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Abstract

Simple and coarse ratings are ubiquitous on many online platforms and within rating
agencies. In this paper, we address the practical challenge faced by these intermediaries:
how should these ratings be designed to maximize payoffs while considering various mar-
ket conditions? And how do these simple ratings perform? We first propose a method to
determine nearly optimal thresholds with minimal data requirements. Then, we provide the-
oretical and numerical evidence demonstrating that the value loss from using these simple
ratings is small and diminishes significantly as the number of ratings increases. An applica-
tion to two markets (eBay sellers and Medicare Advantage providers) is provided to illustrate
our findings.
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1 Introduction

Simple ratings, which categorize sellers into a limited number of tiers, are ubiquitous across
trading platforms and rating agencies. For instance, California’s Department of Public Health
classifies restaurants into three categories (A, B, and C), Michelin employs its traditional 3-star
rating system, eBay categorizes sellers into badged and non-badged sellers, AirBnB provides a
superhost badge to top-quality hosts, and most certification agencies also categorize the respec-
tive populations into certified and non-certified groups.! The design of these ever more popular
simple rating systems raises two fundamental questions: first, what criteria should be employed
to optimally design these ratings , and second, to what extent are market designers foregoing
potential value by opting for simple ratings instead of more sophisticated ones?

To address these questions, we investigate the optimal design and performance of rating sys-
tems when the market designer is constrained to use a small number of ratings. To address the
first question, we show that the optimal mechanism is given by threshold partitionsgive the nec-
essary conditions for the thresholds and provide an algorithm for to calculate them.In the special
case, when there are only two tiers, our results show how stringent the standards for certifica-
tion should be, and how they vary with market characteristics, such as the distribution of firm
quality and the elasticity of firm supply.” To address the second question, we theoretically and
numerically analyze the welfare loss from using a coarse rating system instead of the optimal
mechanism without constraints.

Our baseline model considers a competitive market with a large set of buyers and sellers,
though our most important results apply equally to the canonical model of Cournot competition
with constant marginal cost. Sellers are endowed with different levels of quality, which is the

only source of product differentiation in our model.> Our analysis focuses on two main sources

'For example, the website ecolabelindex.com currently lists 456 certifiers for food and consumer products across
199 countries and 25 industry sectors. To the best of our knowledge, they all use these simple mechanisms, mostly
certifying only a subset of the firms in the sector that meet some minimum requirements. Accessed September, 2023.

2For example, Hui et al. (2023) study the effects of increasing the requirements to become a badged seller on eBay
and find that this leads to a higher market share of high-quality sellers while decreasing the sales of sellers in the
medium range of quality.

$Moral hazard is a critical consideration in some markets, while adverse selection might play a more critical role



of market heterogeneity: the distribution of seller qualities and the responsiveness of sellers’
supply to prices. Intuitively, the heterogeneity and skewness of seller quality affect the spread of
prices across ratings, while the responsiveness of supply determines the resulting reallocation of
output across these categories.

A particular design challenge faced by certifiers is how strict and how selective should the
standards for certification be, and how does their choice depend on the distribution of quality
and market characteristics. In answering these questions, we derive a necessary condition for
defining optimal thresholds that correspond to an intuitive criterion. Consider a marginal seller
with quality at the threshold between two adjacent intervals. Pooling this seller with those in the
upper interval distorts its output upwards, while pooling with those in the lower interval results
in a downward distortion. The threshold is optimal when the cost of these two distortions is the
same. In other words, the benefit of the increased output by pooling the seller with the upper
group instead of the lower one, should equate the extra cost of production. This intuitive criterion
provides good guidance in the design of ratings, as pooling is more costly in areas where there
is more quality dispersion or where supply is more responsive to prices. Congruently, we find
that an increase in right (resp., left) skewness reduces (resp., increases) the share of producers
with high ratings and increases (resp., decreases) the share of those with lower ratings. Similar
considerations apply to the degree of convexity of the supply function.

While the necessary condition provides an intuitive criteria, solving for the optimal thresh-
olds requires specifying the structure of demand and supply in the market and repeated com-
putations of equilibrium values. As a first approximation, we provide a very simple heuristic to
determine thresholds, which involves only information regarding the distribution of qualities,
and corresponds to the solution of a standard clustering problem.* These thresholds are exact for

two canonical cases: competitive equilibrium with a linear supply and the Cournot competition

in others, as suggested by Hui et al. (2018) in an empirical study using eBay data. Optimal rating design with moral
hazard and adverse selection is considered in Saeedi and Shourideh (2022) in a simplified market environment. Shi
et al. (2020) and Vatter (2021) also study optimal information disclosure in a model that includes moral hazard.

“This clustering problem can be solved by the k—means algorithm as introduced by MacQueen et al. (1967) and
used extensively in machine learning and statistics.



model with constant marginal cost. Overall, they serve as very good approximations in a more
general conditions.

Regarding the performance of ratings, we show that a one-threshold partition closes at least
half of the surplus gap between the no-information case and full-information case for quality
distributions that follow some general conditions, such as log-concave density. In our numerical
computations, we find that this partition closes from 46% to nearly 77% of the gap, depending
on the underlying distribution of qualities. This loss due to coarse ratings diminishes rapidly as
the number of thresholds increases, implying that a simple and cost-effective system with a few
tiers can achieve a large part of the full-information disclosure value. Our numerical results also
show that these simple heuristic thresholds provide remarkably good performance even when
the supply function is not linear, with the exception of cases where supply is very elastic and
the distribution of sellers’ quality features long tails. In those cases it becomes optimal to certify
a very small share of sellers and uncertified sellers’ market share is driven to zero.To further
demonstrate our methods, we calculate optimal certification thresholds based on data from two
markets: eBay sellers and Medicare Advantage providers.

In summary, these findings indicate that limiting the market designer to employ a limited
number of ratings does not result in significant welfare loss. Additionally, given the intricacies
involved in designing and deciphering more complex information systems, our results justify the
widespread use of simple rating systems. Concerning the practical aspect of rating design, the
strong overall performance and modest data prerequisites of our linear thresholds offer a good

approximation to the optimal thresholds or, at the very least, serve as an excellent starting point.

Related Literature This paper uses the canonical model we developed in Hopenhayn and
Saeedi (2023), where we study optimal information disclosure in a theoretical framework. In
this paper, we use this model to answer a verydifferent question, motivated by the wide use of
simple ratings. While our previous paper provides broad qualitative results (e.g. the optimality

of interval ratings), this one goes much further, giving a detailed characterization for the design



of optimal ratings with a finite partition. We provide an algorithm that solves for the optimal
thresholds in the case of linear supply or Cournot and a gives good approximation more generally
and illustrate our results in two applied settings. Here, we want to find the value loss that arises as
aresult of coarse rating instead of using the optimal unconstrained ratings that is usually the aim
of theoretical papers, such as our own previous work and many others. A lot of empirical work
on ratings point to the use of coarse ratings in practice, Vatter (2021), Saeedi (2019), Elfenbein
et al. (2015), Fan et al. (2013), and Jin and Leslie (2003).” Other empirical papers analyze the
effects of changes in marketplace feedback mechanisms on price and quality (e.g., Hui et al. (2016),
Filippas et al. (2018), and Nosko and Tadelis (2015)); Hui et al. (2020) study the benefit of adding a
second tier to the reputation mechanism to mitigate the cold-start problem and to promote entry.
Even though the coarse ratings are very commonplace in practice and have been studied very
extensively in empirical studies, they are not the outcome of most canonical theory papers.

In our study, we show that the losses due to coarse ratings can be low and as a result, they
might be justified because of the simplicity they provide over a more complex mechanism. Our
results parallel the results of the coarse matching literature. Wilson (1989) shows that losses
relative to the full-information case are of order 1/n? for a partition with n classes. This finding
is consistent with our computed bounds in Section 4. Our theoretical bound on the gains from a
two-tier certification is also related to the bounds found by the coarse matching literature, such
as in McAfee (2002), Hoppe et al. (2011), and Shao (2016).

Section 2 describes the model. In Section 3, we find the conditions for the design of optimal
simple ratings, and in Section 4, we study the performance of these simple ratings relative to
unconstrained optimal information disclosure. Section 5 concludes the paper. Proofs are relegated

to the appendix unless otherwise specified.

Dranove and Jin (2010) provide an excellent survey of the earlier papers on certification.



2 The Model

There is a unit mass of sellers with qualities z distributed according to a continuous cumulative
distribution function (cdf) F' (z) on the real numbers. Production technology is the same for
all sellers and is given by a differentiable, strictly increasing, and strictly convex cost function of
quantity ¢ (q) and, correspondingly, a strictly increasing twice continuously differentiable supply
function S (p). On the demand side, there is mass M of consumers who face a discrete choice
problem, with preferences

U(Z707p) :Z+0_p7

where z is the quality of the good purchased, ¢ is a taste parameter measuring the preference for
goods offered in this market vis-a-vis an outside option, and p is the price of the good. The taste
parameter 6 > 0 is distributed according to a continuous and strictly increasing cdf ¥ (), while
the outside good’s utility (no purchase) is normalized to zero. Goods are differentiated only by
their quality level, which is equally valued by all consumers. Given the linearity of the utility
function in z, we can replace a good of quality z with a good of expected quality z and the utility
of the consumer stays the same. Throughout the paper, we use 2 interchangeably as the quality
or expected quality of a good.®

We assume the following timing: (a) information about seller qualities is provided by the
planner, (b) based on this information, consumers form posteriors about each seller’s expected
quality; (c) given these posteriors, perfectly competitive equilibrium prices are determined as a
function of expected quality, considering the supply response of each seller to the corresponding
price.” We interpret F’ (z) as the distribution of sellers’ quality which is observed by the planner.®
We assume all market participants have the same posterior information about the expected qual-

ities of sellers after receiving any set of signals from the planner, represented by the distribution

%We used this canonical model in a previous paper, Hopenhayn and Saeedi (2023), to answer another question,
what is the optimal solution to the optimal rating without considering the practical problem of simple ratings.

"While throughout the paper we use the assumption of perfect competition among sellers, our main character-
ization of an optimal simple rating holds unchanged in the canonical case of Cournot equilibrium with constant
marginal cost, as shown in Section 3.3.

8Without loss of generality this can a be a garbling of this distribution.



function G (z).” In particular, in a finite rating system, GG will have a discrete distribution with
point masses at the conditional mean qualities associated with each rating. We say that a seller
has expected quality z if conditional on all signals received, that is the quality expected by all
consumers.'’

Given expected quality z, equilibrium prices arbitrage away the differences in expected qual-
ity, taking the form p (2) = p(0) + z, where p(0) corresponds to the demand price of a hy-
pothetical good of quality zero. This expression for prices guarantees that consumers are in-
different between goods with different signal realizations with any positive sales, which is a
necessary condition for an equilibrium. The baseline price p (0) determines the extent of the
market, where the marginal consumer’s 6 is found by setting U (0,60,p (0)) = 0, or simply
6 (p(0)) = p(0). All consumers with § > p(0) will make their unit purchase, so aggregate
demand is @ = M (1 — ¥ (p(0))). Inverting this function, we can define an inverse baseline

demand function,

P(Q) =" (1-Q/M) = p(0). (1)

On the supply side, each seller with expected quality z chooses its output, ¢ = S (p(2)), so

aggregate supply Q = [ S (p(2)) dG (2).

Definition. An (interior) equilibrium, given the distribution of expected qualities G (z), is given

by prices p (2) = P (Q) + z, where total quantity

Q:/S<P<@>+z>dG<z>. )

°This representation of the information structure is consistent with the approach followed in Ganuza and Penalva
(2010) and Gentzkow and Kamenica (2016). Given a common prior F'(zy) over seller qualities and a signal structure
7, we can let G (z) be the distribution of the expected posterior of seller quality. Any information structure can thus
be represented as a garbling of F' (z) ,which corresponds to the finest level of information available to the planner.

107f the planner gives all the information to buyers, then expected quality z will be equal to the actual quality of
the seller, but when there is some pooling, this expected quality will be a function of other sellers that are pooled
with the target seller. For example, a simple certification rating divides sellers into two groups, those certified and
those not certified. As a result, there will be two different levels of expected quality and equilibrium prices, one for
each group, with possibly many different levels of heterogeneity in quality within each group that are unobserved
by buyers.



It is immediate to see that this last equation gives a necessary and sufficient condition for an
equilibrium. Moreover, if P (Q) is strictly decreasing and continuous, for any distribution G
there will be a unique equilibrium value ()* and under some regularity conditions, it will be

interior.

Using the following assumption, Hopenhayn and Saeedi (2023) prove that a unique interior

equilibrium exists.

Assumption 1. There exists 0 in the support of ¥ such that
M > /S(5+z> dG (2)

for all distributions G such that I is a mean-preserving spread of G. In addition, [ S (p (0) + z) dG (z) >

0 for the same class of distributions.

The first assumption rules out the possibility that all consumers make purchases in this mar-
ket; in other words, we assume that the consumers are on the long side of the market."" The
second assumption rules out no output as an equilibrium. Although a corner equilibrium, if it

exists, is also unique, we rule this out as a matter of convenience.

2.1 Optimal Ratings

In order to define optimal ratings, we first derive expressions for consumer and producer surplus.
Consider a consumer of type 6 who buys a good of expected quality z and therefore receives
utility 6 + z — p (2) . Given the equilibrium price p (z) = P (Q) + z, the consumer’s net utility is

0 — P (Q). It follows that total consumer surplus is

Q
M /P B P@)av®) - / (P(x) — P(Q))dr.

11 As explained below, the assumption spans the set of all possible information structures.



where the equality follows from the change of variables x = M (1 — ¥ (#)) and our definition
of P(Q): P(Q) = ¥~ (1 —Q/M). This implies that consumer surplus will move in the same
direction as market size, as given by total quantity (). Producer surplus is defined more simply

as total profits:

Q) = [ 7 (P(@)+2)dG ().

A couple of observations are in order. First, notice that for fixed (), producers benefit from bet-
ter information. This follows from the convexity of the profit function and the fact that better
information is defined by mean preserving spreads. But changes in the information structure
might also affect the equilibrium value of total output (), which is also market size as measured
by the number of consumers served. This equilibrium effect has opposite impacts on consumer
and producer surplus: whereas consumers prefer a larger market, producers prefer a smaller one.
This countervailing effect of total quantity leads to a conflict of interest between consumers and
producers in the design of an optimal rating system.

We take the planner’s objective to be the maximization of total surplus, the unweighted sum
of consumer and producer surplus. For any information structure as given by the posterior dis-

tribution of mean quality (7, total surplus is then given by
Q
15(6) = [7(P@+2)dG () + [ (Pla) - P(@)d
where () is the unique equilibrium output corresponding to GG. This equation simplifies to
Q(G)
s (G) =/ (P (ﬂf))dl”r/(zq (2) = c(q(2))) dG () . (3)

An optimal simple rating is given by the distribution G that maximizes this objective among a

class of distributions defined in the following section.



3 Simple Ratings: Design

In this section, we focus on simple ratings that partition the set of sellers into N groups. We
assume that consumers have no information other than that provided by the certifier.

Following our earlier discussion on information structures, the certifier’s information can be
summarized by a distribution of posterior mean qualities that, in order to avoid further notation,
we denote by F'(z). This is the basis on which the certifier classifies sellers into rating bins. To
simplify the exposition, we refer to the expected value z as the quality of the seller. We assume
F is differentiable on its support with density f (z).

A threshold partition totally orders sellers into N quality intervals. The following lemma

proves that threshold partitions are the best among the set of finite partitions.
Lemma 1. An optimal simple rating is given by a threshold partition.

Given this lemma, the design of an optimal simple rating system reduces to finding the vector
of optimal thresholds, z = (z1....2y_1), that divide sellers into N partitions, {[z0, z1] , [21, 22], ---,[2v_1, 2N] }
where zj and 2 are the lower and upper supports of the distribution of expected qualities given

the planner’s information (—oo or +oco if unbounded), respectively.'

3.1 A Necessary Condition

In this section, we derive a simple and intuitive necessary condition to characterize these optimal
thresholds. Let My = m (251, 2x) ,k = 1,..., N denote the conditional means of sellers” quality
within the interval [z;_1, z;]. Let @ (2z) denote the unique equilibrium total quantity at the op-
timal threshold vector z = (z;....zy_1). The prices for sellers in partition [z;_1, ;] are denoted
by pr = P (Q (2)) + My, and quantities, by ¢ = S (px). From equation (3) it follows that total

surplus for partition z is given by

Q(2) N
W) = / P(@)de+ S [F (5) = F (24-)] Mgy — ¢ (a0)]. @)

2Bergemann and Pesendorfer (2007) find a similar result in the context of optimal information design in auctions.

10



Taking first-order conditions with respect to z;, proves the following necessary condition:

Lemma 2. Let the thresholds z = (21, ..., 2x_1) maximize (3). Then

(P(Q(2) 4+ 2) (@rh+1 —ax) = c(qus1) — c(qr) (5)

for all z,.

Condition (5) has an intuitive interpretation. Consider a marginal seller with quality at the
threshold between two adjacent intervals. For this threshold to be optimal, the planner should
be indifferent between pooling this marginal seller with those in the lower or upper interval.
For this threshold to be optimal, the planner should be indifferent between pooling this marginal
seller with those in the lower or upper interval.; the seller underproduces when pooled to the
lower group and overproduces when pooled to the upper one. The left hand side of (5) shows the
marginal value obtained by increasing the quantity of the marginal seller with quality zj, from g,
to gr+1. The right hand side shows the difference in cost. This condition highlights the relevance
of the supply behavior of sellers, in particular, the curvature of the supply function, as it impacts
both the changes in total output and the production cost.

Figure 1 provides a graphical representation of this necessary condition and its connection
to the supply function. Three cases are considered: a linear supply function, given by the solid
diagonal line, an upper convex supply (concave marginal cost function), and a lower concave
supply (convex marginal cost function).”” The area below the marginal cost function, i.e., supply
function, between ¢, and gy equals the right hand side of (5), whereas the area under the line

P + z;, equals the left hand side of the equation. The difference between these two areas is

/qu (P + 2z, — C'(q)) dg,

dk

which equals zero if and only if condition (5) holds, at the optimal threshold level for z;. In the

linear case, the integrand is positive up to point b (the triangle in blue) and negative thereafter.

13We follow the practice of putting price on the y-axis and quantity on the z-axis.

11



Figure 1: Optimal Pattern

P+ M1 c
Convex supply
P+ z
b
Concave supply
P+ Mk a
dk dk+1

Point P + zj, is such that the regions from a to b (the triangle in blue) and from b to c (the triangle
in red) have the same areas. It is immediate that in the linear case, the corresponding value of
2z = (M1 + My,) /2. Tt also follows easily that for the convex supply case, P + z;, must be
higher so the two corresponding areas will have the same area, whereas the converse holds for

the concave supply case.

Proposition 1. Let the thresholds z = (z1,...,2y_1) maximize (3), and denote by M, =

E (z|zk—1 < z < z) the corresponding conditional means. Then
1. 2z = (Mg + My1) /2 if the supply function S (p) is linear;
2.z, > (My + My1) /2 if the supply function is strictly convex in the interval [M}., Mj.,1]; and
3. zx < (M) + My41) /2 if the supply function is strictly concave in the interval [ M., Mj.1].

A simple characterization for the solution in the linear supply case and conditions for unique-

ness are provided in the following proposition.

Proposition 2. If the supply function is linear, the optimal thresholds z = (z1, ..., zx) are the ones

12



that minimize
N
3 / (2= My dF (2). ©)
k=1 " #k—1

If in addition F' has log-concave density, the solution to this minimization problem is unique.

According to this proposition, the optimal thresholds for the linear supply case are the ones
that minimize the sum of the variance of qualities within partitions. This objective coincides
with the popular £ — means criteria for clustering as introduced by MacQueen et al. (1967), com-
monly used in the machine learning and statistics literature. Therefore, estimating the optimal
thresholds is a trivial task, because many software programs incorporate algorithms to solve this
problem. Additionally, the linear supply function helps us simplify the profit function for the
sellers. For a seller with expected quality z, profits are equal to p (2)* /2 = (P (Q) + 2)* /2.

Therefore, for any distribution GG of observed qualities, total profits are

1

= 5 [(P@+2d6 ()

1

= P Q)+ P(Q)z+ % / 22dG (z). (7)

In addition, when the supply function is linear, the equilibrium condition 2 reduces to

@=a [ P(@+2)d6 () =aP (@) +=

so the equilibrium quantity () does not depend on GG and thus on the partition. Consequently,
maximizing total profits as given in equation (7) is equivalent to maximizing [ 2%dG (z).
Proposition 1 suggests that the thresholds for the linear case can be lower (resp., upper)
bounds for the case of convex (resp., concave) supply. Although this proposition gives the criteria
for local deviations for a single threshold, convex to the right and concave to the left, starting with
those obtained for the linear case, it does not imply an ordering of the whole vector of thresholds.

The following proposition gives the conditions for total ordering.
Proposition 3. Suppose the quality distribution F' (z) has a log-concave density. Let (zlL, - zﬁ,_l)

13



be the optimal thresholds for the linear supply case. The optimal vector of thresholds (21, ..., Zny_1)

for a convex (resp., concave) supply function is pointwise higher (resp., lower) than (zlL, cey zk,_l) .

The formula in equation (6) gives a simple characterization for the optimal thresholds in the
linear supply case that depends only on the distribution of qualities, and, by the previous propo-
sition, provides a lower (resp., upper) bound when the supply function is convex (resp., concave).

This proposition also suggests that the thresholds for the linear case can provide a good ref-
erence point in solving for the optimal thresholds for non-linear supply. In practice, online plat-
forms, such as eBay and Airbnb, often experiment with different certification thresholds. The
thresholds for the linear case are very easy to compute, without the need of knowing market
characteristics aside from the distribution of qualities, and provide a good starting point. More-
over, as seen in Section 4.2, these simple linear thresholds perform remarkably well even when
the supply function is not linear, thus providing a simple heuristic for the calculation of approx-
imately optimal thresholds in general.

There is an additional reason why the solution to the linear case is of interest. As we show in
the following section, this solution coincides with the optimal thresholds under Cournot competi-
tion with constant marginal costs, a workhorse model of imperfect competition. In consequence,
the numerical results and applications we provide in Section 4 for the linear supply case also

apply to Cournot competition.

3.2 Skewness and Optimal Thresholds

The optimal thresholds, as depicted in equation 6, will depend on the distribution of sellers’” qual-
ity (i.e., F' distribution). In this section, we study how skewness in the distribution of qualities
impacts this optimal choice. In particular, we show that in the simple case of a two-tier certi-
fication, the optimal threshold is skewed in the same direction as the distribution of qualities.
Then, we extend this result, providing general comparative statics for the vector of thresholds
with respect to an appropriately defined skewness ordering.

Before proceeding to the analysis, we provide some intuition behind our results. Consider the

14



case of one certification threshold, z*. The following trade-off appears when deciding how strictly
to draw the line separating the upper and lower segments. When putting z* in the upper group,
there is an upward distortion of the supply of the seller at z*, which is a function of the distance
My — z*. This distance also measures the extent to which the seller at z* gains from being pooled
with higher-quality sellers. When putting 2* in the lower group, there is a downward distortion
of the supply of the seller at 2*, which is a function of M}, — z*. This distance also measures the
extent to which the seller at 2* loses from being pooled with lower-quality sellers. Right skewness
(resp., left skewness) of the distribution F' (z) will increase (resp., decrease) the upward distortion
and decrease (resp., increase) the downward distortion, making it optimal to have more restrictive
(resp., less restrictive) certification standards.

The condition given in Proposition 2 for linear supply functions implies

*

z =

5 (M (") + My (), ®)
which can be used to relate this threshold to properties of the distribution. Consider first the case
of a symmetric distribution (i.e., where the median, z,,cg4ian, €quals the mean, Z). Given that any
2 F(2*) My + (1 — F(2%)) My = Zz, setting the threshold z* = Z = z,,c4i0n, Would satisfy the
above condition.

The same reasoning suggests that when F' is skewed, the optimal threshold will also be
skewed relative to the mean in the same direction. This can be easily proved, as follows. Con-
sider the case of a right skewed distribution where Z > z,,c4ian- Let My, (.) and My (.) denote
functions equal to the conditional average of the quality of sellers below and above any value
within the range of qualities, respectively. Furthermore, denote g (z) = 5 (M (2) + My (2)).
Following Proposition 1, the optimal threshold is a fixed point of this function. When z — 2,42
(or as z — oo in the case of unbounded support), g (z) — 3z + 3z < 2, and when z — z;,,(or
1

as z — —oo in the case of unbounded support), g (2) — 5Zmin + %2 > z. For 2 = Zpyedians

g (2) = Z > z. Because the function ¢ (z) is increasing and continuous, the unique fixed point

15



Figure 2: z* When the Mean Is Greater than the Median

2* must be to the right of z,,.4isn and, as a consequence, z* > Zz, as illustrated in Figure 2. The
result for the case of left skewness can be shown similarly. Consistently with these results, the
empirical examples in Section 4.4 have both left-skewed distributions and the optimal thresholds
we found are below the respective means.

Table 1 shows the optimal threshold for a series of distributions, as well as the corresponding
fraction of certified sellers. All distributions in our example are skewed to the right except for
one, so according to our argument, z* > Z > Z,cqi0n and it is optimal to have a smaller share
of sellers certified. This is shown in the fifth column of Table 1. As an example, for the Pareto
distributions only a small fraction should get certified, 5% when the power parameter is 3, and
9% when the power parameter is 4."* For the exponential distribution, only 20% of sellers should
be certified regardless of the hazard rate.

Now, we extend our findings to the case of multiple signals under a stronger skewness order.
This skewness order, the convex (resp., concave) order, was originally proposed by Van Zwet

(1964).

Definition. Distribution £ is more skewed to the right than F if F~! (F (z)) is convex; equiv-

alently, there exists an increasing convex function g (z) such that F' (¢ (z)) = F (z).”®

We can think of this ordering as stretching to the right the quality scale with the transforma-

“When o < 2, the value of 2* is undefined, as total surplus is strictly increasing in 2* in all the support.
5Note that this definition implies that F'~! (F' (z)) = g~! () is concave.
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tion g () . As an example, if F is a uniform distribution in [0, 1] and g (z) = 22, then F' (2?) =

or, equivalently, F (z) = z'/2.

Proposition 4. Suppose the supply function is linear. Let F' be a distribution with log-concave
density and F a distribution such that F (g (2)) = F (z), where g is a strictly convex increasing
function. Let {l},} be the optimal thresholds for ', and {g (z1,)}, the optimal thresholds for F'. Then

2k > i forall k.

This proposition implies that for all k&, F' (g (2;,)) = F (2) > F (Ix), so the percentiles defined
by the two optimal thresholds are ordered. In particular, for a two-tier certification rating, the
share of certified sellers should be lower for distribution F'. An example is given in Table 1 for the
case of power distributions F' (z) = z®. It is easily shown that the distribution with & = 0.5 is
more skewed to the right than the one with a = 2.'° Consistently with the previous proposition,

the share of certified sellers is lower when o« = 0.5.

3.3 Cournot Competition

Up to here we have assumed that sellers are price takers and are in perfect competition. In this
section, we extend our analysis to the case of Cournot competition among sellers with constant
marginal cost, c. Our main result is that the optimal thresholds in this setting coincide with those
derived above for the perfect competition case with linear supply.

There are in total n sellers in the market. Assuming an interior solution, the first-order con-

dition for a seller of quality level z is given by

MR(z) = P (Qq(2)+P(Q)+z=c ©)

16Take g (x) = z*.
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Summing over all sellers gives
P(Q)Q+nP(Q)+nz=nc, (10)

where Z is the average quality of sellers in the market, which is assumed to be exogenous.'’
Equation (10) determines () independently of the distribution of z up to its mean, which is thus

independent of the information structure.'® Furthermore, from equation (9) it follows that

PQ)+z—c
Q(Z):T@,

so it is linear in z, given (). Seller profits are given by

m(z) = [(P(Q)+2)—dq(z)

= —P'(Q)q(z)
(P(Q)+z) — ]
—P'(Q)
(P(Q) =) +2(P(Q) —c)z+ 2
-P(Q) '

Consumer surplus is independent of the information structure, because it depends only on Q).
Thus, maximizing total surplus is equivalent to maximizing total profits. For any information

structure GG (z) , total profits are given by

1

)

(P(Q)—c)2+2(P(Q)—c)Z—i—/z%lG(z)] :

All the terms involving () and Z are independent of the information structure . Thus, total

"The value @ that solves this equation is unique provided marginal revenue is decreasing for the average-sized
seller.

8This is true for an interior equilibrium where no sellers are excluded from production. A sufficient condition is
that P(Q) + z > ¢, where ( is the solution to equation (10). .

18



surplus can be written as

So + a/zsz (2) (11)

for constants Sy and a. Hence surplus maximization is equivalent to maximizing [ z2dG (z), as

in the case of perfect competition with linear supply (see equation 7)."

4 Performance of Simple Ratings

In this section, we seek to answer two questions: How well do simple thresholds perform and
how good an approximation are the thresholds obtained for the linear case more generally. We
first start with the linear supply case where, as shown above, the optimal thresholds are very easy
to solve for. In section 4.1, we show that, under some regularity assumptions, a two-tier partition
(i.e., certifying a subset of sellers) achieves at least half of the maximum possible welfare gain from
an unrestricted information design. Section 4.2, provides numerical calculations for a broad set of
distribution functions, and shows that, the gap between the maximum possible welfare gains from
full information and those obtained with simple ratings rapidly shrink as the number of ratings
increases. Section 4.3, shows that the optimal thresholds for the linear supply provide a good
approximation to the optimal thresholds for a wide range of supply functions and distribution
of sellers’ quality. To illustrate our findings, Section 4.4 solves the optimal thresholds for two
empirically relevant distributions of quality, corresponding to Medicare Advantage insurers and
eBay sellers, respectively.

Total surplus is maximized with full information, as shown in Hopenhayn and Saeedi (2023).
Our measure of performance of a simple rating system is the fraction of the gap between the full-
information and no-information cases that is closed with this rating system. Given that in the
case of linear supply, or Cournot equilibrium, total quantity and consumer surplus are invariant
to the information structure, our performance measure coincides with the fraction of the gap in

producer surplus that is covered by the simple rating, using equation 7. Under full information,

YHere we have considered quantity competition. For a model of price competition with partially informed con-
sumers, see Moscarini and Ottaviani (2001).
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total profits are 5 P Q¥+ P(Q)z+ + [ 2%dF (z). Therefore, the surplus gap with respect to the

ATT = % ( / 24P (2) — / 246 (z))

for any distribution of a rating system, G, that is a garbling of F.?° In particular, the maximum

full-information case is

surplus gap 12between the full-information and no-information cases is

All = % (/ 22dF (2) — 22) . (12)

For a threshold partition (z1, ..., 2x_1) , G has N mass points at the conditional means M, ..., My;

therefore, we can write the surplus gap as

All =

N | —
Mz

22— M?) dF (z) (13)
k

/.
/.1

|
N | —
Mz

Z—Mk }dF()

e
Il

1

This equation corresponds to the loss function used in k — means clustering, given that at the
optimal thresholds, as defined earlier, the expected values My, are precisely the centroids of the
corresponding intervals [zj_1, 2] . We are interested in seeing how much of the possible total
surplus gain from information, as expressed in equation 12, is captured by 13, or, simply, the

following ratio:

_A-an o X fy (- My R ()
T All B [ 22dF (z) — 22
Sy (F (z1) — F (z21)) (My — 2)°

J(z=2)"dF (2) ’

which is the ratio of the variance between the conditional mean qualities and total variance.

Intuitively, this bound is a measure of the relative importance of the variance between the means

2The total quantity stays the same given the assumption of linear supply.
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of the partitions, separated by their ratings, and the variance that remains in each pool. This
connection to variance decomposition is used below to derive a theoretical bound on ratings’

performance.

4.1 Theoretical Bounds

The simplest coarse rating scheme is a two-tier certification, widely used in many settings. The
next proposition provides a useful bound for the gains from certification that builds on the vari-
ance decomposition described earlier. The corollary that follows gives sufficient conditions so

that a two-tier rating achieves at least half of the surplus of the full-information case.
Proposition 5. The relative performance of a two-tier setting satisfies

1
>
7= T max {cv?, cv3}’

where cv; is the coefficient of variation of z — Z conditional on z < Z, and cvs is the coefficient of

variation of z — z conditional on z > Z, where Z is the mean of sellers’ qualities.

Corollary 1. Suppose that the distribution F' has an increasing hazard rate and a decreasing reverse

hazard rate. Then a two-tier rating achieves at least half of the surplus of the full-information case.

Proof. From a well-known result from Stoyan and Daley (1983) (pp. 16—19), the conditions of
this corollary imply that cv; < 1 and cvs < 1. Using the bound in Proposition 5 completes the

proof. [

The conditions given in the corollary are satisfied by a large class of distributions that include
all those with log-concave densities, such as uniform, normal, exponential and double exponen-
tial, logistic, extreme value, and many others with some restriction on parameters (e.g., power
function F'(z) = z¢ for ¢ > 1.) Related bounds for two-sided matching problems can be found
in McAfee (2002); Hoppe et al. (2011); Shao (2016). The results of Wilson (1989) imply that the

losses from N —ratings are of order 1/N?2.
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This proposition in addition to the corollary has an important practical implication, for a wide
range of distributions, certification can achieve at least half of total possible surplus. Proposition
5 suggests that even using just median as the certification threshold can be enough to reach
this level. Next section we numerically show that these losses decrease rapidly as the number of
signals increase. In Section 4.3 we show that even though our result here is for linear supply case,
or counot with fixed marginal cost, using the same thresholds for non-linear supply achieves a

signifanct share of surplus.

4.2 Numerical Results

We now examine the numerical results for a variety of distribution functions often used in the
economics literature. Table 1 reports the share of the total surplus gap that is closed with par-
titions of different sizes n. As can be seen from the calculations, a one-threshold (certification)
partition closes from near 50% to almost 80% of the total surplus gap, depending on the underly-
ing distribution of qualities. The only case where one threshold cannot reach 50% of the benefits
is the Pareto distribution, which does not satisfy the conditions stated in 1. The gains are di-
minishing as the number of thresholds increases. Even though total surplus increases with the
number of tiers, our numerical results suggest that most gains are attained with a small number
of ratings.

The numerical results and the previous theoretical bounds suggest that in practice we may not
need very complicated mechanisms to attain most of the benefits from information provision. In
this paper, we do not explicitly model any cost related to providing information; but in practice,
providing information may involve various costs for both the market designer and consumers.
First, we have assumed that the market designer has costless access to information on the quality
of sellers; however, in practice, getting precise information may increase the market designer’s
cost of designing the rating system. Secondly, it might be costly for the market designer to con-
vey finer information to consumers and for them to process this information. Therefore, these

costs and the small benefits from more complex information mechanisms might justify the coarse
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Table 1: Optimal Thresholds

Distribution Case Mean/Median | z* | Certified 7% Surplus Gap Closed
n =2 ‘ n=3 ‘ n=>5 ‘ n =10

Pareto o= 1.19 2.73 5 46 68 84 94
o= 1.12 1.84 9 54 74 89 97
Exponential all 1.45 20 65 82 93 98
F(z)=2* | a=05 1.32 0.41 36 77 90 97 99
z € 10,1] a=2 0.94 0.62 62 72 87 95 99
Log-normal | 0 = 0.25 1.03 1.09 36 63 81 92 98
(n=0) oc=1 1.64 4.25 7 55 75 89 97

Note: The above calculations correspond to the linear supply case.

information mechanisms seen in practice.

4.3 Performance of Linear Thresholds for Nonlinear Supply

The thresholds derived above for the case of linear supply are easy to calculate, but how well
do they perform more broadly? Table 2 compares the performance of the linear thresholds to
the optimal ones for the distributions considered earlier and supply functions s (p) = p? for
0 € {4—1;, %, 2, 4}. The table provides values for the fraction of certified firms and the welfare

1 Remarkably, the performance of the linear

gap closed, using optimal and linear thresholds.
thresholds is almost indistinguishably close to the optimal ones, with the exception of three cases:
Lognormal(0,1) when § = 2 and # = 4, and when the distribution is Exponential and 6 = 4.
These three cases correspond to situations where supply is strongly convex and very elastic,
and the distributions right skewed. As a result, an increase in thresholds leads to a large redis-
tribution of output to certified firms and also an increase in total output. It is optimal then to
certify a small fraction of firms that end up accounting for a large share of output. Note that in
the lognormal case when 6 = 2it is optimal to certify only 0.6% of firms, while 7.4% are certified
with the linear threshold. Moreover, in the linear case the solution is not interior and the market

share of certified firms equals one. The same occurs when 6 = 4, where in both the optimal and

linear case only certified firms produce, and it is optimal to certify a negligible fraction of firms.

YThe empty cells correspond to cases where firm supply is not integrable as a result of a very elastic supply and
long tails of the respective distributions.
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Table 2: Performance of Linear Supply Thresholds on Non-Linear Supply Functions

0=1/4 0=1/2
Distribution % certified % gap closed % certified % gap closed
optimal linear optimal linear optimal linear optimal linear

Paretoa =3 15.3 4.9 57.3 55.9 8.2 4.9 55.6 54.2
Paretoa =4 12.5 8.7 60.9 59.6 11.3 8.7 58.8 58.3
Exponential 31.0 20.3 67.3 64.2 27.0 20.3 66.7 65.3
F(z) =22 41.1 36.0 77.6 76.6 38.9 36.0 77.6 77.3
F(z)= 22 66.2 61.8 70.1 69.6 64.5 61.8 71.0 70.8

Log-normal (0, 0.25) 40.5 36.5 63.9 63.2 39.4 36.5 63.5 63.3

Log-normal (0, 1) 17.5 7.41 62.6 56.8 14.0 7.41 60.5 57.6

Pareto a = 3 - - - - - - - -

Pareto o =4 4.8 8.7 37.5 35.2 - - - -
Exponential 9.8 203 6269 559  04()  203() 707 23.6

F(z) =22 31.6 36.0 77.5 76.7 24.4 36.0 79.8 73.5
F(2) =22 57.3 61.8 74.0 73.4 49.7 61.8 77.5 73.5

Log-normal (0, 0.25) 30.8 36.5 62.2 61.6 20.0 36.5 60.5 55.5

Log-normal (0, 1) 0.6  74(*) 449 279  ~0(*) 74() 455 0.2

(") Market share of certified = 1

Similarly, for the exponential case with 6 = 4, it is optimal to certify only 0.2% of the firms, while
20.3% are certified with the linear threshold, and for both thresholds the market share of certified
firms equals one.

Our results suggest that except in cases where supply is very elastic and the distribution of

quality has a long right tail, linear thresholds perform very well relative to the optimal ones.

4.4 Empirical Application

Medicare Advantage Providers Here we apply our method of finding optimal thresholds to

Medical Advantage providers. The data, which generously shared with us by Benjamin Vatter,
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Figure 3: Medicare Advantage Quality Distribution
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consists of estimates of the quality of products offered by insurance firms across the United States
(details on the source of this data are given in Vatter (2021)). Our application is mainly meant
to illustrate the workings of our method using an empirically relevant distribution, and is an
overly-simplified version of how this market works. In particular, we pool all the national data
and abstract from the local nature of many of these insurance markets, as well as abstracting
from moral hazard considerations.*

Figure 3 gives the baseline discrete distribution of qualities along with a density kernel es-
timation, which is the one used in our calculations. The optimal two-tier rating is defined by a
threshold quality equal to 14.9, which is slightly below the mean quality, implying that 66.5% of
the firms are certified. This threshold achieves 64% of the gap between the full-information and
no-information cases. Notice that by certifying a high fraction of firms, this rating serves mostly
the purpose of screening out the lower tail of quality, which as seen in Section 3.2 is optimal when

the distribution of qualities is left skewed, as in this case.

eBay Sellers’ Ratings Nosko and Tadelis (2015) provides a quality measure given by the per-

22All these features and other important considerations relevant to the design of a rating system for this industry
are carefully considered in Vatter’s excellent paper.
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Figure 4: Distribution of Percent Positive Responses for eBay Sellers

0 0.2 0.4 0.6 0.8 1

centage time a seller got positive feedback (as opposed to negative or none). The distribution of
this statistic across sellers is given in Figure 4 together with a density kernel estimator.® If we
interpret this statistic as an ex ante probability of a good (vs. a bad) experience and the expected
utility from this purchase as (1 — P (good)) u (bad) + P(good)u(good), then expected utility is
an affine transformation of the probability of a good experience. Based on this interpretation,
we can use this distribution to calculate the optimal certification threshold, as we did for other
distributions above. Table 1 reports the results for the kernel estimate of this distribution. Ac-
cording to our calculations, more than 65% of sellers should be certified, closing about 63% of the
surplus gap. As in the Medicare application, the distribution of qualities is also left-skewed and

certification serves the purpose of mainly screening out the lower tail.

23The data for the histogram comes directly from Table 4 in Nosko and Tadelis (2015).
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5 Final Remarks

In this paper we considered the optimal design of quality ratings in markets with limited signals.
Specifically, ratings reallocate demand across producers, which impacts not only the average
quality of goods consumed but also the average cost. The optimal thresholds in a discrete rating
system optimize this trade-off, and depend on the characteristics of the market, including the
distribution of producers’ quality and the elasticity of supply. For example, we find that the
optimal thresholds in the case of a convex (resp., concave) supply function are pointwise higher
(resp., lower) than those in the linear case. Intuitively, in the case of a simple certification rating
with two groups, more elastic supply leads to a higher threshold and a lower share of certified
sellers. Additionally, we also find that skewness in the distribution of seller qualities matters for
optimal ratings, which move in the direction of the skew.

We characterized the optimal thresholds in the case of linear supply as the solution to standard
clustering problems in order to provide a simple and easy-to-compute approach for the design of
rating systems. This method is used to derive bounds on the performance of the rating system as
a function of the number of categories. For instance, we first theoretically showed that a simple
certification mechanism, or a two-tier rating, is enough to reach half of the benefits of the best
rating mechanism in a large family of sellers’ quality distributions such as log-concave densities.
We then apply our method numerically. As an example, we found that for the exponential family
of distributions, 65% of the total surplus gains from the full-information case can be achieved
with only two categories. In addition to these theoretical and numerical results, we also applied
our method to two empirical problems in order to further illustrate how it can be used to find the
optimal thresholds and the welfare gains from them.

Our results suggest that in practice, we may not need very complicated mechanisms to attain
most of the benefits from information provision. In this paper, we do not explicitly model any
cost related to providing information; however, in practice, providing information may involve
various costs for both the market designer and consumers. For example, getting precise infor-

mation may increase the market designer’s cost of designing the rating system, and it might be
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costly for the market designer to convey finer information to consumers and for them to process
this information. These costs, as well as the potential small benefits from more complex infor-
mation mechanisms, may justify the use of more simplified, or "coarse," information mechanisms

seen in practice.
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A Proofs

Proof of Lemma 1

Proof. Consider a partition of the set of sellers into sets 51, ..., Sy. Suppose there are two sets
Sk, Sk+1 that are not totally ordered in quality with means M}, < M), and mass G and Gj1. By
reordering elements of these two sets, one can substitute Sy and Sk with two new disjoint sets
S;, and S | of equal measures to the original ones, where S, U Si41 = S;;US) ., and S}, < S,
element-wise. By construction, M, < My < My < M, and G} M} + G M, | = G My +
Gr+1Mp41. This corresponds to a mean preserving spread of the original distribution of means.

Using Proposition 1 in Hopenhayn and Saeedi (2023), this results in higher total surplus. [

Proof of Lemma 2

To totally differentiate equation (3) with respect to zy, first note that by the envelope condition,
we can ignore the effect on the output choices ¢y, ..., gn. In particular, this implies that 0Q) /0z;, =

f (zx) (g — qr+1) - Given that M, = f:ﬁl zdF (2) / (F (z) — F (2,-1)) , it follows that

8 (F (Zk) — F (Zk—l)) Mk
8zk

= f (), G ZEEN i

The result now follows by totally differentiating (3) and setting it equal to zero.

Proof of Proposition 1

To prove this proposition, we need an intermediate step, which is proven using the following

lemma.
Lemma 3. The optimal thresholds satisfy the following condition:

Zk—Mk

Mk+1 — 2k fpkH S
M1 — M,

S (Prr1) = —, (14)

S +
(pk) M1 — M, Pk+1 — Pk
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where M), and My, are the conditional mean qualities for the two groups, and py, and py.1 are the

equilibrium prices.

Proof. First note that

(P(Q) + z1) (qkrr —qr) = (P(Q) + Myy1 — Myy1 + 2x) Grya
- (P(Q) + My — My + ) qi

= Pep1@hr1 — Pk — (Mps1 — 21) Qe — (21 — My) @i

Substituting in (5) and rearranging gives

(Mit1 — i) @1 + (2 — M) @ = T — T

PR S (p) dp, using qry1 = S (pry1) and

Pk

qx = S (px), and dividing the left hand side by (M1 — M) and the right hand side by the

Equation (14) follows by substituting 7,1 — 7, =

equivalent value py1 — px. [

We use the expression found in Lemma 3. Equation (14) equates the expected value of S (p)
under two lotteries. The left hand side lottery has weights a« = (2, — My) / (M1 — My) on
price py and (1 — «) on price py+1. The second lottery is uniform between these two extreme

prices. When S is linear, it must be the case that & = 1/2, and this implies that

2k — Mk = Mk+1 — Zk- (15)

When S is convex, « > 1/2 s0 z;, — My, > M1 — 2, so the optimal threshold is above the
one defined by equation (15), although the reverse occurs when s is concave. This concludes the

proof.
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Proof of Proposition 2

Without loss of generality, let S (p) = p, so the cost function ¢ (q) = %qz. Consider now the

objective function (3) for this case:

Q N
0 k=1
? a 1 2 1 2
— /0 P(z)dz + Z [F (zx) — F (25-1)] {EMk - §P ] : (17)

After suppressing the terms that are unaffected by the partition, maximizing this expression is

equivalent to maximizing

D IF () = F (250)] (M — 2)°, (18)

1

where z = Zgzl [F'(2x) — F (2k—1)] My, is the mean seller quality, which is independent of the
partition. The above expression is the variance between partitions. Because total variance is fixed,
maximizing (18) is equivalent to minimizing (6). Uniqueness of the thresholds is guaranteed when

the distribution has log-concave density, as shown in Mease and Nair (2006).

Proof of Proposition 3

We use the following properties of distributions with log-concave densities (see Lemma 1 in

Mease and Nair (2006)):

E (z]s < z < s+d) — s is decreasing in s for d > 0 and (19)

s —E(z|s —d < z < s) is increasing in s for d > 0, (20)
and these properties are preserved when conditioning on intervals.

Lemma 4. Suppose F' is a distribution with log-concave density, and letm (a,b) = Er (z|la < z < D).
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Suppose the vector of thresholds {I;} " satisfies

lk —m (lk‘—la lk) =m (llm lk:+1) - lka (21)

and let z1, ..., zn_1 be a vector such that
2k — m (2k_1,2K) > m (2, 2k+1) — 2k- (22)

Then zy, > i, for all k.

To prove Lemma 4, we first use the following:

Claim. Under the assumptions of Lemma 4, suppose that for some £, 2, < [ and 2541 — 2, >

lk+1 — ;. Then z,,_1 < lp_1and 2z, — 21 >l — 1.

Proof. Note that

2k —m(Zp—1,2k) > m(2k, 2e41) — 2k (23)

v

m (2, 2 + b1 — L) — 2k

v

m (U, 1) — i

lk —m (lk—h lk> .

The first inequality follows from (22), the second one, from the monotonicity of m, the third,
from (19), and the last, from (21). Now consider k — 1. We will show that z, — 2,1 > [ — lp_1.

Suppose, by way of contradiction, that z;, — zx_1 < [ — l,—1. Then

IN

2 —m (Zk—la Zk) I, —m (lk - (zk - Zk—l) ) l/f)

< Uy —m (b1, )

where the first inequality follows from condition (20), and the second one, from the monotonicity
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of m. This inequality contradicts (23), proving that z;, — 21 > [ — [x—1. Given that z;, < [, this

also guarantees that z;_; < [;_1. ]

We now prove Lemma 4. Let h denote the highest k£ for which z;, < [;. By the definition of
hy, zn41 — 2 > lp41 — U Using inductively the previous claim, it follows that the same is true
forall k = 1,...,h. For k = 1, the claim would imply that z; < [y, which cannot be true if the
distribution had a lower bound, because in that case both zy and [ should equal this lower bound.
For unbounded support, an argument similar to the one used in the claim can be used to generate

a contradiction. This completes the proof.

Proof of Proposition 3.

Let {l;} denote the optimal thresholds for the linear supply function, and {z;}, those for the
convex supply function. Lemma 1 and equations (21) and (23) hold, so Lemma 4 proves the

proposition.

Proof of Proposition 4
To prove this proposition, we first need to show the following lemma.

Lemma 5. Let g (21),...,g (2n_1) be the optimal thresholds for F. Let M}, = m (zp_1, 2;) =

Er (Zk—l <z< Zk). Then z;, — M}, > Mk+1 — 2.

Proof. Let My, = Ej (g (3k-1) < z < g (%)). Note that by strict convexity of g, My, > g (My) . It

follows that

z—M, > Zk—g_l (Mk)



O]

To prove the proposition, let the vector {/;.} be the optimal thresholds for F, and {z; }, the op-
timal thresholds for F'. Equation (21) follows from the necessary condition for optimal thresholds,

and (23) follows from the previous lemma.

Proof of Proposition 5.

Proof. Let M, and M, be the conditional mean of z below and above the mean Z, respectively.

By the variance decomposition,

/(z—Z)QdF(z) _ / (z—Ml)QdF(z)+/(2—M2)2dF(z)
LF () (0 —2) + (1 - F(2) (i — 2)°
= F(3) (v} +1) (My—2)" + (1= F (3)) (v +1) (M — 5)°

< (max {cvf, cv3} +1) (F (z) (M; — 2)2 + (1= F(2) (My— 2)2) ,

where the second equality follows from

7 ((z=2) = (M, — 2))* dF (2)
F(z) (M, - z)

~—
NI~

CU1 =

,and similarly for cv,. From the above inequality,

F(z) (M, —2)+ (1= F(2) (M — 2) N 1
[(z—2)%dF () ~ 1+ max{cv} cv3}

This gain corresponds to setting z* = Z, so it is a lower bound to the gains under the optimal

threshold. O]
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