb_trd

dudqx nts 𝑟,bts 𝛿)
�⃗�
(𝑈(, 𝑟 ∈ 𝑈 hr bnudqdc ax 𝑆𝑖 _mc dudqx hm 𝑟,bts 𝛿)

�⃗�
(𝑈(, 𝑟 ∉ 𝑈 hr

bnudqdc ax 𝑇𝑖 _mc sgtr dudqx bts 𝛿)
�⃗�
(𝑈( hr bnudqdc ax 𝐹𝑖 - Sgdqdenqd) 𝐹0, ,,,, 𝐹 𝜏

𝑘  enqlr
_ o_bjhmf ne rsqnmfkx bnmmdbsdc chfq_ogr tmcdq vdhfgs 𝑤𝐷 - 
Sgdnqdl 0 mnv enkknvr ax bnlahmhmf Sgdnqdl 2 _mc Sgdnqdl 3 _mc mnshmf sg_s

sgd tmcdqkxhmf tmchqdbsdc fq_og ne _ chfq_og vhsg lhmhltl chbts rhyd 𝜏 ≥ 1 hr 1,
dcfd,bnmmdbsdc- Ax Sgdnqdl 3) sgd mnvgdqd,ydqn 3,finv b_m ad entmc hm onkxmnlh_k
shld) _mc sgtr sgd cdbnlonrhshnm cdrbqhadc hm Sgdnqdl 5 b_m ad cnmd hm onkxmnlh_k
shld- Lnqdnudq) etqsgdq cdbnlonrhmf 𝐽0 _mc 𝐽1 hmsn hm _mc nts 𝑟,_qanqdrbdmbdr b_m
_krn ad cnmd hm onkxmnlh_k shld ctd sn Sgdnqdl 6- Sgtr hm sgd dmc vd b_m ’mc

�
�
4


chrinhms chinhmr hm onkxmnlh_k shld- Sgdnqdl 1 mnv enkknvr ax bnlahmhmf Sgdnqdl 2
_mc Sgdnqdl 4- Gnvdudq) _r e_q _r vd jmnv sgdqd hr mn bnmrsqtbshud udqrhnm ne Sgdnqdl
4) vghbg ld_mr Sgdnqdl 1 b_mmns ad l_cd _kfnqhsglhb chqdbskx-
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2 : PdenpltkZshnm ne TnncZkkyr Anmidbstpd hm Sdplr ne Rspnmfkx
Anmmdbsdc NphdmsZshnmr

Hm sghr rdbshnm) vd chrbtrr sgd qdk_shnm adsvddm o_bjhmf chinhmr) rsqnmfkx bnmmdbsdc
nqhdms_shnmr _mc rsqnmfkx bnmmdbsdc chfq_ogr- Vd _krn chrbtrr _mnsgdq qdenqltk_shnm ne
Vnnc_kk”r bnmidbstqd hm sdqlr ne rsqnmfkx bnmmdbsdc nqhdms_shnmr-
Fhudm _m tmchqdbsdc fq_og𝐺 = (𝑉, 𝐸() kds �⃗� = (𝑉, 𝐸)∪𝐸}( ad sgd chfq_og nas_hmdc

ax bnoxhmf d_bg dcfd ne 𝐺 svhbd _mc nqhdmshmf sgdl hm noonrhsd chqdbshnmr- Cdmnsd ax
𝜒𝐹 ∈ ]�, 0|𝐸 sgd bg_q_bsdqhrshb udbsnq ne 𝐹- Kds

𝑆𝐶𝑂 (𝐺( 6=

𝑥 ∈ ]�, 0|𝐸)∪𝐸} 𝑥 = 𝜒𝑂 enq rnld rsqnmfkx bnmmdbsdc nqhdms_shnm 𝑂 ne 𝐺,

(2(
Qdb_kk sg_s rsqnmfkx bnmmdbsdc nqhdms_shnmr (RBN”r( _qd �, 0 udbsnqr hm sgd onkxgdcqnm
𝑃0� cd’mdc hm (0(- Qdb_kk sg_s fhudm _ chfq_og 𝐷 = (𝑉, 𝐴() _ rsqdmfsgdmhmf hr _ rtards
𝐽 ⊆ 𝐴 rtbg sg_s ax fihoohmf sgd nqhdms_shnm ne sgd _qbr hm 𝐽 sgd chfq_og adbnldr rsqnmfkx
bnmmdbsdc Z05[- Mnsd sg_s _ rsqdmfsgdmhmf hr mdbdrr_qhkx _ chinhm-
Rbgqhiudq nardqudc sgd enkknvhmf qdenqltk_shnm ne Vnnc_kk”r bnmidbstqd hm sdqlr ne

rsqdmfsgdmhmfr hm ghr tmotakhrgdc mnsd ( Z08[) Rdbs- 1(-

Sgdnpdl 7 �Z08[(- TnncWkkzr bnmidbstpd hr sptd he Wmc nmkx he) hm dudpx chfpWog vhsg
lhmhltl chbts rhyd 𝜏) sgd Wpbr bWm ad oWpshshnmdc hmsn 𝜏 rspdmfsgdmhmfr-

:mnsgdq v_x sn knnj _s 𝑆𝐶𝑂 (𝐺( hr sn ’w _ chqdbshnm 𝐸) _mc uhdv hs _r _ khes ne
sgd rds ne rsqdmfsgdmhmfr ne 𝐺) = (𝑉, 𝐸)(- Hmcddc) fhudm _ rsqdmfsgdmhmf 𝐽 ⊆ 𝐸))
(𝐸) [ 𝐽( ∪ 𝐽}0 hr _ rsqnmfkx bnmmdbsdc nqhdms_shnm ne 𝐺- Bnmudqrdkx) fhudm _ rsqnmfkx
bnmmdbsdc nqhdms_shnm𝑂 ⊆ 𝐸) ∪ 𝐸}) 𝐸) [𝑂 hr _ rsqdmfsgdmhmf ne 𝐺)- Sgd bg_q_bsdqhrshb
udbsnqr ne sgd rsqdmfsgdmhmfr ne 𝐺) _qd sgd �, 0 udbsnqr hm sgd enkknvhmf onkxgdcqnm9


𝑥 ∈ R𝐸)  � ≤ 𝑥𝑒) ≤ 0, ∀𝑒 ∈ 𝐸,

𝑥(𝛿}𝐺) (𝑈(( } 𝑥(𝛿)𝐺) (𝑈(( ≤ {𝛿}𝐺) (𝑈( { } 0,∀𝑈 � 𝑉,𝑈 � �

,

Ctd sn sgd Dclnmcr,Fhkdr rtalnctk_q finv sgdnqdl Z7[) sghr hr _m hmsdfq_k onkxsnod _mc
sgtr hs cdrbqhadr sgd bnmudw gtkk ne sgd rds ne rsqdmfsgdmhmfr ne 𝐺)) rdd _krn Z10[- Mnsd
sg_s 𝑃0� hr _ khmd_q sq_mrenql_shnm ne sgd _anud onkxgdcqnm _mc sgtr hs hr _krn hmsdfq_k)
vghbg ld_mr :nco(𝑆𝐶𝑂 (𝐺(( = 𝑃0�-
Qdb_kk sg_s _ 𝜏,RBN hr _m hmsdfq_k udbsnq hm 𝑃�

� cd’mdc hm (0(- : mnvgdqd,ydqn
𝜏,RBN hr _m hmsdfq_k udbsnq hm 𝑃�

0 cd’mdc hm (1(- : 𝜏,RBN b_mmns _kv_xr ad hmsdfq_kkx
cdbnlonrdc hmsn 𝜏 RBN”r) gnvdudq) ctd sn sgd enkknvhmf dpthu_kdmbd-

Sgdnpdl 8- Sgd Dclnmcr,Fhkdr 2nmidbstpd . hr sptd he Wmc nmkx he enp dudpx tmchpdbsdc
fpWog 𝐺 Wmc hmsdfdp 𝜏 < �) dudpx 𝜏,P2L bWm ad cdbnlonrdc hmsn 𝜏 P2Lzr-

Sgd enkknvhmf bntmsdqdw_lokd sn sgd Dclnmcr,Fhkdr Bnmidbstqd 0 chrbnudqdc ax Rbgqh,
iudq Z1/[ b_m ad sq_mrk_sdc sn chroqnud sgd rs_sdldms sg_s dudqx 𝜏,RBN b_m ad cdbnlonrdc
hmsn 𝜏 RBN”r- Kds 𝑥 ∈ R𝐸)∪𝐸} ad cd’mdc ax 𝑥𝑒 = 0 he 𝑒 hr rnkhc) 𝑥𝑒 = 1 he 𝑒 hr c_rgdc)
_mc 𝑥𝑒 = � enq sgd qdudqrd ne sgd c_rgdc _qbr (vghbg vd cn mns cq_v gdqd(- Sgd udbsnq
𝑥 hr _ 1,RBN ats hs b_mmns ad cdbnlonrdc hmsn 1 rsqnmfkx bnmmdbsdc nqhdms_shnmr- (Rdd
Ehf- 1(-



7/ F- Bnqmtáinkr ds _k-

Dhf- 1- Sgd rnkhc _qbr vhsg vdhfgs 0 _mc c_rgdc _qbr vhsg vdhfgs 1 b_mmns ad cdbnlonrdc hmsn
1 RBN”r 𝑂0, 𝑂1- :rrtld enq _ bnmsq_chbshnm sg_s 𝑂0, 𝑂1 dwhrs- Sgd c_rgdc _qbr g_ud sgdhq
nqhdms_shnm ’wdc hm ansg 𝑂𝑖 - Sgqdd o_sgr bnmrhrshmf ne rnkhc _qbr hm adsvddm 𝑎𝑖 , 𝑏𝑖 g_ud sn ad
chqdbsdc o_sgr hm ansg 𝑂𝑖 ) nsgdqvhrd sgdqd hr _ sqhuh_k chbts _knmf sgd o_sgr hm rnld 𝑂𝑖 - Ansg 𝑂𝑖

mddc sn dmsdq sgd hmmdq gdw_fnm eqnl sgd ntsdq gdw_fnm) vghbg ld_mr d_bg 𝑂𝑖 rgntkc g_ud _s
kd_rs nmd chqdbsdc o_sg nqhdmsdc _r 𝑎𝑖 → 𝑏𝑖 - Sgtr) nmd 𝑂𝑖 g_r dw_bskx nmd chqdbsdc o_sg nqhdmsdc
_r 𝑏𝑖 → 𝑎𝑖 _mc svn nqhdmsdc _r 𝑎𝑖 → 𝑏𝑖 - :rrtld 𝑂0 g_r nqhdms_shnm 𝑏0 → 𝑎0, 𝑎1 → 𝑏1 _mc
𝑎2 → 𝑏2- Sghr kd_udr mn _qb sn fn eqnl sgd kdes g_ke sn sgd qhfgs g_ke ne sgd fq_og) _ bnmsq_chbshnm
sn 𝑂0 adhmf _m RBN-

Gnvdudq) rkhfgskx qduhrhmf sgd rs_sdldms) vd nas_hm _m dpthu_kdms enql ne Vnnc_kk”r
bnmidbstqd 1) vghbg hr rshkk nodm-

Sgdnpdl 0.- TnncWkkzr 2nmidbstpd 1 hr sptd he Wmc nmkx he enp dudpx tmchpdbsdc fpWog
𝐺 Wmc hmsdfdp 𝜏 < �) dudpx mnvgdpd,ydpn 𝜏,P2L bWm ad cdbnlonrdc hmsn 𝜏 P2Lzr-

Vd vhkk ’qrs oqnud Sgdnqdl 0/ _mc lnchex sgd oqnne sn oqnud Sgdnqdl 8- Ntq
oqnne ne Sgdnqdl 0/ hr hmrohqdc ax Rbgqhiudq”r Sgdnqdl 7- Rbgqhiudq”r qdenqltk_shnm
drrdmsh_kkx bnudqr sgd rodbh_k b_rd vgdm v𝑤𝐷 ∈ R𝐸)∪𝐸} vhsg v𝑤𝐷

𝑒) = 𝜏 } 0,∀𝑒) ∈ 𝐸) _mc
v𝑤𝐷
𝑒} = 0,∀𝑒} ∈ 𝐸} hm Sgdnqdl 0/- Nmd b_m _krn d_rhkx udqhex sg_s v𝑤𝐷 hr _ mnvgdqd,ydqn
𝜏,RBN- Vd fdmdq_khyd sgd vdhfgsr sn ad _mx mnvgdqd,ydqn 𝜏,RBN ne 𝐷) _mc sgtr fhud
_ rsqnmfdq bnmrdptdmbd ne Vnnc_kk”r bnmidbstqd- Ax _kknvhmf sgd dmsqhdr ne _ 𝜏,RBN
sn s_jd � u_ktdr) vd fhud _m dpthu_kdms rs_sdldms ne sgd Dclnmcr,Fhkdr bnmidbstqd hm
Sgdnqdl 8) rgnvhmf _ bnmsq_rs adsvddm sgd svn bnmidbstqdr-

Opnne ne Sgdnpdl 0/- Vd ’qrs oqnud sgd –he“ chqdbshnm- Kds 𝐷 = (𝑉, 𝐴( ad _ chfq_og
(d-f- Ehftqd 2,(0(( vgnrd tmcdqkxhmf tmchqdbsdc fq_og hr 𝐺 = (𝑉, 𝐸(- Kds 𝜏 ad sgd
rhyd ne _ lhmhltl chbts ne 𝐷- Vd _rrtld 𝜏 ≥ 1 v-k-n-f- _mc sghr hlokhdr sg_s sgd
rhyd ne lhmhltl bts ne 𝐷 hr _krn fqd_sdq sg_m nq dpt_k sn 1- Ax l_jhmf svn bnohdr
ne d_bg dcfd ne 𝐺 _mc nqhdmshmf sgdl noonrhsdkx) vd nas_hm �⃗� = (𝑉, 𝐸) ∪ 𝐸}(- Enq
bnmudmhdmbd vd vhkk _rrtld sg_s 𝑒) _mc 𝑒} _qd cd’mdc _bbnqchmf sn sgdhq chqdbshnm
hm 𝐷) h-d-) 𝑒 = (𝑢, 𝑣( ∈ 𝐴 hff 𝑒) = (𝑢, 𝑣( _mc 𝑒} = (𝑣, 𝑢(- Hm nsgdq vnqcr) 𝐸) = 𝐴
_mc 𝐸} = 𝐴}0- S_jd 𝑥 ∈ R𝐸)∪𝐸} rtbg sg_s 𝑥𝑒) = 𝜏 } 0) 𝑥𝑒} = 0 enq dudqx 𝑒 ∈ 𝐸
(_r rgnvm hm Ehf- 2,(1((- Vd bk_hl sg_s 𝑥 ∈ 𝑃�

0 - Sgd nmkx mnmsqhuh_k bnmrsq_hms sn
oqnud hr 𝑥(𝛿)

�⃗�
(𝑈(( ≥ 𝜏 enq dudqx 𝑈 � 𝑉,𝑈 � �- He 𝛿}𝐷 (𝑈( hr _ chbts rtbg sg_s

𝛿)𝐷 (𝑈( = �) sgdm 𝑥(𝛿)
�⃗�
(𝑈(( = 𝑥(𝛿)𝐸} (𝑈(( = {𝛿}𝐷 (𝑈( { ≥ 𝜏- Nsgdqvhrd) 𝛿)𝐷 (𝑈( � �
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_mc sgtr 𝛿)
�⃗�
(𝑈( bnms_hmr _s kd_rs nmd _qb hm 𝐸)- Lnqdnudq) rhmbd {𝛿𝐷 (𝑈( { ≥ 1) nmd

g_r 𝑥(𝛿)
�⃗�
(𝑈(( = 𝑥(𝛿)𝐸) (𝑈(( ) 𝑥(𝛿)𝐸} (𝑈(( ≥ (𝜏 } 0( ) 0 = 𝜏- Sgtr) 𝑥 ∈ 𝑃�

0 - Ax sgd
_rrtloshnm) 𝑥 =

�
𝑖=0 𝜒𝑂𝑖 vgdqd d_bg 𝑂𝑖 hr _ rsqnmfkx bnmmdbsdc nqhdms_shnm- S_jd

𝐽𝑖 = ]𝑒) ∈ 𝐸) { 𝜒𝑂𝑖 (𝑒}( = 0, 𝑒} ∈ 𝐸}|- Mnsd sg_s (𝐴 [ 𝐽𝑖( ∪ (𝐽}0𝑖 ( = 𝑂𝑖 - Sgdqdenqd)
(𝐴[𝐽𝑖(∪ (𝐽}0𝑖 ( hr rsqnmfkx bnmmdbsdc) vghbg ld_mr 𝐽𝑖 hr _ rsqdmfsgdmhmf ne 𝐷) _mc sgtr _
chinhm ne 𝐷- Rhmbd 𝑥𝑒} = 0 enq d_bg 𝑒 ∈ 𝐸 ) 𝐽𝑖”r _qd chrinhms- Sgtr vd fds 𝜏 chrinhms chinhmr
ne 𝐷- Vd mnv oqnud sgd –nmkx he“ chqdbshnm- Fhudm _m tmchqdbsdc fq_og 𝐺 = (𝑉, 𝐸()
bnmrhcdq sgd bnqqdronmchmf chqdbsdc fq_og �⃗� = (𝑉, 𝐸) ∪ 𝐸}( vhsg d_bg dcfd ne 𝐸
bnohdc _mc noonrhsdkx nqhdmsdc- Enq _m hmsdfq_k 𝑥 ∈ 𝑃�

0 ) (d-f- Ehftqd 2,(1(( bnmrsqtbs
_ mdv chfq_og 𝐷 eqnl 𝐺 hm sgd enkknvhmf v_x- Enq d_bg dcfd 𝑒 = (𝑢, 𝑣( ∈ 𝐸 vgdqd
𝑒) = (𝑢, 𝑣( _mc 𝑒} = (𝑣, 𝑢() _cc _ mncd 𝑤𝑒) _cc 𝑥𝑒) ≥ 0 _qbr eqnl 𝑢 sn 𝑤𝑒 _mc 𝑥𝑒} ≥ 0
_qbr eqnl 𝑣 sn 𝑤𝑒) _mc cdkdsd 𝑒 (_r rgnvm hm Ehf- 2,(2((- Vd bk_hl sg_s sgd rhyd ne _
lhmhltlchbts ne𝐷 hr 𝜏- Dudqx udqsdw𝑤𝑒 hmctbdr _ chbts 𝛿}𝐷 (]𝑤𝑒|( ne rhyd 𝑥𝑒))𝑥𝑒} = 𝜏-
Sgtr) vd nmkx mddc sn rgnv sg_s sgd rhyd ne dudqx chbts ne 𝐷 hr _s kd_rs 𝜏- Fhudm𝑈 rtbg
sg_s 𝛿}𝐷 (𝑈( = �) he sgdqd dwhrsr 𝑒 = (𝑢, 𝑣( ∈ 𝐸 rtbg sg_s 𝑢, 𝑣 ∈ 𝑈 ats 𝑤𝑒 ∉ 𝑈) sgdm
{𝛿)𝐷 (𝑈( { ≥ {𝛿}𝐷 (]𝑤𝑒|( { ≥ 𝜏- Sgtr) vd l_x _rrtld v-k-n-f- sg_s enq dudqx 𝑒 = (𝑢, 𝑣( ∈ 𝐸
rtbg sg_s 𝑢, 𝑣 ∈ 𝑈) vd _krn g_ud 𝑤𝑒 ∈ 𝑈- Rhmbd 𝛿}𝐷 (𝑈( = �) enq dudqx 𝑒 = (𝑢, 𝑣( ∈ 𝐸
rtbg sg_s 𝑢, 𝑣 ∉ 𝑈) vd _krn g_ud 𝑤𝑒 ∉ 𝑈- Lnqdnudq) enq dudqx 𝑒 = (𝑢, 𝑣( ∈ 𝐸 rtbg sg_s
𝑢 ∈ 𝑈) 𝑣 ∉ 𝑈) rhmbd sgdqd hr _s kd_rs _m _qb eqnl 𝑣 sn 𝑤𝑒 ats 𝛿}𝐷 (𝑈( = �) vd hmedq sg_s
𝑤𝑒 ∉ 𝑈- Sgtr) 𝛿)𝐷 (𝑈( = ]𝑢𝑤𝑒 { 𝑒 = (𝑢, 𝑣( ∈ 𝐸, 𝑢 ∈ 𝑈, 𝑣 ∉ 𝑈|- Sgtr) ax sgd v_x
vd bnmrsqtbs 𝐷) {𝛿)𝐷 (𝑈( { ≥ 𝑥(𝛿)

�⃗�
(𝑈(( ≥ 𝜏- Sgdqdenqd) 𝐷 g_r lhmhltl chbts rhyd 𝜏-

Ax Vnnc_kk”r bnmidbstqd) sgdqd dwhrsr 𝜏 chrinhms chinhmr 𝐽0, ,,,, 𝐽� hm 𝐷- Hm o_qshbtk_q)
d_bg chinhm hmsdqrdbsr chbts 𝛿}𝐷 (]𝑤𝑒|( dw_bskx nmbd rhmbd {𝛿}𝐷 (]𝑤𝑒|( { = 𝜏- Kds 𝑂𝑖 ad _m
nqhdms_shnm cd’mdc ax 𝑂𝑖 6= ]𝑒) { 𝑢𝑤𝑒 ∈ 𝐽𝑖| ∪ ]𝑒} { 𝑣𝑤𝑒 ∈ 𝐽𝑖|- Mnsd sg_s 𝑂𝑖 hr hmcddc
_m nqhdms_shnm rhmbd dw_bskx nmd ne 𝑢𝑤𝑒 _mc 𝑣𝑤𝑒 hr hm 𝐽𝑖 ) enq dudqx 𝑒 ∈ 𝐸 - Vd bk_hl sg_s
d_bg 𝑂𝑖 hr _ rsqnmfkx bnmmdbsdc nqhdms_shnm ne 𝐺- :rrtld mns- Sgdm sgdqd dwhrsr𝑈 ⊆ 𝑉 )
rtbg sg_s 𝛿)

�⃗�
(𝑈( ∩ 𝑂𝑖 = �- Kds 𝑈  6= 𝑈 ∪ ]𝑤𝑒 { 𝑒 = (𝑢, 𝑣( ∈ 𝐸, 𝑢, 𝑣 ∈ 𝑈|- Hs hr d_rx

sn rdd sg_s 𝑈  hr _ chbts ne 𝐷 rtbg sg_s 𝛿}𝐷 (𝑈 ( = �- Hs enkknvr eqnl 𝛿)
�⃗�
(𝑈( ∩ 𝑂𝑖 = �

Dhf- 2- (0( hr _ chfq_og vhsg lhmhltl chbts rhyd 3- Hm (1( sgd vdhfgsr ne ak_bj _qbr _qd 2 _mc
sgd vdhfgsr ne fq_x _qbr _qd 0- Sghr ’ftqd hkktrsq_sdr gnv sn bnmudqs eqnl _ chfq_og 𝐷 (0( sn _
vdhfgsdc chfq_og �⃗� (1( hm sgd ’qrs o_qs ne sgd oqnne ne Sgdnqdl 0/ _mc gnv sn bnmudqs eqnl _
vdhfgsdc chfq_og �⃗� (1( sn _ chfq_og 𝐷 (2( hm sgd rdbnmc o_qs ne sgd oqnne ne Sgdnqdl 0/-
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sg_s 𝛿)𝐷 (𝑈 ( ∩ 𝐽𝑖 = �) _ bnmsq_chbshnm sn 𝐽𝑖 adhmf _ chinhm ne 𝐷- Lnqdnudq) ax sgd v_x
vd bnmrsqtbs 𝐷) enq d_bg 𝑒) = (𝑢, 𝑣() �

𝑖=0 𝜒𝑂𝑖 (𝑒)( = {]𝐽𝑖 { 𝑢𝑤𝑒 ∈ 𝐽𝑖|{ = 𝑥𝑒) - Enq d_bg
𝑒} = (𝑣, 𝑢() �

𝑖=0 𝜒𝑂𝑖 (𝑒}( = {]𝐽𝑖 { 𝑣𝑤𝑒 ∈ 𝐽𝑖|{ = 𝑥𝑒} - Sgdqdenqd)
�

𝑖=0 𝜒𝑂𝑖 = 𝑥- Sghr
dmcr sgd oqnne ne sghr chqdbshnm- 
Sn oqnud Sgdnqdl 8) vd mddc _ rsqtbstq_k kdll_-

KdllZ 1- Ids 𝐷 = (𝑉, 𝐴( ad W chfpWog vhsg vdhfgs 𝑤 ∈ ]�, 0|𝐴 Wmc Wrrtld sgWs sgd
lhmhltl vdhfgs ne W chbts hr 𝜏 ≥ 1- Ids 𝑒 ∈ 𝐴 ad rnld Wpb rtbg sgWs 𝑤𝑒 = 0- Ge sgdpd
dwhrsr W bts 𝛿𝐷 (𝑈( rtbg sgWs 𝛿)𝐷 (𝑈( = ]𝑒| Wmc 𝑤(𝛿}𝐷 (𝑈(( = �) sgdm 𝑒 hr mns bnmsWhmdc
hm Wmx lhmhltl chbts ne 𝐷-

Opnne- Rtoonrd mns- Sgdm sgdqd dwhrsr _ chbts 𝛿}𝐷 (𝑊( rtbg sg_s 𝑤(𝛿}𝐷 (𝑊(( = 𝜏 _mc
𝑒 ∈ 𝛿}𝐷 (𝑊(- Kds 𝐷  ad nas_hmdc eqnl 𝐷 ax cdkdshmf 𝑒- Sgdm 𝛿}𝐷 (𝑈( adbnldr _ chbts
ne 𝐷 - Sgdqdenqd) 𝛿}𝐷 (𝑈 ∩𝑊( _mc 𝛿}𝐷 (𝑈 ∪𝑊( _qd ansg chbtsr ne 𝐷 - Gnvdudq) rhmbd
𝑒 kd_udr 𝑈 _mc dmsdqr 𝑊 ) 𝑒 fndr eqnl 𝑈 [ 𝑊 sn 𝑊 [ 𝑈- Sgtr) 𝑒 ∉ 𝛿𝐷 (𝑈 ∩ 𝑊( _mc
𝑒 ∉ 𝛿𝐷 (𝑈 ∪𝑊(- Sgdqdenqd) ansg 𝛿}𝐷 (𝑈 ∩𝑊( _mc 𝛿}𝐷 (𝑈 ∪𝑊( _qd chbtsr ne 𝐷- Lnqdnudq)
𝑤(𝛿}𝐷 (𝑈 ∩𝑊(( )𝑤(𝛿}𝐷 (𝑈 ∪𝑊(( = 𝑤(𝛿}𝐷 (𝑈(( )𝑤(𝛿}𝐷 (𝑊(( } 0 = 𝜏 } 0- Hs enkknvr sg_s
𝑤(𝛿}𝐷 (𝑈 ∩𝑊(( ≤ 𝜏 } 0 _mc 𝑤(𝛿}𝐷 (𝑈 ∪𝑊(( ≤ 𝜏 } 0- Mnshbd sg_s dhsgdq 𝑈 ∩𝑊 � �
nq 𝑈 ∪𝑊 � 𝑉 - Nsgdqvhrd) 𝑒 hr _ aqhcfd ne 𝐷) bnmsq_chbshmf 𝜏 ≥ 1- Sgdqdenqd) dhsgdq
𝛿}𝐷 (𝑈 ∩𝑊( nq 𝛿}𝐷 (𝑈 ∪𝑊( uhnk_sdr sgd _rrtloshnm sg_s sgd rhyd ne _ lhmhltl chbts hr
𝜏) _ bnmsq_chbshnm- 

Opnne ne Sgdnpdl 8- Vd lnchex sgd oqnne ne Sgdnqdl 0/ sn oqnud Sgdnqdl 8- Vd ’qrs
oqnud sgd –he“ chqdbshnm- Kds 𝐷 = (𝑉, 𝐴( ad _ chfq_og vhsg vdhfgsr 𝑤 ∈ ]�, 0|𝐴 _mc
lhmhltl chbts 𝜏 ≥ 1- Vd b_m _rrtld sgdqd hr mn _qb 𝑒 ∈ 𝐴 vhsg vdhfgs 0 rtbg sg_s
sgdqd dwhrsr _ bts 𝛿𝐷 (𝑈( rtbg sg_s 𝛿)𝐷 (𝑈( = ]𝑒| _mc 𝑤(𝛿}𝐷 (𝑈(( = �- Enq nsgdqvhrd) ax
Kdll_ 1) 𝑒 hr mns bnms_hmdc hm _mx lhmhltl chbts) vghbg ld_mr vd b_m rds sgd vdhfgs
ne 𝑒 sn ad � vhsgnts cdbqd_rhmf sgd rhyd ne _ lhmhltl chbts- :mx o_bjhmf ne 𝜏 chinhmr
hm sgd mdv fq_og vhkk ad _ u_khc o_bjhmf ne 𝜏 chinhmr ne sgd nkc fq_og-
Kds 𝐺 ad sgd tmcdqkxhmf tmchqdbsdc fq_og ne 𝐷 _mc �⃗� = (𝑉, 𝐸) ∪ 𝐸}( ad cd’mdc

_r adenqd rtbg sg_s 𝐸) = 𝐴 _mc 𝐸} = 𝐴}0- Cd’md 𝑥 ∈ R𝐸)∪𝐸} _r enkknvr- Enq vdhfgs 0
_qbr 𝑒) ∈ 𝐴) vd cd’md 𝑥𝑒) = 𝜏 } 0 _mc 𝑥𝑒} = 0 _r adenqd- Enq sgd vdhfgs � _qbr 𝑒) ∈ 𝐴)
vd cd’md 𝑥𝑒) = 𝜏 _mc 𝑥𝑒} = �- Sn _qftd sg_s 𝑥(𝛿)

�⃗�
(𝑈(( ≥ 𝜏 enq dudqx 𝑈 � 𝑉,𝑈 � �) he

𝛿}𝐷 (𝑈( hr _ chbts hs enkknvr hm sgd r_ld v_x _r hm sgd oqnne ne Sgdnqdl 0/- Sgdqdenqd)
vhsgnts knrr ne fdmdq_khsx) vd _rrtld sgdqd dwhrsr _s kd_rs nmd _qb 𝑒) ∈ 𝐸) hm 𝛿)𝐷 (𝑈(-
He sgdqd dwhrsr rtbg _m _qb vhsg 𝑤(𝑒)( = �) sgdm 𝑥(𝛿)

�⃗�
(𝑈(( ≥ 𝑥𝑒) ≥ 𝜏- Nsgdqvhrd) _kk

sgd _qbr hm 𝛿)𝐷 (𝑈( g_ud vdhfgs 0- He sgdqd dwhrs _s kd_rs 1 _qbr ne vdhfgs 0 hm 𝛿𝐷 (𝑈() vd
enkknv sgd r_ld _qftldms _r hm sgd d_qkhdq oqnne- Sgd nmkx b_rd kdes hr vgdm 𝛿)𝐷 (𝑈( hr _
rhmfkd _qb ne vdhfgs 0 _mc _kk sgd _qb hm 𝛿}𝐷 (𝑈( g_r vdhfgs �) vghbg g_r addm dwbktcdc
hm sgd adfhmmhmf- Sgdqdenqd) vd g_ud oqnudc 𝑥(𝛿)

�⃗�
(𝑈(( ≥ 𝜏 enq dudqx 𝑈 � 𝑉,𝑈 � �)

vghbg hlokhdr 𝑥 ∈ 𝑃�
� - Ax sgd _rrtloshnm) 𝑥 =

�
𝑖=0 𝜒𝑂𝑖 vgdqd d_bg 𝑂𝑖 hr _ rsqnmfkx

bnmmdbsdc nqhdms_shnm- Vd cd’md sgd chinhmr hm sgd r_ld v_x _r sgd nsgdq oqnne- Mnsd
sg_s sgd chinhmr _qd chrinhms _mc mdudq trd vdhfgs � _qbr- Sgdqdenqd) vd ’mc 𝜏 chinhmr sg_s
enql _ u_khc o_bjhmf ne fq_og 𝐷 vhsg vdhfgs 𝑤-
Mdws) vd oqnud sgd –nmkx he“ chqdbshnm- Fhudm _m tmchqdbsdc fq_og 𝐺 = (𝑉, 𝐸() sgd

bnqqdronmchmf �⃗� = (𝑉, 𝐸)∪𝐸}() _mc _m hmsdfq_k 𝑥 ∈ 𝑃�
� ) vd bnmrsqtbs vdhfgsdc chfq_og
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𝐷 _r enkknvr- Enq _m dcfd 𝑒 = (𝑢, 𝑣( rtbg sg_s 𝑥𝑒) , 𝑥𝑒} ≥ 0) vd bnmrsqtbs mncd 𝑤𝑒 _mc
_qbr 𝑢𝑤𝑒) 𝑣𝑤𝑒 hm sgd r_ld v_x _r hm sgd oqnne ne Sgdnqdl 0/- Enq _m dcfd 𝑒) = (𝑢, 𝑣(
rtbg sg_s 𝑥𝑒) = 𝜏) 𝑥𝑒} = �) vd _cc mncd 𝑤𝑒) _cc 𝜏 _qbr ne vdhfgs 0 eqnl 𝑢 sn 𝑤𝑒 _mc
_cc _ vdhfgs � _qb eqnl 𝑣 sn 𝑤𝑒- Rhlhk_qkx) enq 𝑒) = (𝑢, 𝑣( vhsg 𝑥𝑒) = �) 𝑥𝑒} = 𝜏) vd
_cc mncd 𝑤𝑒) _cc _ vdhfgs � _qb eqnl 𝑢 sn 𝑤𝑒 _mc 𝜏 _qbr ne vdhfgs 0 eqnl 𝑣 sn 𝑤𝑒- Sgd
r_ld _qftldms _ookhdr sn rdd sgd lhmhltl chbts rhyd ne 𝐷 hr 𝜏- Ax Dclnmcr,Fhkdr”
bnmidbstqd) vd b_m ’mc 𝜏 chrinhms chinhmr hm sgd vdhfgsdc chfq_og 𝐷- :r adenqd) vd b_m
’mc 𝜏 rsqnmfkx bnmmdbsdc nqhdms_shnmr _bbnqchmfkx sg_s rtl to sn 𝑥- 

3 Anmbktrhnmr Zmc Chrbtrrhnmr

Vd rgnvdc sg_s dudqx chfq_og vhsg lhmhltl chbts rhyd 𝜏 b_m o_bj
�
�
4


chinhmr) nq

�𝑝
1𝑝)0


chinhmr vgdm sgd chfq_og hr 3𝑝,dcfd,bnmmdbsdc- Sgd dwhrsdmbd ne mnvgdqd,

ydqn bhqbtk_q �,finv enq _ rl_kkdq � (. 3( vgdm rodbh_k rsqtbstqdr _qd hlonrdc nm sgd
tmcdqkxhmf tmchqdbsdc fq_ogr vntkc kd_c sn _ adssdq q_shn) h-d-)

�
�
𝑘


) _ooqnwhl_sd o_bjhmf

ne chinhmr enq sgnrd chfq_ogr- Sgd khlhs_shnm ne sghr _ooqn_bg hr sg_s vd b_mmns gnod sg_s
mnvgdqd,ydqn 1,finvr _kv_xr dwhrs adb_trd sghr hr dpthu_kdms sn sgd fq_og adhmf Dtkdqh_m-
Sgtr) aqhmfhmf sgd mtladq to sn

�
�
1


chrinhms chinhmr vntkc ad bg_kkdmfhmf trhmf sghr

_ooqn_bg- Gnvdudq) hs hr mdbdrr_qx enqVnnc_kk”r bnmidbstqd sn ad sqtd sg_s dudqx chfq_og
vhsg lhmhltl chbts rhyd 𝜏 bnms_hmr svn chrinhms

�
�
1


,chinhmr- Sgdqdenqd) mdv hcd_r _qd

mddcdc sn oqnud nq chroqnud vgdsgdq rtbg _ cdbnlonrhshnm dwhrsr-
Sgd b_qdetk qd_cdq l_x g_ud mnshbdc sg_s sgd _ooqn_bg nmkx vnqjr enq sgd tmvdhfgsdc

b_rd- Wds) ax _ rkhfgs lnch’b_shnm ne sgd _qftldms) hs dwsdmcr sn sgd vdhfgsdc b_rd vgdm
sgd tmcdqkxhmf tmchqdbsdc fq_og ne sgd vdhfgs,0 _qbr hr 1,dcfd,bnmmdbsdc- Hm sghr b_rd)
vd b_m ’mc _ mnvgdqd,ydqn �,finv nm sgd vdhfgs,0 _qbr _mc bnmrsqtbs sgd cdbnlonrhshnm
ne vdhfgs,0 _qbr sgd r_ld v_x _r hm Sgdnqdl 5- Gnvdudq) tmenqstm_sdkx) hm fdmdq_k) sgd
tmcdqkxhmf fq_og ne vdhfgs,0 _qbr l_x g_ud aqhcfdr nq ad chrbnmmdbsdc) hm vghbg b_rd
sgd _anud _qftldms cndr mns vnqj- Rstcxhmf _ oqnodq _m_knftd ne mnvgdqd,ydqn finvr
hm lhwdc fq_ogr bntkc ad gdkoetk hm qdrnkuhmf sgd ptdrshnm hm vdhfgsdc chfq_ogr-

:bjmnvkdcfdldmsr- Sgd ’qrs _tsgnq hr rtoonqsdc ax sgd T-R- N�bd ne M_u_k Qdrd_qbg tmcdq
_v_qc mtladq M///03,11,0,1417) sgd rdbnmc _tsgnq hr rtoonqsdc ax _ A_k_r Og-C- Edkknvrgho
eqnl sgd Sdoodq Rbgnnk) B_qmdfhd Ldkknm Tmhudqrhsx _mc sgd sghqc _tsgnq hr rtoonqsdc ax sgd T-R-
N�bd ne M_u_k Qdrd_qbg tmcdq _v_qc mtladq M///03,10,0,1132 _mc sgd :hq Enqbd N�bd ne
Rbhdmsh’b Qdrd_qbg tmcdq _v_qc mtladq E:844/,1/,0,//7/- Vd sg_mj :gl_c :ach) Nkg_ Rhkhm_
_mc Lhbg_dk Yk_shm enq hmu_kt_akd chrbtrrhnmr) _mc sgd qdedqddr enq sgdhq cds_hkdc rtffdrshnmr-

Pdedpdmbdr

0- :ach) :-) Bnqmtáinkr) F-) Y_ladkkh) F-9 :qb bnmmdbshuhsx _mc rtalnctk_q finvr hm chfq_ogr
(1/12(- gssor9..vvv-_mcqdv-blt-dct.trdq.fb/u.vdaota.bnmmdbsdcfiho-oce

1- :ach) :-) Bnqmtáinkr) F-) Yk_shm) L-9 Nm o_bjhmf chinhmr hm chfq_ogr _mc vdhfgsdc chfq_ogr-
RH:L I- Chrbqds- L_sg- 26(3() 1306~1350 (1/12(

2- A_mf,Idmrdm) I-) Jqhdrdkk) L-9 Chrinhms rta (ch( fq_ogr hm chfq_ogr- Dkdbsqnm- Mnsdr Chrbqdsd
L_sg- 23) 068~072 (1//8(
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3- A_mf,Idmrdm) I-) Wdn) :-9 Cdbnlonrhmf j,_qb,rsqnmf sntqm_ldmsr hmsn rsqnmf ro_mmhmf rta,
chfq_ogr- Bnlahm_snqhb_ 13) 220~238 (1//3(

4- Bgtcmnurjx) L-) Dcv_qcr) J-) Jhl) Q-) Rbnss) :-) Rdxlntq) O-9 Chrinhms chinhmr- I- Bnlahm-
Sgdnqx Rdq- A 01.) 07~24 (1/05(

5- Cdunr) L-9 Vnnc_kk”r bnmidbstqd- gsso9..vvv-nodmoqnakdlf_qcdm-nqf.no.vnnc_kkr]
bnmidbstqd

6- Dclnmcr) I-9 Dcfd,chrinhms aq_mbghmfr- Bnlahm- :kfnqhsglr 80~85 (0862(
7- Dclnmcr) I-) Fhkdr) Q-9 :lhm,l_w qdk_shnm enq rtalnctk_q etmbshnmr nm fq_ogr- :mm-Chrbqdsd
L_sg- 0) 074~1/3 (0866(

8- Fnccxm) K-:-9 Rnld nodm oqnakdlr H khjd- gssor9..vvv-ret-b_.zfnccxm.Oqnakdlr.oqnakdlr-
gslk

0/- Fnccxm) K-:-) S_qrh) L-) Yg_mf) B-,P-9 Nm (j) c(,bnknqhmfr _mc eq_bshnm_k mnvgdqd,ydqn
finvr- I- Fq_og Sgdnqx 17(2() 044~050 (0887(

00- I_dfdq) E-9Nm mnvgdqd,ydqn finvr hmltkshfq_ogr- Hm9 Oqnbddchmfr) EhesgAqhshrgBnlahm_snqh_k
Bnmedqdmbd) :adqcddm) oo- 262~267 (0864(

01- I_dfdq) E-9 Eknvr _mc fdmdq_khydc bnknqhmf sgdnqdlr hm fq_ogr- I- Bnlahm- Sgdnqx Rdq- A
15(1() 1/4~105 (0868(

02- I_dfdq) E-9 Nm bhqbtk_q finvr hm fq_ogr- Hm9 Ehmhsd _mc Hm’mhsd Rdsr) oo- 280~3/1- Dkrduhdq
(0873(

03- I_dfdq) E-9 Mnvgdqd,ydqn finv oqnakdlr- Rdk- Sno- Fq_og Sgdnqx 2) 60~84 (0877(
04- Jhqflkx) S-9 : qdrtks nm bqnrrhmf e_lhkhdr ne ncc rdsr (1//6(- gssor9..dfqdr-dksd-gt.sq.dfqdr,/6,

0/-oce
05- Knuflry) K-9 Bnlahm_snqh_k Oqnakdlr _mc Dwdqbhrdr) unk- 250- :ldqhb_mL_sgdl_shb_k Rnbhdsx

(1//6(
06- Knuflry) K-L-) Sgnl_rrdm) B-) Vt) W-) Yg_mf) B-,P-9 Mnvgdqd,ydqn 2,finvr _mc lnctkn

j,nqhdms_shnmr- I- Bnlahm- Sgdnqx Rdq- A 0.2(4() 476~487 (1/02(
07- Láryflqnr) :-9 : mnsd nm chrinhms chinhmr- Bnlahm_snqhb_ 27(5() 0374~0377 (1/07(
08- Rbgqhiudq) :-9 Nardqu_shnmr nm Vnnc_kk”r bnmidbstqd- gssor9..gnldo_fdr-bvh-mk.zkdw.’kdr.

vnnc_kk-oce
1/- Rbgqhiudq) :-9 : bntmsdqdw_lokd sn _ bnmidbstqd ne Dclnmcr _mc Fhkdr- Chrbqds- L_sg- 21)

102~103 (087/(
10- Rbgqhiudq) :-9 Sns_k ct_k hmsdfq_khsx eqnl chqdbsdc fq_ogr) bqnrrhmf e_lhkhdr) _mc rta,_mc

rtodqlnctk_q etmbshnmr- Hm9 Oqnfqdrr hm Bnlahm_snqh_k Noshlhy_shnm) oo- 204~250- Dkrduhdq
(0873(

11- Rdxlntq) O-C-9 Mnvgdqd,ydqn 5,finvr- I- Bnlahm- Sgdnqx Rdq- A 2.(1() 02/~024 (0870(
12- Rgdogdqc) A-) Udss_) :-9 Uhrt_khyhmf) ’mchmf _mc o_bjhmf chinhmr- Fq_og Sgdnqx Bnlahm-

Noshl- 108~143 (1//4(
13- Sgnl_rrdm) B-9 Sgd vd_j 2,finv bnmidbstqd _mc sgd vd_j bhqbtk_q finv bnmidbstqd- I- Bnlahm-

Sgdnqx Rdq- A 0.1(1() 410~418 (1/01(
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