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0 Basics of Measure Theory

0.1 Convergence theorems

Let (E, o/, ) be a measure space. If f : E — R, is a measurable function then we
let u(f) denote fEfd,u.

0.1.1 Theorem (Monotone Convergence Theorem).
Let (f,,n = 0) be non-negative measurable functions such that f, < f,,, a.s. for

alln. If f =lim,_,, f, then u(f) =lim,_, u(f,)-

0.1.2 Theorem (Fatou’s Lemma).
Let (f,,n > 0) be non-negative measurable functions. Then

p(liminf f,) < liminf u(f,).

0.1.3 Theorem (Dominanted Convergence Theorem).

Let (f,,n > 0) be measurable functions. Assume that |f,| < g for all n, for some
measurable function g such that u(g) < oo, and f, — f a.s. Then u(f,) — u(f)
and in fact u(|f, — f|) — 0.

0.2 Uniqueness of measure

0.2.1 Definition. A m-system is a collection II of sets such that AN B € II for all
A,B €11. A d-system is a collection 2 of sets such that

(i) Qeg;
(i) f ACBthenB\A€ 9 forall A,B € 9;

(iii) if (A,, n €N) is an increasing sequence in 9 then | J A, € 2.

neN

0.2.2 Theorem (Dynkin’s Lemma).
Let 11 be a m-system and 9 be a d-system containing I1. Then o(I1) € 9.

0.2.3 Theorem. Let(E,.«) be a measurable space and ., U, be two measures on
(E, o) such that u,(E) = u,(E) < co. Let Il be a w-system such that o(I1) = .of .
If u;(A) = uy(A) for all A€ 11 then u; = Yy on .

0.2.4 Example. Take (E,.o/) = (R, Bg). Then I1 = {(—o0,al,a € Q} is a «-

system that generates %y. Thus, a finite measure on (R, 98y) is entirely deter-
mined by its values on {(—o0,a],a € Q}.

0.3 Product measures
Let (E, ., u) and (F, 9, v) be finite measure spaces.
0.3.1 Definition. The product o-algebra on E X F is
A QB=0({AXxB,Ace .o/,B < AB}).

0.3.2 Theorem. There is a unique measure (the product measure) p = 4 ® v on
(E X F,.of ® B) such that p(Ax B) = u(A)v(B) for all A€ .o/ andB € 3.
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0.3.3 Theorem (Fubini).
(i) Let f : EXF — R, be measurable with respect to the product o -algebra.
Then for all y, x — f(x,y) and for all x, y — f(x,y) are measurable.

Let cpé = ff(x,y),u,(dx) and cpf; = ff(x,y)v(dy). These functions are
measurable and

f fduev)= f eiv(dy) = f plu(dx)

(i) If f : E x F — R is integrable with respect to u ® v then the above results
hold and Lp£ and Lp£ are integrable.

0.4 L? spaces

Let (E, .</, u) be a measure space and p € [1, 00). Define
YP(E, o,u)=1{f measurable,f If Pdu < oo}
E

and
Y*(E, o ,u) = {f measurable,AM > 0, u(|f| > M) = 0}.

These are vector spaces and we let

£l = U |f|Pdu)"
E

Ilf loo = esssuplf | := inf{M, u(|f | > M) = O}.
These are not norms on the £” spaces, since ||f ||, = 0 only implies that f is zero
a.e. Welet f = g if f = g a.e. Let L? be ¥P modulo these equivalence classes.

and

0.4.1 Theorem. For all p € [1,00], LP is a Banach space. Further, L? is a Hilbert
space with inner product

(f,g>=f fgdu
E

One idea that we will need soon is that if H C L? is a closed vector subspace
of then we can project orthogonally onto it.

0.4.2 Theorem. Iff € L? then there exists a unique g € H such that (h,f —g) =0
for allh € H. In fact g is characterized as the unique g € H such that ||f — gll, =

infrey [If — hll2.

0.5 Further results from elementary probability

Let (Q, Z,P) be a probability space.

0.5.1 Theorem.
(i) Markov’s inequality: If X € L' and a > 0 then

1
P(X|=za) < EE[IXIJ-
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(ii) Chebyshev’s inequality: If X € L? and a > 0 then

1
P(IX| > a) < < E[X?].
a

0.5.2 Theorem (First Borel-Cantelli Lemma).
Let(A,,n > 1) be a sequence of events such that anl P(A,,) < co. ThenP(limsup, A,) =
P(A,,,1.0.)=0.

0.5.3 Theorem (Second Borel-Cantelli Lemma).
Let (A,,n > 1) be a sequence of independent events such that anl P(A,,) diverges
to infinity. Then P(limsup,A,) =P(4,,1.0.)=1.

1 Conditional Expectation

1.1 The ‘discrete’ case
Let (22, #,P) be a probability space.

1.1.1 Definition. Let A,B € & and suppose that P(B) > 0. The conditional prob-
ability of A with respect to B is

P(ANB)

P(A|B) =~

The conditional probability is interpreted as the probability of event A happen-
ing given that event B has happened.

1.1.2 Definition. More generally, if X € L1(Q, &, P) then the conditional expecta-
tion of X given B is
E(X1g)

P(B) °

E[X |B] =

1.1.3 Definition. Let (B;,i > 1) be a partition of Q such that B; € & for all i.
Let ¥ = o(B;,i > 1) and for X € L' define the conditional expectation of X with
respect to ¢ to be

E[X|9]=) E[X|B]l,

>0
with the convention that E[X | B;] = 0 if P(B;) = 0.
1.1.4 Lemma. The conditional expectation with respect to ¢ satisfies
(1) E[X | ¢] is ¥-measurable;
(i) E[X | %] € LY (Q, ¥, P); and

(iii) E[X1,] =E[E[X | 4]1,] for every A€ 4.
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Proor: Exercise. O

1.1.5 Example. Let X € L! and let Y be a r.v. taking values in some countable set
E. Then Q= UyGE{Y = y} is a partition of Q which generates o(Y), and

E[X |Y]:=E[X |o(Y)] = Y E[X [{Y =y}1y_,.
YEE

Remember that r.v.’s and conditional expectations are only defined up to a set of
measure zero.

1.2 Conditioning with respect to a o-algebra

We now define the conditional expectation with respect to a sub-c-algebra so that
it satisfies the same properties as conditional expectation with respect to ¥ =
o(B;,1 > 0). The following definition and theorem are due to Kolmogorov.

1.2.1 Theorem. LetX € L1(Q,Z,P) and Y C F be a sub-o-algebra. Then there
exists an integrable r.v. X' such that

(i) X' is 9-measurable;
(i) E[X1,] =E[X'1,] forallA€ 4.

Moreover, if X" is another such r.v. then X’ = X" a.s.

We denote the unique element of L(, ¢, P) satisfying the properties (i) and
(i) by E[X | ¢]. Further, we may replace (ii) with the following slightly more
general property.

(ii") E[ZX]=E[ZX'] for every bounded %-measurable r.v. Z.

To prove (ii’) from (i) and (ii), first prove it for simple functions Z and then ap-
proximate general Z.

Proor: Uniqueness: Suppose X’ and X" both satisfy (i) and (ii). Let A = {X’ >
X"} € 9. Then
E[X'1,] = E[X1,] =E[X"1,]

so E[(X" = X")1gy»x~] = 0, which implies that X" < X" a.s. The same argument
with the reverse inequality proves that X’ = X" a.s. O

ProoF: Existence: First assume that X € L?(Q, Z,P). Now L?(Q, ¢,P) is a closed
vector subspace of L2(Q, Z,P), so there is a unique r.v. X’ such that E[Z(X —X")] =
0 for all Z € L?(Q, ¢, P), namely the orthogonal projection.

It follows that

E[-| 9] :L%(Q,Z,P) - L%(Q,9,P): X - E[X | 4]

is simply orthogonal projection, and E[X | ¢] is the ¥-measurable r.v. that best
approximates X for the L2-norm (i.e. E[|X — E[X | ¢]|?] is minimal over {E[|X —
ZI!]1Z € L3, 9, P)}).
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Note also that E[E[X | ¢¥]] = E[X] (since 1 € L?), and if X > 0 then E[X |
9] > 0. Indeed,
02 E[E[X | 915y g1<0] = E[X 1 g1<0] =0
SOE[X |¥4]>0as.
Now assume that X is a non-negative r.v. (and not necessarily integrable). For

alln>1,XAn€L? and X An /,_ X pointwise. Note that (E[XAn | ¥],n>1)
is an increasing sequence since

XAn—-XAn-1)>0

and E[- | ¢] is linear on L2. Therefore let X’ = lim,_,o, E[X A n | ¢], which is
¢-measurable. For any A € ¥, as n — 0o, by MCT,

E[1,X An] ——— E[1,X]

E[1,E[X An|¥%]] — E[1,X']

Therefore E[X | 4] is X’ by uniqueness. Taking A = Q shows that if X is integrable
thensois E[X | ¢].
For any X € L', we may write X = X* —X~, where X* =X VvO0and X~ =
(=X)VvO. Let
X' =E[X'"|¥]-E[X | ¥]

which is integrable and ¢-measurable. Finally, for all A € ¥,
E[1,X']=E[L,E[X" | 4]] -E[LE[X™ | ¥4]]1=E[L,X" —X )] =E[1.X],
so E[X | 4] is X’ by uniqueness. O

We also proved that for all non-negative r.v.’s X there is a non-negative, ¥%-
measurable r.v. X’ such that E[X1,] =E[X'1,] forallA€ 9.

1.2.2 Theorem. LetX be a non-negative r.v. and ¢ € & be a sub-o -algebra. Then
there exists a non-negative r.v. X’ such that

(i) X’ is 9-measurable;
(ii) R[X’'Z] =E[XZ] for every non-negative ¥-measurable r.v. Z.
Moreover, if X" is another such r.v. then X' = X" a.s.
We denote by E[X | ¢] the class of X’ up to equality a.s.

Proor: Exercise. O

1.2.3 Proposition.
() IfX >0 thenE[X | 9] >0 a.s.

(i) IfX,Y € L' anda,b €R then E[aX + bY | 4] =aE[X | 9]+ bE[Y | ¥].

(iii) IfX € L' thenE[E[X | ¥]] =E[X].
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(iv) IfX is Y-measurable then E[X | ¥] =X.

(v) IfX € L' then |E[X | ¥]| < E[|X|| ¥], which implies that E[|E[X | ¥]|] <
E[Ix|].

(vi) IfX is independent of ¢ then E[X | 4] = E[X].

Proor: Exercise a

1.3 Conditional convergence theorems

Let ¥ C & be a sub-c-algebra.

1.3.1 Theorem (Conditional MCT).
LetX, >0 (n = 0) be such that X,, < X,,, for all n and let X = lim
Then

X, a.s.

E[X, 9] /oo E[X | 9] as.

Proor: Note that if 0 < X <Y then 0 < E[X | ¢¥] < E[Y | 4] (exercise). Let
X, =E[X, | 4]). Then X/ increases with n, so let X" = lim,,_,,, X .
Let A€ 9. Then

n—oo

E[X,1,] — E[X1,]

E[X/1,] = E[X'1,]

by the MCT, so E[X'1,] = E[X1,] forall A€ ¢ and X’ = E[X | ¢¥] by unique-
ness. a

1.3.2 Theorem (Conditional Fatou Lemma).
LetX,, >0 (n>0). Then

E[liminfX, | 4] <liminfE[X, | ¢¥] a.s.
n—oo n—oo0
Proor: Exercise (recall the proof of the usual Fatou’s Lemma). |

1.3.3 Theorem (Conditional DCT).
Let X, (n = 1) X = lim,_,, X, a.s., and assume that sup, |X,| < Y for some
integral r.v. Y. Then E[X | ¢] is integrable and

E[X,| %] —>E[X|¥9] as.
Proor: Consider Y —X,,,Y +X,, > 0. By (ii),
E[Y -X|¥9] < ligng}f(E[Y | 9] -E[X, | ¥4])

and
E[Y+X|¥9] < lir{r_l)gf(IE[Y | 91+ E[X, | ¥]).

Subtracting these we get

liminfE[X, | 4] > E[X | 4] > limsupE[X, | 4].

n—00 n—o0 O
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1.3.4 Proposition (Conditional Jensen inequality).
Letc : R — R be a convex function, X € L', and assume that c(X) € L' orc > 0.
Then c(E[X | ¢]) < E[c(X) | ¥].

Proor: Let E = {(a,b) | ax + b < c(x) for all x € R}. Then for all x, c(x) =
SUP(q,b)eE;q,beg AX T b, so

c(EX|¥9])= sup daE[X|¥]+b
(a,b)€E;a,beQ
= sup E[aX+b|¥]
(a,b)€E;a,beQ
<E sup (aX+b)|€4
(a,b)€E;a,beQ
=E[c(X)] 9]
(Show sup,>; E[X, ] < E[sup,>; X,] to complete the proof.) O

1.3.5 Proposition. X — E[X | ¢] is a continuous linear operator on L? of (oper-
ator) norm at most one.

ProOF: x — |x|P is non-negative and convex, so

IEX | 9]ll; =E[EX | 9]P] <E[E[X? | 9]] =EIXP]=1XI]. o

1.4 Specific properties of conditional expectation

1.4.1 Proposition. Let ¥ € & be a sub-o-algebra and let X andY be r.v.’s, and
assume that Y is ¢-measurable, and either X,Y,XY € L' or X,Y > 0. Then
E[YX|¥Y]=YE[X | ¥]

This proposition is known as “taking out what is known” for obvious reasons.

Proor: Assume that X,Y > 0, and take A € 4. Then
E[ILE[YX | ¥]] =E[1,YX] =E[1,YE[X | ¥4]],
so E[YX | 9] = YE[X | 4] by uniqueness. The L! case follows analogously. [
1.4.2 Proposition (Tower property).
Let # C 9 C & be sub-c-algebras and X € L'. Then E[E[X | ¥] | #] = E[X |
H].
Proor: Let A€ 5. Then
E[LEX | #]] =E[1,X] =E[LLE[X | 4] =E[L,E[X | 9] | ],

so E[E[X | ¢4] | #¢] = E[X | 2¢] by uniqueness. O

1.4.3 Proposition. Let ¥, # C & be sub-o-algebras and X € L'. Assume that
¢ is independent of c(X)V ¥. ThenE[X |9V s#]=E[X | 4].
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ProoF: Let A€ ¢ and B € 5¢. Then

E[1,1,E[X | 9V #]] = E[1,1,X] = E[1, E[1,X | #]]
=PB)E[LX]=PB)E[1,X | 9] =E[1 15 E[X | 4]]
Independence was used for the third and last equalities. We are done by the
monotone class theorem, since {ANB |A € ¥,B € 5} is a m-system that generates
@4 Vv # (see Williams). O
1.4.4 Proposition. LetX andY ber.v.’s and g be a non-negative measurable func-

tion. Let 9 C & be a sub-o-algebra, and assume thatY is ¢-measurable and o(X)
is independent of 4. Then

Elg(X,Y)|¥] = f Py(dx)g(x,Y).

Here Py = £(X) is the law of X, i.e. Px(A) :=P(X € A).

Proor: Let Z be ¢-measurable. Then
E[Zg(X,Y)] = J P y,z7(dx,dy,dz)zg(x,y)

But X is independent of (Z,Y), so
P y,7y(dx,dy,dz) = Py(dx) ® Py z(dy,dz).

By Fubini’s Theorem,
JP(X,Y,Z)(dX’d.y’ dz)zg(x,y) = f PX(dX)J Py zy(dy,dz)zg(x,y)
= f Px(dx)E[Zg(x,Y)]
=K [Zf PX(dx)g(x,Y)}
Since fPX(dx)g(x, Y) is 9-measurable, it is E[g(X,Y) | 4] by uniqueness. O

1.5 Explicit computations of conditional expectation

1.5.1 Example (Conditional density functions). Let (X,Y) be a random vector
in R? such that

P(X,Y)(dX, dy)= f(X,Y)(xa y)dxdy,

where dxdy is is Lebesgue measure on R2. Let h > 0. We want to compute
E[h(X)|Y]. To do this we must compute

Elh(X)g(Y)] = f h()g (¥ )fx, (X, y)dxdy
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for g > 0. Let
fr(y):= J f(X,Y)(X:J/)dX
x€R
be the density of Y at y. Then

E[h(X)g(Y)] = J g(y)fY(y)dyfh(X)MdXI{fy(y)>O}
fr(y)

~E2) J GO 1 Vx|

where f ( )
x,NGY
(6, y) = Wlmubo}’

soE[h(X)|Y] = f h(x)fx)y(x | Y)dx since the latter is (Y )-measurable.
Let v(Y,dx) be the measure with density fxy(x | Y) with respect to Lebesgue

measure dx. Then E[h(X) | Y] = fxeR h(x)v(Y,dx). When we have such a for-
mula, we say that v(Y, dx) is the conditional distribution of X given Y. Sometimes
v(y,dx) is called the conditional distribution of X given Y = y. These are defined
only up a set of zero measure for y. We also say that fyy(x | y) is the conditional
density function of X given Y = y.

1.5.2 Example (Gaussian case). Let (X,Y) be a Gaussian random vector in R?
(so AX + uY is Gaussian for all A,u € R). Whatis E[X | Y]? Let X' = aY + b,
where a and b are chosen so that

(i) Cov(X —X’,Y)=0; and
(i) E[X']=E[X].

In this case X — X’ and Y are independent (this is a property of Gaussian random
vectors). Then

E[(X —X)1,(Y)]=E[X —X']P(Y €A) =0,

;7 _ s _ Cov(X,Y)
so X’ =E[X | Y]. Notice that a = sy 5O
E[X|Y]=E[X]+ COV(X’Y)(Y E[Y])
B Var(Y) )

1.5.3 Exercise. What is the conditional distribution of X given Y? (Hint:
E[R(X) | Y] =E[rX -E[X |Y]+E[X [Y]D]|Y],

and X —E[X | Y] and E[X | Y] are independent.)

2 Discrete-time Martingales

2.1 General notions on random processes

Let (2, Z,P) be a probability space. Let I € R be the set of times on which we
will define a process.
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2.1.1 Definition. A stochastic process (or random process) X indexed by I is a
family (X,,t €I) of r.vs. If X, is R-valued then X is integrable if X, € L! for every
tel.

2.1.2 Definition. A filtration is an increasing family of sub-o-algebras of & in-
dexed by I, (Z,,t €I), such that if s < t then &, C Z,.

We think of &, as “the information available at and before time t.” If (Z,, t €
I) is a filtration, we say that (Q, %, (Z,,t € I),P) is a filtered probability space (or
fp.s.).
2.1.3 Definition. A random process (X,,t € I) is adapted to the filtration (%,,t €
I) if X, is &#,-measurable for each t € I.

2.1.4 Example. Let (X,) be a process, and let X = o {X, | s < t}. Then (F}) is
the natural filtration of X. It is the smallest filtration with respect to which X is
adapted.

For the remainder of these notes let (Q, #,(%,,t €I),P) be an f.p.s.

2.1.5 Definition. Let X be an adpated real-valued integrable process. Then X is
a

(i) martingale if E[X, | Z,] =X, foralls <t eI;
(ii) super-martingale if E[X, | #,] <X, foralls <t €,
(iii) sub-martingale if E[X, | Z,] = X, foralls <t 1.
In particular, if X is a
(i) martingale then E[X,] =E[X,] for all s, t,e I,
(ii) super-martingale then E[X,] <E[X,] foralls <t e,
(iii) sub-martingale then E[X,] > E[X,] foralls <t .

2.1.6 Example. Let [ = Z, and X;,X,,... be i.i.d. integrable r.v’s. Take &%, =
{@,0} and &, = 0(X,,,m < n). Let S, =X; +---+X,,. Then S is a martingale if
and only if E[X;] = 0, since for all n,

E[Syq1 | ] =S, +E[X,] =S, +E[X,].
Similarily it is a super-martingale if E[X;] < 0 or a sub-martingale if E[X;] > 0.

2.1.7 Definition (Doob). Let T : Q — I U {400} be a random variable. T is a
stopping time with respect to the filtration (Z,,t €I) if {T <t} e Z, forallt €.

Note that constant r.v.’s T = t for some t € [ are stopping times.

2.1.8 Example. Let I =Z,, (X,,n > 0) be a random process, and (%,) = (9‘5).
Let A be a Borel subset of R and T,(w) = inf{n > 0 | X,(w) € A}. Then T, is a
stopping time since
{Ta<n}=J&Xn €4l
m=<n

T, is known as the first entrance time into A and is an important example of a
stopping time. However, Ly(w) = sup{N > n > 0| X,(w) € A} is not a stopping
time in general.
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Remark. If I is countable (for example, if I = Z,) then T is a stopping time with
respect to (&) if and only if {T =t} € &, for all t € I. This is not true in general.

2.1.9 Proposition. Let S, T, and (T,,n > 0) all be stopping times. Then S A T,
SV T,inf 5, T,, sup,so T, liminf, T, and limsup, T, are all stopping times as
well.

Proor: Exercise. |

2.1.10 Definition. Let T be stopping time with respect to (&, t € I), and
FIr={AcF|AN{T <t}e Z, forall t € I}.

This defines a o-algebra, called the o-algebra of measurable events before T.

2.1.11 Exercises.
(i) If S and T are stopping times such that S < T then &% C Z;.

(i) Y is an #r-measurable r.v. if and only if Y17, is &,-measurable for all
t €. (Hint: beginwith Y =" a;1,, A; € F7.)

2.1.12 Proposition. LetI C R be countable. Let (X,,t € I) be adapted, and let T
be a stopping time. Define X1 by X(w) = X1(,,)(w) on the event {T < oo}. Then

(i) X7lir<o0} is Fr-measurable; and
(ii) the stopped process at time T, XT := (X,,r,t € I) is adapted.

Proor: We have
Xrlircooy lir<y = Z X Lir—s,

s<t,s€l

which is #,-measurable since X;1;7_; is #;-measurable and the sum is countable.
X7 is adapted because

XI=Xpp =X XLrog+ D, XoaX oy

s<t,s€l

for every t € 1. O

For the time being we consider only the case I = Z_ and the filtered probability
space (9, Z,(Z,,n>0),P).

2.1.13 Proposition. Let X = (X,,n > 0) be adapted and T a stopping time. If X
is integrable then the stopped process XT is also integrable.

ProoF: We have
X=X Lromy + 2 X Lir—my,

m<n

which is a finite sum, so

E[X!] SE[X,]1+ D E[|X,] < 00,

m<n O

Check that an adapted integrable process (X,,n = 0), is a (&, )-martingale if
E[X,41 | Z,] =X, for all n. (Hint: use the tower property.) Similarly, we have a
super- or sub-martingale when this relation holds with “<” or “>” respectively.
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2.2 Optional stopping, part I

2.2.1 Definition. Let (C,,n > 1) and (X,,n > 0) be processes taking values in R.
Define

(C-X)y = Y CelXy = Xyn)
k=1

forn > 1, and (C - X), = 0. Then C - X is sometimes called a discrete stochastic
integral. We say that C = (C,,n > 1) is previsible if C, is &,_;-measurable for all
n=>1.

2.2.2 Proposition. Let (X,,n > 0) be a martingale (resp. super-martingale) and
let (C,,n > 1) be a bounded, previsible process (resp. bounded, previsible, non-
negative). Then the process ((C-X),,n > 0) is a martingale (resp. super-martingale).

Proor: C-X is adapted since ZZ:l C (X — Xy_1) is Z,-measurable for every n.
Therefore it is integrable since the C,’s are uniformly bounded and the X;’s are
integrable.

E[(C 'X)n+1 | ‘gn] :E[(C X)n +Cn+1(Xn+1 _Xn) | gn]
= (C X)n + Cn+1]E’[Xn+1 _Xn | gn]

by the martingale property. Check the result for super-martingales. O

The above result shows that there is no way to make money out of super-
martingales.

2.2.3 Theorem (Optional Stopping, discrete-time).
Let T be a stopping time and let (X,,,n > 0) be a martingale (resp. super-martingale).
Then X7 is also a martingale (resp. super-martingale).

Proor: Let C,, = 1y,<7} for n > 0. Then (C,,n > 1) is previsible since {n < T} =
{T <n-1}°e€ Z,_,. Itis also bounded, integrable, and non-negative, so by the
previous proposition C - X is a martingale (resp. super-martingale).

n nAT
(€-x), = Z Liery (X = Xp1) = Z(Xk —Xi—1) = Xoar = Xo :XnT — X0,
k=1 k=1
so X' is a martingale (resp. super-martingale). O

2.2.4 Proposition (Optional Stopping, bounded times).

Let (X,,n > 0) be a martingale and S and T be bounded stopping times such that
S < T <K, where K is a fixed constant. Then E[X; | ] = Xs. In particular,
E[Xr] =E[X,].

Warning: This is not true in general (for unbounded stopping times). Consider
iid. rv’s X4,...,X, such that

B(X, =1)= 5 =20, = 1),
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and let S, = X; +- - - +X,,, which we have seen to be a martingale. Let T = inf{n >
1|8, = 1}, a stopping time. It holds that P(T < c0) =1, but E[S;] =1> 0 =
E[So]-
Proor: Let A€ F, and consider C, = 141¢5,<7}. C is previsible since

C,= 1A1{S§n—1}1{n§T} = lm{ssn—l}l{nsT}
is &,_;-measurable. Then ((C - X),,n > 0) is a martingale, and we have

T

(c X)K = Z lA(Xk _Xk—l) = lA(XT _Xs)-
k=S+1

Since (C - X) is a martingale, E[(C - X)x] = E[(C - X)o] = 0. This says that
E[1,X;] = E[1,X,] for all A € &, which is the very definition of E[X; | Z5] =
E[Xs]. O

2.2.5 Exercise. Check that for a super-martingale X and bounded stopping times

S < T,wehave E[X; | Zs] < Xg and E[X;] < E[X,].

2.3 Martingale Convergence Theorem

2.3.1 Theorem (Martingale convergence theorem).
Let (X,,n > 0) be a super-martingale such that sup, E[|X,|] < oo (i.e. X isbounded
in L'). Then X, converges a.s. to a finite limit X, as n — oo.

2.3.2 Corollary. If (X,,n > 0) is a non-negative super-martingale then X, con-
verges a.s. to a finite limit X, as n — oo.

Proor: E[|X,|]=E[X,] =E[X,] < oo for all n, so (X,,n > 0) is bounded in L.00

2.3.3 Definition. Let (x,,n > 0) be a real sequence and a < b € R. Recursively
define

@ S;(x):=inf{n > 0| x, < a} € Z, U {oo};
(i) To(x) := inf{n > S,(x) | x, > b} for k > 1;
(i) Spy(x) i=inf{n > To(x) | x, < a} fork > 1;
(iv) N,(x,[a,b]) :=sup{k > 1| Ti(x) < n};

(v) N(x,[a,b]):=sup{k > 1| Ty(x) < oo}.

Notice that N(x, [a, b]) =,/",—.s N,(x,[a, b]). A little explanation is in order.
S, is the first time that the sequence drops below a, and T; is the first time after
S, that the sequence exceeds b. T; is the time of the first up-crossing. Similarly, T}
is the time of the k™ up-crossing, and N,, is the number of up-crossings that have
occurred before time n.

2.3.4 Lemma. A real sequence (x,,n > 0) converges in R = RU {400} if and only
if N(x,[a,b]) < oo foreverya < b € Q.

Proor: Exercise. O
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Observe that if (X,,,n > 0) is an adapted process then S;(X) and T, (X) (k > 1)
are all stopping times.

2.3.5 Proposition (Doob’s Up-crossing Lemma).
Let (X,,n > 0) be a super-martingale. Then for alla < b and alln > 0,

(b - )E[N,(X, [a, DD] <E[(X, —a)"].

Proor: For this proof we write S, T, and N, for the rv’s S, (X), T.(X), and
N, (X, [a, b]), respectively. Let C, = Y}, 15, <p<ry- Since S; < Ty < Sy < Ty <
-+, C, takes values in {0, 1}. Note that the process (C,,n > 1) is previsible (we
have already seen that 1yg_,<r; is previsible when S < T are stopping times).
Therefore ((C - X),,n > 0) is a super-martingale. Now

(C-X)y =D G, ~X,1)
r=1

n
- ZZ 1, <r<ry (X —X21)

r=1k>1

n

M=

I{Sk<r§Tk}(Xr - Xr—l)

~
Il
—_

Il
= 1M

=

I{Sk<r§Tk}(Xr - Xr—l)
1r=1

o~
Il

N,
=15, <& —Xs, ) +Z(XTk - Xs,)
k=1

> I{SNHHSH}(X” - Cl) + (b - a)Nn
Now either X, > a, in which case 15, <1(X, —a) =0, or X, < a, in which case
SN,+1 =1, SO l{SNnHSn}(Xn —a)=X, —a)ly, <} = —(X, —a)”. Hence

(C X)n 2 (b - a)Nn - (Xn - a)_

but
0=E[(C-X),] ZE[(C-X),] = (b—a)E[N,] —E[(X, —a)”] O

PROOF (OF MARTINGALE CONVERGENCE THEOREM): Leta < b € Q. By the Up-crossing

Lemma
E[N,(X,[a,b])] SE[(X,—a) ] <E[IX,|]] +ta <M <o

for some constant M, for all n. By the Monotone Convergence Theorem
E[N(X,[a,b])] = M,

hence for every a < b € Q, N(X, [a, b]) < oo a.s. Therefore, by 2.3.4, (X,,,n > 0)
converges in R.

It remains to show that X, = lim,_,,, X,, is finite a.s. But E[|X,|] £ M < oo,
so by Fatou’s Lemma

E[|X,.|] < liminfE[|X,|] < M < oo

Thus X, is integrable and hence finite a.s. O
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2.3.6 Corollary. Let (X,,n > 0) be a non-negative super-martingale and let T be
a stopping time. Then E[X;] < E[X,] (Where X = X, on the event {T = oo}).
Warning: We can’t turn the “<” into an “="
example following 2.2.4.

even if X is a martingale. See the

Proor: TAn /' T and E[X;,,] < E[X,] since T A n is bounded (by n). Apply
Fatou’s Lemma and MCT to get

E[X;] =E[liminfX;,,] <liminfE[X;,,] = E[X,].

2.4 Convergence in L? for p € (1,00)

We have seen that X, 2% X, if X is bounded in L'. When can we upgrade this to
convergence in LP?

2.4.1 Proposition (Doob’s Maximal Inequality).
Let (X,,n > 0) be a sub-martingale, and define X,, = maxXy<j<, X). Then fora >0,

aP(X,>a) <E[X, 1z o]

PrOOF: Let T =inf{n > 0|X, > a}, a stopping time. Notice that {T < n} = {X, >
a}, and the stopped process X© = (Xy,,,n > 0) is a submartingale. Thus

E[X7an] = E[X7ir<m] + E[X, Lirsny]-

Moreover, since T A n is bounded (by n) the OST implies that E[X;,,] < E[X,].
Thus

]E’[Xn] = ]E[XTI{TSH}] +E|:Xn1{T>n}]~
Rearranging, E[X,1;<,] = aP(T < n). But {T < n} = {X, > a}, so we are
done. O

2.4.2 Proposition (Doob’s LP-inequality).
Let p € (1,00) and (X,,n > 0) be a martingale. Define X, = maxy<y<, |Xi|. Then

(recalling ||X||, = (]E[|X|p])%)
. p
X0, < o1 X -

ProOOF: For any random variable

e 9}

E[YP] =pf xPTYP(Y > x)dx.
0

(1X,],n > 0) is a sub-martingale by the conditional Jensen inequality, so by Doob’s
Maximal Inequality,

1
P(X, > x) < ;E[|Xn|1{X,*l>x}]‘
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Combining these and Holder’s inequality, where % + é =1,

o

E[(X)"] =pf xPTTPIXT > x]dx
0

00
b -
< _J (P - 1)xp 2IE:[l)(n|1{X:>x}]dx
pP— 1 0

[o¢]
<L g {|Xn| J (p — DxP 1y yydx
p— 1 0
= 2 _mx, oy

p—1 """
< T B, PT BLOG)® ),

But p +q = pq, so [X;]l, < S5 1K, O

2.4.3 Definition. When X, = E[Z | &, ] for all n > 0 for some Z then (X,,n > 0)
is a martingale, and if Z € L?(w, &,P) then we say that X is closed in L?.

2.4.4 Theorem. Let(X,,n > 0) be a martingale. Then for p > 1 the following are
equivalent.

(1) (X,) is bounded in L? (i.e. sup, ||X,]l, < o).
(i) X,, = X, a.s. and in L?.
(iii) (X,) is closed in LP.

Proor: (i) implies (ii): Bounded in L? implies bounded in L' so by the martingale
convergence theorem X, converges a.s. to a finite limit X . By Doob’s inequality,

p
X1, < sup || X |, < o0,
-1 m>1

S0 X\ /msoo Xy = SUPy>1 X |- By the MCT, [IX I, < o0, so |X,| < X[ for all n,
which implies that |[X | < X7 , so X, € LP. Moreover, |X,, — X [P < (2X, )P € LY
so by the DCT, E[|X,, — X, |P] — 0 as n — oo, or equivalently X,, — X, in L?.
(ii) implies (iii): Suppose X,, — X, in L?. Since X,, = E[X,1« | ] = E[X |
Z,] as k — o0, because E[- | ¢4] is continuous, X, = E[X,, | Z,], so take Z = X .
(iii) implies (i): Suppose X,, =E[Z | &,] for some Z € LP. By Jensen, |X,|F <
B[ ZIP | Z.], s0 suppso E[1X,[P] < E[|Z]P] < co. O

Suppose that we have that X, =E[Z | &,]. Then E[Z | Z,,] = X, where

9‘m=\/9n=a(U9n).

n=0 n=0

Indeed, letA€ | J o Z,, say A€ ,,. Then E[Z1,] = E[X,,1,] = E[X,,1,] for any
n > m. Therefore as n — oo, by L? convergence, E[Z1,] = E[X,14]. To conclude
that this is true for every A€ \/ ., Z,, note that | J, ., Z, is a 7-system that spans
Z+ and apply the monotone class theorem. Finally, note that X, = limsup,,_,., X,,
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is an & -measurable r.v. In particulay, if & = £, then X, is the only possible Z
for which X, =E[Z | &,] for all n.
Yet otherwise said,

L’ (9, Z,P) — {LP-bounded martingales} : Z — (E[Z | Z,],n > 0)

is a bijection.

2.5 Convergence in L'

2.5.1 Definition. A sequence (X,,n = 0) is uniformly integrable (or w.i.) if sup,>o E[|X,[1)x |5q] —
0Oasa— oo.

2.5.2 Lemma.
(i) IfX, — X, a.s. then X, — X, in L' if and only if (X,,) is u.i.

(ii) If(Z,,n > 0) is a filtration and Z € L! then (E[Z | Z,],n > 0) is w.i.
Proor: Exercise (see example sheet). O

2.5.3 Theorem. Let (X,,n > 0) be a martingale. The following are equivalent.
() (X,) is uniformly integrable.
(ii) X, — X4 a.s. and in L.
(iii) (X,) is closed in L*.

ProoF: (i) implies (ii): From example sheet 0, u.i. implies bounded in L', so
X, — X, a.s. by the martingale convergence theorem. By 2.5.2, this implies that
X, — X, in L! since (X,,) is u.i.

(ii) implies (iii): As the proof of 2.4.4, we have X,, = E[X,.« | &,], and let
k — oo.

(iii) implies (i): The 2.5.2 implies that (E[Z | &,],n = 0) is u.i. for any Z €
L. O

As before, Z = X is the only Z, -measurable r.v. for which X, = E[Z | &,]
for all n. Similarly,

LY(Q, Z,,,P) — {u.i. martingales} : Z — (E[Z | Z,],n > 0)

is a bijection.

2.6 Optional stopping, part II

Recall that E[X | 5] = X when S < T are bounded stopping times. It turns out
that we may eliminate the boundedness of the stopping times when the martingale
is u.i.

2.6.1 Theorem (Optional Stopping, u.i. martingale).

Let (X,,n = 0) be a uniformly integrable martingale and let S and T be stopping

times with S < T. Then E[X; | #s] = Xs, where we take X = X¢1lpo +
X oo 17— In particular, in this case E[X;] = E[X,].
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Proor: Xy is integrable since

XT :Xooszoo +ZXH1T=H :X001T=oo +ZE[X00 | '—g.n]1T=n

n=0 n>0

by uniform integrability. Therefore

X1 < Kool lr—o + D ELX ool 17—y | 7],

n=0

SO

EUXr] < 3 BlXoolLro] = E[X,oll.
n=0

Suppose that T = co. Let A€ Zg. Then

n=oo

E[XOOIA:] = Z E[XoolAls=n:|
n=0

=E[Xo 1 ls—o] + D E[E[Xe | Z,]1415-,]
n=>0
.
= E[Xs1y1s-,]
=

X51]

8

o

Thus E[X, | 5] = X;. For general T, E[X; | 5] =E[E[X | F7] | Fs] =Xs. O
2.6.2 Exercise. Let (S,),>o be a simple random walk, S, = X; +--- + X,,, where
PX; = +1) = % Let T, =inf{n>0|S,=x},and T =T, AT_, fora,b €N.
Compute P(T, < T_,) =P(S; = a).

SoLuTioN: By the u.i. OST (though how do we show that (S,) is u.i.?) we have

aly .¢, —b(1 =17 op ) =E[S;] =E[Se] =0.

Whence P(T, < T_p) = a%b. X

2.7 Backward martingales
For this section we let I =Z_ ={...,—2,—1,0} and let (Z,,n < 0) be a filtration.

2.7.1 Definition. A backward martingale is a martingale (X,,,n < 0) with respect
to the filtration (%,,n < 0).

Note that for all n <0, E[X, | &,] =X,,, so a backwards martingale is always
closed.

2.7.2 Theorem. Let (X,,n < 0) be a backwards martingale. Then X,, converges
a.s. and in L' to a limit X_,, asn — —oo and X_, = E[X, | F_s ], where F_., =

mnSO gﬂ'
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ProOF: Leta < b, and let N, (x, [a, b]) be the number of upcrossings of X between
times —n and O from a to b. Consider (X_,4,0 < k < n), a martingale with
respect to the filtration (Z_,,«,0 < k < n). Doob’s Up-crossing Lemma gives that

(b - a)E[Nn(X: [ai b])] < E[(XO - a)_]'
Letting n — 0o, we obtain
(b—a)E[N(X,[a,b])] < E[|X,|] +a < oo.

Therefore, for alla < b € Q, N(X, [a,b]) < 00 a.s., 50 X, = X_,, € R = RU {£00}
a.s. as n — —oo. Again by Fatou’s Lemma, X_,, € R a.s. Since X,, = E[X,, | &, ] for
all n, the family (X,,,n < 0) is u.i. by 2.5.2. Therefore X,, — X_., in L'. Finally, let
AeZ_,. Then

E[IAXO] :E[IAE[XO | gn]] = E[]-AXn] _’E[lAX—oo]

as n — —oo since X, — X_,, in L'. Therefore X_,, = E[X, | Z_.] since it is
F_,-measurable. O

Remark. Sometimes backwards martingales are defined as a forwards process
(Y,,n > 0) with respect to a backwards filtration ¢, 2 ¢, 2 %, 2 --- such that ¥,
is adapted and in L', and E[Y, | 9,,,] = Y,,. This is equivalent to our definition
by taking Y, =X_, and ¥, =F_, foralln > 0.

3 Applications of Discrete Time Martingales

3.1 Strong law of large numbers
We begin with a classical result of Kolmogorov.

3.1.1 Theorem (Kolmogorov’s 0-1 law). LetX,,X;,X,,... be independent r.v.’s.
Define
Y, =X, Xng15---) and Yo = ﬂ 4,

n>0

Then P(A) € {0,1} for allAc ¥,
4, is the tail o-algebra of (X, X1,X,,...).

ProoF: Let &, = 0(X,,...,X,) and A € ¥,,. By definition, ¥, is independent of
Z, since 9,, € 9,,, and the X;’s are independent. Thus E[1, | &,] = P(A). On
the other hand, (E[1, | Z,],n > 0) is a martingale with respect to the filtration
(Zn,n2>0). Thus E[1, | Z,] = E[1, | F,,] as. as n — oo, where Z, = \/ oo Z,.
But Z 2 ¥, since F, = 0(Xy,X;,...) 2 ¥, for all n. Therefore 1, = E[1, |
Zs.] =P(A) as. O

3.1.2 Theorem (Strong Law of Large Numbers).
Let X1,X,,... be iid. rv’s with E[|X;|] < oo, and let S, = X; + ---+X,. Then
S;" — E[X;] a.s. asn — 00.
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Proor: Let #, =0 (Sy,...,S,) = F?, and
Y, =0(S,,S0415--) = 0(Sn Xng1:Xng2s - - - )-

We claim that ( ,n < 0) is a backwards martingale with respect to (4_,,n < 0).
Indeed,

Sn Sn+1 _Xn+1 Sn+1 1
El—|¥9 =E|——— 1Y, = ——-E|X Y .
|: n | n+1:| |: n | n+1 n n [ n+1 | n+1]

But
IE|:‘Xn+l | gn-&-l] :]E’[Xn-H | Sn+1’Xn+2’ n+3» - ] - [ n+1 |Sn+1]

by a property of conditional expectation, since the r.v’s X, 5,X,3,... are inde-
pendent of X,,; and S, ;. Note that E[X,.; | Syp1] = E[Xi | Fpyq] for all
k €{0,1,...,n+ 1} since E[X, 1 f(Sp41)] = E[Xif (Sp41)] since S, is a sym-
metric function of X, ...,X, 1. Therefore

IEl:El:‘Xn+l ISn+1:|f(Sn+l):| = ]E[E[Xk |Sn+l:|f('sn+l)]

SO

+1 +1
_ Z 1E|:Xk |Sn+1:| ]E[ZZ 1Xk |Sn+1 _ Sn+1
ElXni1 [ Snia] = n+1 n+1 Cn+1
Finally,
E & | g _ Sn+1 _ Sn+1 — Sn+1( _ 1 ): Sn+1
1 n n(n+1) n n+1° n+1’

and the claim is proved.

Therefore % converges to some finite limit L a.s. and in L! as n — co. We
must finally check that L = E[X;]. We have E[L] = E[S;”] = E[Sl—l] = E[X;].
Note that L is measurable with respect to the tail o-algebra of X;,X,,... (since

lim,_, Sn = lim,_,., 2= for all k, so L is 0(Xy,Xx41,---)-measurable for all k.)
By Kolmogorov’s 0-1 law P(L = a) € {0,1} for all a, implying that L is constant
a.s. Therefore L = E[X,]. O

3.2 Radon-Nikodym theorem

Let (2, %, P) be a probability space. Let Q be a non-negative, finite measure on
(Q,%). We would like to find conditions under which there exists some non-
negative r.v. X such that Q = X - P, in the sense that Q(A) = EP[1,X] forall A€ Z.
In this case X is called a density or Radon-Nikodym derivative of Q with respect to
P, and we write X = aQ

Let (Z,,n = 0) be a filtration on (2, ), with Z, = Z. Assume that Q|, =
X,*P|g, for some non-negative &,-measurable r.v. X, for every n. Write P, = P|5
and Q, =Q|g, .

3.2.1 Lemma. With the scenario as described above, (X,,,n > 0) is a (&, )-martingale.
Proor: Indeed, let A€ %, . Then
EP (X1 14] = B [ X100 14] = Quia (A) = Q,(A) = EM [X 41 | Z,]

since A€ &,. Therefore X,, = E[X,.1 | Z,]. O
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By the martingale convergence theorem, X, — X, > 0 a.s. as n — oo. Is it
true that Q =X, - P?

3.2.2 Proposition. Q admits a density X with respect to P if and only if the mar-
tingale (X,,n > 0), defined above, is u.i. In this case X = X .

ProOF: Assume that (X,,n > 0) is u.i. Then X,, — X, a.s. and in L. Hence if
A€ F,, then for n > m,

Q(A) =E[X,,1,] = E[X,1,] — E[X1,]

by L! convergence. Therefore, for all A € Un>0 F,, E[X1,] = Q(A), and by the
monotone class theorem this also holds for every A€ F = O'(Unzo F,), s0o X is
a density of Q with respect to P.

Conversely, assume that Q = X - P for some X > 0. Then Q(A) = E[X1,] =
E[E[X | F,]1,] for all A € F,. Thus Q, = E[X | F,] - P,. By uniqueness of the

density, X, := &% = E[X | F,]. Now, 00 > Q(w) = E[X], so X € L. Since

(X,,n > 0)is closed in L, it is u.i. ]

3.2.3 Theorem (Radon-Nikodym). Assume that & is separable, i.e. that there
are events F,,F,,... such that & = o(F,,F,,...). Let Q be a non-negative finite
measure on (Q,Z) and P be a probability on (2, ). Then the following are
equivalent.

(i) P(A) = 0 implies Q(A) = 0 for all A € & (in this case we say that Q is
absolutely continuous with respect to P, and write Q < P).

(ii) For all ¢ > O there is § > 0 such that for all A € &, P(A) < 6 implies
QA) <s.

(iii) There exists a r.v. X such that Q =X - P (i.e. Q admits a density with respect
toP).

ProoF: (iii) implies (i): Trivial, since if Q(A) = EP[X1,] for some X then P(A) =0
implies 1, =0 a.s. under P, so Q(A) =0.

(i) implies (ii): Assume that (ii) does not hold. Then there is € > 0 such that for
every 6 > 0 there is B € & such that P(B) < 6 and Q(B) > ¢. By taking 6§ = %,
we can find (B,,n > 0) such that P(B,) < %, but Q(B,) = ¢ > 0. Therefore
Y., P(B,) < o0, so by the Borel-Cantelli Lemma, P(B, happens infinitely often) =

0. On the other hand,
Q( ﬂBk) >Q(B,) 2 ¢

k>n

The lefthand side converges to Q(limsup, B,,) as n — 00, so
Q(B,, happens infinitely often) > 0

and (i) does not hold.
(ii) implies (iii): Let &#, = o(F4,...,F,). Then &, = 0(A%, ¢ € {0,1}"), where
A* =N F, F) =F;, and F! = Q\ F;. The A® partition Q and generate .Z,.

Consider Q, =Q|z, and P, = P|z , and let

Q(A)

X, = —1,
n P(Ag) A

£€{0,1}"
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with the convention that % =0.

Claim. X, = i(}z,“.

Indeed, if A= A® for some ¢ € {0,1}" then

A A Af
Q)= ?Jn((A))P”(A):EP" [3&3 1"} = {IA 2 %1’“} '

e€{0,1}"

Therefore Q,(A) = E[X,1,]. By linearity this holds for all A € &,,.

By the previous proposition, it remains to show that (X,) is u.i. to obtain
that Q = X, - P. We must check that sup,>,E[X,1x ~;] — 0 as A — oco. But
E[X,1x >1] =Q(X, > 1), and note that

PUX, > 1) < S EIX,] = 5 Q(@).

Need to show for all ¢ > O there is 6 > 0 such that sup,P(X,, > A) < & (take
A > @). By (ii), fixing ¢ > 0, there is & > 0 such that P(A) < § implies
Q(A) < e. By choosing A as above, P(X,, > A) < 6 implies Q(X,, > A) < ¢.
Therefore for all &€ > 0 there is 6 > 0 such that sup, E[X, 1y ;] < ¢. Hence
(X,,>0)isu.i.,,and Q =X, - P. O

3.3 Kakutani’s theorem for product martingales

3.3.1 Definition. A product martingale is a martingale of the form X, = l_[?:1 Y;,
where the Y; are independent, non-negative r.v.’s such that E[Y;] = 1 for all i =
1,...,n.

A product martingale is indeed a martingale, since E[X,] = ]—[?21 E[Y;] =1
by independence, and

E[Xpi1 | Zo] = B[V X, | Z4] = Xa Bl Y | Z0] = X, ElY ] =X,
since Y,,; is independent of Z,, where
Fy=F=0Xy,.... X ) =0(Yy,...,Y).
Now X, >0, so X,, = X, > O finite a.s. as n — oo.

3.3.2 Theorem (Kakutani). With the notation as above, let a, = E[41/Y,]. The
following are equivalent.

() (X,,n > 0) is a u.i. martingale;
(i) E[X,]=1;
(iii) P(X,, >0)>0;
@iv) ]_[n21 a, > 0.
By the Cauchy-Schwartz inequality, E[ /Y, ]2 <E[Y,] =1, s0 a,, <1 for all n.

Recall that [ [, a, € [0,1], and [ ] ,>, @, > 0 if and only if > _,(1 —a,) < o0
(this is seen by taking logarithms).

n>1
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Proor: (iii) implies (iv): Suppose that [ [,.,a, = 0. Let M, = | l, so that

M, is also a (non-negative) product martingale. By the martingale convergence
theorem, M,, — M, > 0 a.s. We have

1
M,= = /X
n l—[:l:1 ai n
n

so X, = M2[[_,a? — 0 as n — oo since M, is finite valued and [ |
Thus X, = 0 and the contrapositive is proved.

(iv) implies (i): Assume that [ [, > 0. Then

8 QI

n>0n = 0.

) X, 1 1
E[M2] =E < 0.

= <
l_[?:1 aiz:| l_[?zl ai2 l_[iZO ai2

Therefore M, is bounded in L2. Doob’s inequality gives that

E[(M;)*] < ( 2 )2E[M2] <
Torz-1 S ) Y
where M = max, <;<, M;. Therefore sup,>, E[(M})*] < co. Then M = sup,, ﬂ%lal X5,
which implies that
M* 2 __ XTl < * )2
(M) =sup=m—7  so  supX,<(M])".
n>0 | |;_, a5 n>0
X, is dominated by an integrable r.v,, so (X,,,n > 0) is u.i. (Clean this up using the
notes).
(i) implies (ii): If X is w.i. then X,, — X, a.s. and in L as n — co. We have
1=E[X,] = E[X].
(ii) implies (iii): If E[X,,] > O then P(X,, > 0) > 0 since X, > 0. O

Remark. In the case that every Y, is positive a.s. for every n, we are assured that
X, > 0 for all n as well. Therefore {X,, = 0} does not depend on the first few Y;’s,
so it is a tail event. By Kolmogorov’s 0-1 law, P(X,, = 0) € {0,1}. In this case,
P(X,, > 0) > 0 if and only if P(X,, > 0) = 1.

3.4 Likelihood ratio

A very general statement of a basic problem in applied statistics is as follows. Let
(RY, 28(R)®N) be the measurable space of real sequences and

X, RN SR:w=(w;,i>0)— w,

be the canonical projections. Let (f;,i > 0) and (g;,i > 0) be sequences of strictly
positive p.d.f’s. Let P and Q be the probability distributions under which X; is a
r.v. with distribution f;(x)dx and g;(x)dx, respectively. Further suppose that the
X;’s are independent under P and Q. When is Q < P?

3.4.1 Definition. The likelihood ratio is

for n > 0 (taking L, = 1).
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Let 7, =X =o(Xy,...,X,).

3.4.2 Proposition. (L,,n > 0) is a (Z,)-martingale in the probability space (RY, B(R)®Y, P),
aﬂdngn = Ln .P|g~n

Proor: LetA,,...,A, be measurable Borel sets in R. Compute

Qan(Xl €A, .., X, eAn) = J gl(xl)dxl o 'gn(xn)dxn
Ap X XAy

_ f £1061) " g4x)
A

mfl(xl) o fo(x,)dxq -+ dx,
1% XA, (X

= ]EPIFn (Lnl{X1€A1:-~;Xu€A"}) =

Thus Q =Ly P (or Ly, = ‘;—g) if and only if (L,,n > 0) is a u.i. martingale.
But (L,,n > 0) is a product martingale (under P) with Y, = &%) for all n. These

)
are independent under P and have E[Y, ] =1 for all n, so L is u.i. if and only if

p | [8(Xn)
[ [# [ fn<Xn)}>°

n=1

by Kakutani’s theorem. But

8n(xn)
fR dxnfn(xn)\/ e JR V fn&n-

Using the fact that (\/j—”— J&)? = f+g—24/fg, itis easy to check that l_[nZI f fn&n >
0ifand only if )} , f(\/f_n — J/&n)? < 0o (exercise).

3.4.3 Example. Assume that f, = f and g, = g for all n. Thus under P and Q,
the X,’s are i.i.d. r.v.’s, namely f(x)dx and g(x)dx, respectively. Is it true that

Q < P? Itis true if and only if D} _, f(\/?— V&)* < 0, s0 Q < P if and only if
f(\/? — J/g)*> =0, or equivalently when f = g a.s.

This has applications to statistical experiments. Suppose that X,...,X, are
outcomes of an experiment, known to be i.i.d., either distributed according to
f(x)dx or g(x)dx. We will test hypotheses

Hy : Law(X;) = f(x)dx against H; :Law(X;) = g(x)dx.

The test is as following. If L, =[], % < 1 then H, is validated, otherwise
reject Hy. This test is consistent because if H, holds we showed that L, — 0 a.s.

as n — oo, while if H; holds then L, — oo a.s.

4 Continuous-time Processes

For this chapter we typically take I € R to be an interval, and most of the time we
take I to be the non-negative reals, I =R, ..
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4.1 Technical issues in dealing with continuous-time

Recall that a filtration is an increasing family (%,,t € I) of sub-o-algebras of Z,
and a process (X,,t € I) is a family of r.v.’s, and is said to be adapted if X, is
Z,.-measurable for all t € I. A stopping time isarv. T : Q — I U {oo} such that
{T<t}eZ foraltel.

Now w — X,(w) is measurable (with respect to (Q, %)) for all t € I, but
what about the sample path t — X,(w) given by w € Q (with respect to (I, (1))
as a sub-o-algebra of (R, 8(R)))? Also, if T is a stopping time then X;1;.,, =
Zsel X, 17—, is not a r.v. in general. Worse, there are “few” stopping times. Typ-
ically, for a Borel subset A of R, T, = inf{t > 0 | X, € A} has no reason to be
a stopping time, since {T, < t} = USQ’S&I{TA = s} is typically an uncountable
union.

Let (X,,t € I) be a process with values in some metric space (E,d) (usually we
will have E = R" for some n). C(I, E) denotes the set of continuous functions I —
E and D(I, E) denotes the set of cadlag functions, those that are right-continuous
and admit left-limits at every point (from the French). If f is cadlag then, for all
tel, f(t1) =lim,_,,+ f(s) = f(t) and f(t~) =lim,_,,- f(s) exists.

4.1.1 Proposition.
(i) Let (X,,t > 0) be a continuous process (so that t — X,(w) € C(I,E) for all
w), and let A C E be closed. Then T, = inf{t > 0| X, € A} is a stopping time
with respect to FX.

(i) IfX is adapted to (Z,,t > 0) and T is a stopping time then X1y, Iis an
Zr-measurable r.v. In particular, the process X' = (Xy,,,t > 0) is adapted
if X is adapted.

Proor: (i) If X is continuous with and X, € A for some s € [0, t] then we can
find a nieghbourhood V of s in [0, t] on which d(X,X,) < ¢ for some fixed
€ >0 and all ¢ € V. Therefore {T, < t} = inf (o1 qeqid(X,A) = 0} (S is
clear, and O comes from compactness (prove this)).

(ii) See notes. a

If A is open then T, is not an Z*-stopping time in general. However, define
Fo = (Noso Frse- I (Xt > 0)is (F,,t > 0)-adapted then it is (F,+,t > 0)-
adapted and T, is a stopping time with respect to (Z.+,t > 0) for A C E open.

4.2 Finite dimensional marginal distributions, Versions

Let (X,,t € I) be a process. We may consider X to be a random function in the
following sense. Endow E! with the product o-algebra, i.e. the smallest o-algebra
such that &, : f — f(t) is a measurable function for all t € I. By definition, X, is
a random element of E! with the given o-algebra.

4.2.1 Definition. For a finite subset J of I, let u; be the law of the finite seqence
(X;,j € J). Elements of the family (u,,J < I finite) are called the finite marginal
distributions of the process X.

Note that if X and X’ are two processes with the same finite marginal distri-
butions then they define the same r.v. in E! (i.e. they have the same distribution).
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Indeed, the product o-algebra on E! is generated by finite rectangles of the form
{n[_ll(Al) N---N n;kl(Ak)}, which is a 7-system. Yet otherwise said, the probability
of events u;(A; X -+ X Ap) =P(X,, €Ay,...,X,, €A) suffice to determine the law
of X.

4.2.2 Example. Consider X, = 0 for all t € [0,1] and X| = 1y;;(¢) for t € [0, 1],
where U is a uniform r.v. in [0,1]. Then the finite marginal distribution of X is

,,,,,

the same since the probability that U € {t,,..., t;} is zero.

4.2.3 Definition. Let X and X’ be two processes. We say that X is a version of X
if P(X, =X,) =1 for every t.

Warning: In general this condition is weaker than P(X, = X| for all t) = 1.
If X, X' are continuous and X’ is a version of X then X =X’. (Indeed, X, =X
for all t rational).

4.3 Martingales in continuous-time

Fortunately, we can assume that martingales in continuous time are cadlag, due
to the following theorem.

4.3.1 Definition. Let (&,,t €I) be a filtration. If (&,) satisfies the two conditions
below then it is said to satisfy the usual conditions.

D) F.=F o =(),ooFrse forall t €I; and
(i) N € Z, for all N € & such that P(N) = 0, for all t.

4.3.2 Theorem. Let (Z,,t > 0) satisfy the usual conditions, and let (X,,t > 0)
be an adapted martingale. Then there exists a version of X which is a cadlag
(Z,)-martingale.

4.4 Convergence theorems for continuous-time

From now on, all martingales (X,,t > 0) are assumed to be cadlag, so X, = X+
and X,- exists for all t.

4.4.1 Theorem (Martingale convergence theorem).
Assume that (X,,t > 0) is a cadlag martingale which is bounded in L. Then
X, — X, a.s. as n — oo for some finite X .

Proor: LetN(X,I,[a,b]) =sup{n|3s; <t; <s, <ty <---<s, <tyallinl, such thatX; <
a <b <X, Vi} =sup;c;sinie N(X,J, [a, b]). Since X is right-continuous, N(X,R,, [a, b]) =
N(X,Q4,[a,b]). Indeed, if s; < t; <sy <ty <:--<s, <t, €R, such as in the
definition of N(X, R, [a, b]) then we can find s; <s] <t; <t] <---<s, <s/ <
t, <t such thats], t; € Q; and Xy < a < b <X, which implies “<” (the reverse
inequality is trivial).

Let J = {ty,...t;} S Q.. Then (X, ,1 <i < k) is martingale with respect to
(Z.,1 <i<k). Therefore by Doob’s Up-crossings Lemma

(b-a)E[NX,J,[a,b]] <E[(X, —a) ] <E[IX,[]+a <M <0
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for every J, by boundedness in L!. Taking the supremum over J,
(b - a)E[N(X:Q—H [aa b]] SM<o

so for every a < b rational, N(X,R,,[a, b]) < 0o a.s. Since Q is countable, a.s.
N(X,R,,[a,b]) < oo for every a < b rational. Thus X, — X, € R. By the usual
arugment with Fatou’s Lemma, X, is finite a.s. |

4.4.2 Theorem (Doob’s Inequalities).
Let (X,,t > 0) be a cadlag martingale and X} := sup,<, |X,|. For alla > 0,

aP(X; > a) <E[|X,[]

and forp > 1,
b
IX 1, < pTlHXt”p

for all t.

PrOOF: Observe that X; = max(X,, supc(o.1)sep IXs|) by the cadlag property. There-
fore X| = sup;cju((0,t]n0)finite M@%sey [Xs|. Apply Doob’s inequality to (Xj,s €
J)=(X, |1<i<k), whereJ = {t,..., t;}. Hence

aP(max|X,| > a) < E[1X,,|] < E[IX.]]

whenever supJ < t because (|X,|,t > 0) is a sub-martingale. Then pass to the
supremum over J.
The LP-inequality is proved in the same way (exercise). O

4.4.3 Theorem (LP convergence criteria).
(i) Forp > 1, X, converges a.s. and in L? if and only if X is bounded in L?, and
this if and only if X, = E[Z | &,] for some Z € LP (which may be taken to
be X ).

(ii) Forp =1, X, converges a.s. and in L' if and only if X is u.i., and this if and
only ifX, =R[Z | &,] for all t for some Z € L' (which may be taken to be
Xoo)-

Proor: As in the discrete case. O

4.4.4 Theorem (Optional stopping, cadlag u.i.).
Let (X,) be a u.i. cadlag martingale and S < T be two stopping times. Then
E[X; | Fs] =Xs.

ProoF: Let n > 1 and let T, = 27"[2"T]. Then T, is a stopping time such that
T, \inooo T Moreover T, takes its values in the set D,, = {k27" | k € Z U {o0}}.
We want to compute

ElXoo | F1,]= Y 11 4ElXe | Fr 1= D 1p 4 ElXe | Z,]

deD, deD,

(Indeed, we used that for T a stopping time and Z a r.v.,, E[Z | Z;]1;—, = E[Z |
9t:|1T:t' But ifA S gT, E[lAlT:tZ] = ]E[IA]'T:t]E[Z | :g}]] = ]E[]'AITII E[Z |
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Fr]]l =E[1L4E[1,_.Z | Z;]] since 1;_, € Fr N Z,.) Finally, since X, — X, a.s.
and in L' since X is u.i.,

E[Xy | Z4] = ;}LIEOE[Xf | Z4]

implying that

ElXo | Fr 1= Z 1y _gXg=Xr, = Xp
deb,
as n — oo. Note that (E[X,, | #r ],n < 0) is a backwards martingale with
respect to (Fr_,n > 0). As such, E[X,, | 1 ] = E[Xy | (\»;Fr ] as. as
n — oo. Finally, X; = E[X, | (),=1 Zr,], so condition on Z; and use the tower
property to prove X; = E[X, | ).
For general S, T, use E[X; | 5] = E[E[X, | Fr] | Fs] =E[X | Fs] =Xs.0O

When martingales are cadlag they behave much like discrete parameter mar-
tingales.

4.5 Kolmorgorov’s continuity criterion

4.5.1 Theorem. Let (X,,0 < t < 1) be a stochastic process with values in RY.
Assume that there exists C,p, e > 0 such that for every s,t € [0,1],

E[IX, — X,[P] < Clt —s|™**.

Then there exists a version of X which is continuous, and further, a-Hélder-
continuous with index a € (0, 2).

Recall that f : I — RY is a-Holder-continuous if there is C > 0 such that
If(t)—f(t)] <C|t—s|*foralls,t €1I.

Proor: See the supplemental notes. O

Remark. Suppose we are given a process (X,, t € D) and satisfying the hypothesis
of Kolmogorov’s continuity criterion (only with s, t € D instead of [0, 1]). Then by
the very same proof one may extend X to a continuous process (X,,t € [0,1]).

5 Weak Convergence

5.1 Weak convergence for probability measures

We have a variety of notions of convergence for r.v.’s, including almost sure con-
vergence, convergence in LP, and convergence in probability. All these notions
depend on the r.v.’s themselves. Weak convergence is a notion of convergence for
(probability) measures. If (u,,n > 0) is a sequence of measures on (0, %), we
could say that u, — u if u,(A) — u(A) for all A € &, but this form of convergence
(i.e. pointwise convergence) is very rigid. Instead we use the following definition.
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5.1.1 Definition. Let (M,d) be a metric space and endow it with its Borel o-
algebra. Let (u,,n > 1) be a sequence of probability measures defined on (M, 8(M)),
and let u be another (probability) measure. We say that (u,) converges weakly to
u if for every continuous bounded function f : M — R, u,(f) — u(f) as n — oo,

and write u,, =, u.
Notation. C,(M) is the set of continuous bounded functions M — R.

5.1.2 Examples.

(i) x, — x in R if and only if &, =, 6,. Indeed, the latter is equivalent to

requiring that f(x,) — f(x) for every continuous bounded function f.

(i) Letu, = Zk 0 5k on [0,1]. Then u, —> dx, Lebesgue measure on [0, 1].
Indeed, ,un( f)isa Riemann sum of f.

5.1.3 Theorem. Let (u,,n > 1) and u be probability measures on M. The follow-
ing are equivalent.

1 u, — u weakly.
(ii) For every G € M open, liminf, u,(G) > u(G).
(iii) For every F € M closed, limsup, u,(F) < u(F).

(iv) For every A< M Borel such that u(dA) = 0, lim,, u,(A) = u(A).

The idea is the mass can be “won or lost” only through the boundary.

Proor: (i) implies (ii): Let G be an open set and introduce the sequence of func-
tions fi.(x) := 1 A kd(x,G°) (for x € M). For each k > 1, f; is continuous and
bounded (in fact, uniformly continuous), so u,(fi) — u(fi). As G is open, x € G
if and only if d(x,G®) > 0. Thus f; / 1 pointwise as k — oo. For every n,
un(G) = u,,(1¢) = u,(fi), so liminf, u,(G) > u(f;) for all k. By the MCT, taking
k — oo we have liminf, u,(G) > u(G).

(ii) if and only if (iii): Let F be a closed set. Then

wF)=1—u(F) >1-liminfu,(F°) = liminf u,(F)
(ii) & (iii) imply (iv): Let A be a Borel set such that u(dA) = 0. Then
limsup u,,(A) < limsup u,,(A)

< u(A) = u(A° U 9A) = u(A°)
<liminfu,(A®) < liminfu,(A).

It follows that the limit exists is equals u(A).
(iv) implies (i): Let f € C;"(M). We must show that u,(f) — u(f) as n — oco.
Write K = ||f || o, SO

K

un(f)zf un(th)dtzf u,(f > t)dt.
0 0
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Note that the set {f > t} = f !([t,00)) is closed, while the set {f > t} is open,
so {f >t} C {f =t}. ThesetA:= {t | u(f = t) > 0} is countable since it is
equal to Un21{t | u(f = t) > n"1}, and each set in the union is finite since u is a
probability measure. Therefore

K

plf = t)dtzf dtu,(f = t) =ulf)

0

un(f)zf un(f = t)dt —
[0,K]\A

[0,K]\A

by DCT, since by (iv), u,(f > t) — u(f > t) for all t ¢ A. Finally, to check the
definition of weak convergence, decompose elements of C,(M) into positive and
negative parts. O

For a probability measure u on R, let F,(x) := u((—o0,x]) denote the distri-
bution function of u. Note that F, is increasing, cadlag and lim,_,_,, F,(x) =0
and lim, _, ,, F,(x) = 1.

5.1.4 Corollary. Let u,, u be probability measures on R. The following are equiv-
alent.

(D) w, — p weakly.

(i) F, (x)— F,(x) for every x € R that is a continuity point of F,.

Proor: (i) implies (ii) is (iv) in the previous theorem. Indeed, d(—o0,x] = {x},
so if F,, continuous at x then u({x})=0.

(ii) implies (i): Let G be open in R. We may write G = Ukzo(ak’bk) for
pairwise disjoint intervals (ay, by). Then u,(G) = >3- tn(ay, by). Now,

Au‘n(ak: bk) = Fyn(bk_) - Fun(ak) = Fyn(b) - Fyn(a)
for every a; < a < b < by. Choosing a and b to be continuity points of F,, (such

points are dense in R), we obtain liminf u,,(ay, by) = F,(b)—F,(a). Letting a \, a;
and b / by along continuity points of F,, we obtain

liminfu,(ay, b) = F,(be—) — Fy(ar) = ulag, by).

Finally,

liminfy,(G) > liminfu,(ag, bo) > D play, bi) = u(G).
k=0 k=0

5.2 Convergence in distribution for random variables

5.2.1 Definition. Let (X,,n > 0), X be r.v.’s taking values (M, d). We say that X,

converges in distribution to X as n — oo if £(X,,) 2, ¢(X), and we write X, 2x.

By definition of weak convergence X, 9, X ifand only if E[f (X,)] — E[f (X)]
for all f € C,(M).
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5.2.2 Proposition. LetX,, X be rv.’s. If X,, — X in probability; i.e.

lim P(d(X,,X)>¢e)—0 foralle >0
n—o0

then X, — X in distribution. If X,, — c in distribution for some constant ¢ then
X, — c in probability.

ProoF: Exercise (see example sheet 3). O

5.2.3 Examples.
(i) If X, = x,, is constant and x,, — x then X, 9, X since Oy, N Oy

(ii) Let U be a uniform r.v. in [0, 1], and write X,, = n™!|nU|. Then X,, — U a.s.,

50X, <> U. Indeed, £(X,)=13715. <> dx = 2(V).

k=0

(iii) Central Limit Theorem. Let X;,X,,... be iid. r.v’s in L2(R). If u := E[X]
and 02 :=Var(X) = E[X?] then for all a < b,

S

b _xZ
Xi+--+X,—n e :2
P (a <= n 1 < b) — dx
ovn . V2rm
which is saying that 2= 9 N in distribution, where N is a Gaussian

oyn
r.v. with mean 0 and variance 1.

5.3 Tightness

5.3.1 Definition. Let (u;);c; be a family of probability measures on (M,d). We
say that (u;);e; is tight if for all ¢ > O there is K, € M compact such that

sup;e; 4i(M \K,) < e.

5.3.2 Theorem (Prokhorov). Let (u,,n > 0) be probability measures on (M, d)
such that (u,,n = 0) is tight. Then there is a subsequence (u,,,k = 0)) and a

probability measure u such that u,, RN u as k — oo.

To motivate this theorem, notice that for (8, ), tightness is exactly the require-
ment that the x, are contained in a compact set, so Prokhorov’s Theorem may
(loosely) be seen as a generalization of the Bolzano-Weierstrass Theorem.

Proor: We prove the case M = R. Consider (F, (q),n = 0) € [0,1] for q a
rational number. There exists a subsequence ni such that F, g (@) — F(q) (i.e. the
subsequence has a limit in [0, 1]). Since Q is countable, by ak diagonal procedure
we can find (n;,k = 0) such that F,, ) — F(q) for all ¢ € Q. Then F is non-
decreasing on Q, so extend it to R via F(t) = limg\  4eq F(q). Further, F is cadlag.

Check that for every continuity point t of F, F“nk(t) — F(t) as k — oo. Let
€ > 0, and pick n > 0 such that F(t +71) < F(t)+ ¢ and t +n € Q. Then
E, (t+n)—F(t+n)<F(t)+e. Thus

limsupFunk(t) < limsupFunk(t +n)=F(t+n) <F(t)+e¢,
k k
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so limsup F, i, (t) < F(t). Similarly we get that F(t) is less than the limit infimum.

We want to show that F = F,, for some probability measure u. It is sufficient
to check that F(t) — 0,1 as t — —o00,+00. By tightness we can find K = [A, B]
such that u,((B,0)) < & + u,((—00,A)) for all n > 0. But & > u, ((B,0)) =
1-F,(B)—1-F(B)and ¢ > u, ((—00,A)) = F,, (A) — F(A). Therefore F = F,
for some probability u and Funk — F, at every continuity point of F,,. Therefore
U, — W weakly. O

5.4 Levy’s convergence theorem

5.4.1 Definition. Let X be a r.v. taking values in R%. The characteristic function of
Xis ¢y : RY = C: & — E[exp(i(£,X)].

5.4.2 Theorem (Levy).
(i) Let (X,,n>0), X be r.v.’s such that X, 2, X. Then ¢x, (&) = ¢x(&) for all
£eRr.

(i) Let (X,,n = 0) be rv.’s such that ¢x (&) — ¢(&) forall & € R for some
function ¢ : R? — C that is continuous at 0. There is a r.v. X such that
(@)

¢ =¢x andX,, — X.

ProOOF:
(i) This is a consequence of the definition of convergence in distribution, since
x — exp(i(&,X)) is continuous and bounded for every &£. (Recall that X,, —
X in distribution if and only if E[ f (X,,)] — E[f (X)] for all f € C,(R%).)

(ii) We shall prove the case d = 1 (see the notes for the general proof). We must
control quantities of the form sup, P(|X,| = K).

Claim. This is a universal constant C > 0 such that for every r.v. X taking
values in R,

P(|X| > K) < CK J E(1 — Ry (w))du.
0

Indeed, Ry (u) = R E[exp(iuX)] = E[cos(uX)]. By Fubini’s Theorem,

x % sin(%)
K| Q-%¢xw)du=E [1 —K cos(uX)du] =E|1-—
0 0 X
Consider x — 1 — % There is C such that 1>, <C(1— Si%). We obtain
% sin(%
CK| (1-%R¢x(w)du=CE |1-— ZE[I‘%M] =P(|X| = K).
0 K

Now,

P(IX,| = K) < CKfK(l — Ry, (W)du — CKfKu — R (w)du
0 0
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as n — oo, by the DCT, since ¢y (u) — ¢ (u). Since ¢ is continuous at zero
and ¢ (0) = 1, for any ¢ > 0 there is K large enough such that |1 —R ¢ (u)| <
5 foranyu € [0, Il(]. Thus, for such K, limsup,, P(|X,| = K) < 5. Thus there
is N, such that for alln > N,, P(|X,,| = K) < . Up to taking K even larger, we
may assume that max; <,<y, P(|X,| = K) < €. Now for such K, sup, P(|X,, =
K) < ¢ if and only if sup, u,([—K,K]¢) < &, where u, = £(X,). Therefore
(Z(X,))ns>1 is a tight family of measures. By Prokhorov’s Theorem, there is
a subsequence such that £(X,, ) -, u, for some probability measure u on

R. Hence X, “, X for some rv. X. But by part (i), ¢Xnk — ¢y pointwise,
S0 ¢ = ¢y is the characteristic function of a r.v. Let us assume that X,, does
not converge in distribution to X. Then we could find f € C,(R) such that
E[f(X,)] does not converge to E[f(X)]. Thus we could find an extraction
n, and € > 0 such that |E[f(X,)] — E[f(X)]| = &. But (£(X, ),k = 1)
is tight (since it is contained in a tight family), so we can further extract a
subsequence such that Xy, =X ’ in distribution for some r.v. X’. Similarly,
¢x = ¢x/, so X and X’ have the same distribution. This is a contradiction
since E[f (X, )] = E[f(X)]. O

6 Brownian Motion

6.1 Historical notes

Around 1827 Brown observed the erratic motion of pollen particles in water. Later,
Langevin and Einstein realized that Brownian motion is an isotropic Gaussian pro-
cess. The first mathematical construction of Brownian motion is due to Wiener in
1923, using Fourier Analysis. Lévy studied the sample path properties of Brownian
motion, and Kakutani and Doob made the link with potential theory. Itd’s calculus
was developed in 1950.

As a first approximation, consider S, = X; + -+ + X,,, where the X; are RY-
valued i.i.d. r.v’s and X; = +e; with probability -, where e; = (0,...,0,1,0...,0).
By the CLT,

L1
2d’

Sn (d) @ =
— — N(0,1;) =N,
N1

where N; are iid. 4(0,1). Consider BE”) = S% for t > 0, so in particular

,‘Z(Bgn)) “ o (0,1;). Brownian motion is a continuous process B such that

“B(M — B in distribution.”
The finite dimensional marginal distributions £ (B, , ..., B,, ) for every k should

be given by

lim & (BE"), . ..,BE”)) .

n—o00 1 k
6.1.1 Proposition. For fixed 0 = t, < t; < -+ < ty, (Bgi”) —Bgz)l,l <i<n)
converges in distribution to (N;,1 < i < k), where the N;’s are independent and
N; ~ A(0,(t; — t;_)I,). In particular, 2(B™) — (0, t1,).
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Proor: (For d = 1.) Using characteristic functions. Let £ € Rk,

|:exp( Zk: (Bg‘) B(") ):| ﬁE [exp (igj(Bgf)—BEi)l))]
=

j=1
k [nt;|—[nt;_,]
[lefew(is Y x)
j=1 r=1
ar p
— l_[E [exp(iiij)]
j=1
k
=E | exp (izngj)
=1
since B(”) E")l = Zlm i) 1 X, so the {Bg” - Bg?l} are k independent r.v.’s.
And further
1 [nt;|—Lnt;_,]
(n) (n)
BV - =— > X,
' ﬁ r=1
Conclude with Lévy’s Theorem. O

6.1.2 Definition. Let (B,),>( be a stochastic process in RY. We say that (B,) is a
standard Brownian motion if

(1) By=0

(i) ForO=ty <ty <---<ty, (B, —B,,_,,1<i<k)are independent;
(iii) B, — B; has distribution A4(0, (t —s)I;) for all s < t.
(iv) For all w € Q, t — B,(w) is continuous.

Here “standard” refers to the fact that B, = 0 and CovB; = I;. The finite
dimensional marginal distribution for t; <--- <, is the law of (B;,,...,B;,). Let

1 x|
(2mt)?

p(x)=

be the probability density function of A(0, tI;). Then

k
E[F(B,,,...,B,)] = J F(ays o) [ [ Pome, (i — xim0)dxy -+ dx
(RI)- i=1

With a appropriate change of variables, we may write

k
E[G(B, —B,_,1<i<k)] =J Gy, x| [Peme, (iddoxs -+ dixy
(B

i=1

6.1.3 Theorem (Weiner, 1923). There exists a probability space (2, & ,P) on which
a standard Brownian motion is defined.



Historical notes 37

Proor: Let D, = {k27" |0 <k < 2"} for n > 1, and D, = {0, 1}. Let us construct
(B4)dep> where D = Un D,, are the dyadic rationals, that satisfy (i), (ii), and (iii)
of the definition. (We are doing the case d = 1 on the time interval [0,1].) Let
(Z4)4ep be a family of independent r.v.’s with distribution A4/(0, 1). We’ll construct
B, such that for all d, B; € Vect(Z;,d’ € D) =: G. For X4,...,X; € G, the (X;)’s
are independent if and only if they are pairwise orthogonal, i.e. E[X;X;] = 0 for
alli#j.

The construction is by induction. For n = 0 take B, = 0 and B, = Z,. Suppose
now that (Bd)deDn_1 satisfies properties (i), (ii), and (iii) of the definition, and
that (By)gep, , is independent of (Z4)4ep\p, ,- Let d € D, \ D,_;, and defined
d_=d-2"andd, =d+2"s0d_,d, €D, ;. Let By = 2(By, +B4 )+ zn#zd.

Now By —By , B4 — By, are independent 4(0, %) (since (check that) if N, N, are
A(0,0?) and independent then N; + N, and N; — N, are independent .4(0,202).
Indeed, Cov(N; + N,),N; — N,) = Cov(N;,N;) — Cov(N,,N,) =0.)

Further, the same method (check this) proves that these increments are inde-
pendent of all other By — By ) for d’ € D\ D,_4, so the induction step is proved.
By induction we get (B,;) ep satisfying (i), (ii), (iii) of the definition.

Fors,t €D,s <t, E[|B,—B,|P] = |t—s|% E[N?] for p > 2, where N ~ 40, 1),
since B; — B, ~ A(0,t —s) ~ v/t —s.4(0, 1). But this latter is C,|t — s|1+(§_1) for
some C, > 0. By the Kolmogorov Criterion, there exists a.s. a continuous function
(Bt)te[o,1] that extends (Bg)gep. Let Qo = {w | (Bg(w))4ep} does not have a
continuous extension to [0, 1]. On Q, let B,(w) =0 for all t € [0,1]. (Notice that
P(Q,) =0.)

Let us check (i), (ii), (iii) for (Bt)te[o,l]' () is trivial. Let0 =ty < t; <--- < t;,
and consider 0 < t} <--- <t} such that t!' € D, for all n and t!' — t; as n — oo.
We know that (Bri" =By ,1=i< k) are independent A4(0, tI' —t! ;) for all n.
Claim. If (N7,...,N;!) are independent Gaussian N; ~ A4/(0, (O'F)Z), then if o —
o; then (N7,...,N;') — (Ny,...,Ny) in distribution, where N; are independent
N; ~ #(0,02).

Indeed, use Lévy’s convergence theorem.

By continuity of B, By =By — B, — B, , for every w, so by the lemma we
do have (B, — B,,_,1 <i < k) are independent A(0, t; — t;_1), 50 (B¢)e[o,1] IS @
Brownian motion.

To get a Brownian motion (B, ),>(, take Brownian motions (B}),¢[o 1] indepen-
dent on [0,1] for n > 1 and define B, = Z};JSIBT +B[lt_J[tJ for t > 0. In higher
dimensions d > 1 take BV, ... B@ independent Brownian motion in R and set

B, = (BEU, ... ,Bgd)), t > 0, which is a Brownian motion in R¢ (check). O
6.1.4 Definition. Let Q,, = C(R,,R?), the Weiner space. The Weiner measure
Wy(dw) is the law of the standard Brownian motion, the unique measure on Qy,
such that for every A,,...,A; € B(R?),

WO({W € QW | th EAI)’ . "W[k EAk})

k
:J. Pti—t, (xi = x;_1)dx; - - dxy.
A 1

1 X XAy i=
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Here Q,, is endowed with the product o-algebra, i.e. the smallest o-algebra
such that X, : w — w, is measureable for all t € R,. Under the probability
space (Qy,, B Wy(dw)), the process (X,,t > 0) (where X,(w) = w,) is a standard
Brownian motion, called the canonical Brownian motion.

6.2 First properties

6.2.1 Proposition.
(i) Let (B,,t > 0) be a standard Brownian motion in R¢, and let U € O(d) be
an orthogonal matrix, then (UB,,t > 0) is a standard Brownian motion as
well. In particular; (—B,, t > 0) is a standard Brownian motion.

(ii) (Scaling) Let A > O, then (%Bm, t > 0) is a standard Brownian motion.

(iii) (Simple Markov property) Let B := (Biys — B;,s = 0), then BW is a stan-
dard Brownian motion, independent of P, where P = o(B;,0 <s <t).

ProOE:
(i) Use the fact that N ~ A4(0,02I;) then UN ~ #(0,02%I,).

(i) Use %BM ~ %W (0, At) ~ A(0,t) and apply this fact to the increments
of (\%Bkt’ t= O)

(iii) Let t1,...,ty <t < s1,...,5, and let F,G > 0 be measurable functions.
Then ]E[F(Btl,---,Btk)G(Bs(f),---,Bs(kt,))] is going to split because of the in-
dependent increment property of Brownian motion (since BS(F) - Bs(f_)1 =
BSi - Bsi—l)'

6.2.2 Proposition (Blumenthal’s 0-1 law). Let (B,,t > 0) be a standard Brown-
ian motion and let (F2) be its natural filtration, and Z, = (. Z .. Then for all
Ae Z[,P(A) € {0,1}.

PrOOF: Let A € Z7., so for all ¢ > 0, A€ F2. Let F be a continuous bounded

function (R9)* — R and t;,...,t; > 0. Then

E[1,F(B,,,...,B, )] =£i£1(1)E[1AF(BEf)_S,...,B(€) )] by DCT

te—e

= limP(A)E[F(BL,...,B,)] SM

t—€> t—e

=P(A)E[F(B,,,...,B;)]

This implies that A is independent of o(B,,,1 < i < k), for all ¢;,...,¢ > 0.

Therefore A is independent of o(B,,s > 0) = 953 2 95, SO 9‘@ is independent of

itself. Thus for any A € ZZ, P(A) = P(ANA) = P(A)?, so P(A) € {0, 1}. a

6.2.3 Proposition. Let (B,,t > 0) be standard Brownian motion in dimension
d=1. LetS, = supg,, B; and I, = infy<,<, B;. Then

(i) a.s.forallt>0,S,>0andI, <0;

(i) a.s. Sy, =sup,sqB, =400 and I, = inf,5q B, = —00;
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(iii) In dimensions d > 2, let C be an open cone with origin at 0 and non-empty
interior. Let H, = inf{t > 0| B, € C}. Then a.s. H; = 0.

ProOF:
(i) Let &, be a positive decreasing sequence with €, — 0 as k — co. Let A, =
{B., > 0}, so limsup,_,,, A = {B,, > 0i.0.} € Z? for any & > 0. Therefore
it is in 9‘5. By the reverse Fatou Lemma,

1
P(limsupAy) = limsup P(A;) = limsupP(B,, > 0) = >
k k k

On the other hand, by Blumenthal’s Law, P(lim sup, A;) € {0, 1}, so it must
be one. But limsup, A, € {S, > 0|V t > 0} we have the result. (—B,,t > 0)
is a Brownian motion, so the result for I, follows.

(i) S, =sup;soB; =sup,soB;, for any A > 0. By the scaling property, (B;,,t >
0) £ (VAB,,t > 0). Therefore S, g \/XsuptZOBr = v/AS,, for all A > 0,
so P(Sy, € (g,671)) = P(AS, € (g,£71)) — 0 as A — oo. Therefore S, €
{0,00}. But S, = S; > 0 a.s. by (i). Same for I,.

(iii) Copy the proof of (i), Ax = {B,, € C}, and note that since AC = C for all
A >0, P(A,) = P(A(0,1;) € C) > 0 since C has non-empty interior (and
the density is everywhere positive?). O

Since B, — B, ~ A (0, (t —s)I;) we have, for p > 2,
E[|B, —B,P] < Cplt —s["* 370,

By Kolmogorov’s continuity criterion, (B, t > 0) is Holder continuous with index

a < (0, % — %) over any compact interval. Letting p — oo we see that, a.s., (B, t >

0) is a-Holder continuous for a € (0, %) over any compact set.

6.2.4 Proposition. Almost surely, (B,,t > 0) is not %-H()'lder continuous over any
interval with non-empty interior.

6.2.5 Proposition. Let (B,,t > 0) be a standard Brownian motion in dimension
d=1.

(1) limsup,_, % = 400 a.s., and liminf, = —00 a.s.

B
—0 ﬁ
(ii) For all ty, > 0, (B,) is not differentiable at t,, a.s.

(iii) (B,) is not differentiable at t = t, for any t,, a.s.

6.3 Strong Markov property, Reflection principle

We would like to consider starting a Brownian motion from a random initial value.
A process (B,,t > 0) is a Brownian motion (starting at a random point B,) if
(B; — By, t = 0) is a standard Brownian motion that is independent of Bj,.
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6.3.1 Example. If B, = x € R? a.s. then a Brownian motion started at x is just
(x +B,,t > 0), where (B,,t > 0) is a standard Brownian motion. Its distribution
is the measure W, (dw) on €}, (Weiner space) which is the image measure of
Wy(dw) (Weiner measure) by the map

Q= Qy:we—(x+w,t>0)=x+w.
The law of a Brownian motion started at a r.v. B, is determined by

E[F(B)] =E[F((B; — By, t 2 0)+ By)]

= f P(B, € dx)f Wo(dw)F(w + x)

= J P(B, € dx)W, (F)

L E[Wy, (F)].

Equivalently, the law of B, given B is Wy, .

6.3.2 Definition. Let (%,,t > 0) be a filtration and (B,,t > 0) be a Brownian
motion. We say that (&,) is a Brownian filtration (or (B,) is an (&,)-Brownian
motion) if g,-tB C Z, for all t (so in particular B is adapted) and for all t, B{) is a
standard Brownian motion independent of %, (this is the simple Markov property).

6.3.3 Theorem (Strong Markov Property).
Let (B,) be an (&,)-Brownian motion and let T be an (Z,)-stopping time. Then,
conditionally on {T < oo}, the process

B(M — (Br4¢ —Br,t 20) on{T <,00}
0 otherwise

is a standard Brownian motion which is independent of Z .

Equivalently, given &, the process (B, r,t = 0) is an (¥, t = 0)-Brownian
motion.

Proor: Let T be such that P(T < o00)=1. LetAe Frand 0 <t; <--- <t be
fixed times. Let F : (R9)¥ — R be a bounded continuous function. Assume first
that T takes values in D, the dyadic rationals. Then

T T T T
E[1,FBL,....B)] = ElLpyrgFB,.... B )]
deD

=ZIP’(A,T=d)E[F(Btl,...,B[k)] SM
deD
— P(A)E[F(B,.,...,B, )]

In general, let T, = 27"[2"T1], so that T, \yynoo T- Fr S Fr, since T < Ty, so
A€ Z; , and by the previous argument,

E[1,F(BU™,...,B{")] = P E[F(B,,,...,B,)].

th
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Since F is continuous and bounded and Brownian motion is continuous, by the
DCT the left hand side goes to E[lAF(B(T) ..,BEZ))] as n — oo. For A=, we

t 2
obtain that B{™) is a standard Brownian motion. By letting A vary in &, we obtain

that & is independent of a(BElT), . ,BEZ)), and is therefore independent of B,
Finally, if P(T < 0o0) < 1 then use the same argument with AN{T < oo} instead of
A, and divide both sides of the above equation by P(T < 00). ]

6.3.4 Theorem (Reflection Principle).
Let (B,) be a standard (&, )-Brownian motion and let T be an (Z,)-stopping time.
Let

B, =B 1<y +(2By = B) 1oy

for t > 0. Then B is a standard (Z,)-Brownian motion as well.

Proor: We know by the Strong Markov Property that (B,,0 < t < T) and B
are independent. We know also by invariance properties of Brownian motion,

—B™M 2 BN Therefore ((B,,0 < t < T),B™) has the same joint distribution as
((B,,0 <t <T),—B™). Hence for all F > 0 measurable, E[F(B)] = E[F(B)]. O

6.3.5 Corollary. Letd =1 and S, = supy<,<, B; fort > 0. For every b > 0 and for
alla <b,P(S, > b,B, <a)=P(B, >2b—a).

Proor: Introduce, for x > 0, T, = inf{t > 0 | B, > x}, a stopping time since
Brownian motion is continuous and [x,00) is closed. The event {S, > b,B, <
a} = {T, <t,2b—B, > 2b —a} = {B, > 2b — a} since B, > 2b — a > b implies
T, < t. The result follows by the reflection principle for T = Tj,. O

@

6.3.6 Corollary. Forallt >0, S, = |B,|.
Proor: For any b >0,

P(S, > b) =P(S, > b,B, < b)+ (S, > b,B, > b)
=P(B, > b)+P(B, > b)
= 2P(B, > b) =P(|B,| > b).

by the symmetry of the Gaussian law. |

Warning: It is not true that S and B have the same distribution as processes, since
(S;) is monotone while (|B,|) is not.

6.3.7 Corollary. For all x > 0, the stopping time T, g (Bil)z.

Proor: Indeed,
P(T, <t)=1P(S; = x)
= IP)(|Bt| >Xx)
=P((;)*<0)

implying that they have the same probability distribution function. O



42 Advanced Probability

6.4 Martingales associated with Brownian motion
6.4.1 Proposition. Let (B,) be an (Z,)-Brownian motion.
(i) Ind =1, (B,,t >0) is an (&,)-martingale when B, € L.
(i) Ind =1, (B[2 —t,t >0) is an (Z,)-martingale when B, € L?.
(iii) For & € R?, (exp(i(&,B,) + %tlilz), t > 0) is an (&, )-martingale.

PrOOF:
() E[B,—B,| Z]=0foralls <t.

(ll) Btz = (Bt - Bs +Bs)2 = (Bt - Bs)2 + ZBS(Bt - Bs) + BSZ’ SO E[B? | gs] =
E[(B, —B)*| #]+B>=t—s+B2.

(ii) E[exp(i(g,B, — B,) +i(,B,)) | Z] = exp(i(&, B,))exp(—3(t = s)EP). O

6.4.2 Proposition. Let (B,) be a standard Brownian motion and d = 1, and for
x € R, T, = inf{t > 0 | B, = x}. Then for x,y >0, P(T, < T_,) = = and

x+y
E[T, AT_,]=xy.
Proor: We use martingales stopped at T, A T_,,.
0=E[By .y 1= xB(T, <T_,)—y(1~B(T, <T_,),
soP(T, <T_,)= ﬁ Similarly,
JE[TX/\T_y]=E[B§xmy]=x2xiy+y2xiy —_— _

6.4.3 Theorem. Let f : R, x RY — C be continuously differentiable in the first
coordinate (time) and twice continuously differentiable in the second coordinate
(space), and be such that all partial derivatives are bounded. If (B,) is an (%,)-
Brownian motion then

B B t 9 A B.)d
£(t,B)—f(0, o)—L (E+§)f(s, )ds

is an (&,)-martingale, where Af (t,x) = Zle aa—;f(t, x) is the Laplaceian.

Proor: We prove the case where f(t,x) = f(x) does not depend on time. Let

pi(x)= ( 1)d exp(—%lxlz) and let g be bounded and continuous. We claim that
2mt)2
if (B,) is a standard Brownian motion then

‘ i
f J g(x)a—ps(X)dxdszE[g(Bt)]—g(O).
0 Jrd S
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Indeed,

t t
) Kol
f f g(x)a—ps(x)dxdszlimf f g(x)=—p,(x)dxds
o Jrd s e=0 ), Jpa s

= lir%f g(x)(p(x) — pe(x))dx
£20 Jpd

= limE[g(B,)] — E[g(B.)]
=E[g(B.)] —g(0)

by DCT since B, — 0 and g is bounded.
Fors,t >0,

t+s A
E [f(BsH) —f(B) - J 5 f(By)du]| 5‘1]

t+s
= J ps(x)f (x+B.)dx — f(B,) —E [f - f(By =B +B)du| 5%] :

t

1 (2)

But
CA
(2)=E Ef(BHu—Bt—l—Bt)du | Z,
0
PA
= f Wo(dW)J —f(w,+B,)du
Qu 0 2
* A
= f dUJ Wo(dw)— f (w, +B,)
0 Qu 2
’ A
= f duf pu(x)def(x +B,)
0
By integrating by parts, this is equal to
) A
2)= J duJ Epu(x)f(x + B, )dx.
0

It can be checked that (% — %)pt(x) =0, i.e. the density of the Gaussian law is a
solution to the heat equation. Therefore

(2)= f duf 9upu(x)f (x +B.)dx = f ps(x)f (x+B)dx — f(B,) = (1)
0 R?
by the claim. O

6.5 Recurrence and transience properties

Assume given (€2, Z,(P,),cre) probability spaces such that (B,) is under P, a
Brownian motion started at x € R?. (For example, (Qy, prod, (W, ), cg)).
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6.5.1 Theorem.
(i) Ind =1, a.s. under P,, the sets {t | B, = x} are unbounded, i.e. Brownian
motion in dimension one is “point recurrent.”

(i) In d = 2, a.s. under P,, {t | |B,| < €} is unbounded for all ¢ > 0, i.e.
Brownian motion in dimension two is “neighbourhood recurrent.” However,
if H, = inf{t > 0| B, = x} then P,(H, < 00) =0, i.e. “points are polar.”

(iii) Ind > 3, (B,) is “transient,” i.e. |B,| — 0o as t — oo.

ProoOF:
(i) We already know that sup,,B, = —inf,>¢ B, = 00, so we have point recur-
rence by continuity.

(i) Let e >0,R>¢,and D,z = {x € R* | ¢ < |x| <R}. Let f : R*> » R be
such that f : x — log|x| on D, , f is bounded, is C*°, and has bounded
derivatives. Check that Alog|x| = 0 on the interior of D, . Let T, = inf{t >
0| |B,| < ¢} and Ty = inf{t > 0| |B,| > R}. By the previous theorem,

£ 500 | Grmas
0

is a martingale. Therefore if T = T, A Ty, then

AT 5
f(Bt/\T)_f(x)_J Ef(Bs)ds = fBear) — f(x)
0
(since Af = 0 on D,p) is a martingale, so (f(B,r),t = 0) is a bounded
martingale. By optional stopping,
log |x| = E*[f (Br)] = (log€)P(T, < Tg) + (logR)P,(Tr < T,),
o)

log|x| —logR

P (T, <Ty)= D]

loge —logR *
Letting R — oo in (1), we see that P,(T, < oo0) = 1. But
P.(3t>n:|B;|<e)=P,(It>n:|B,—B,+B,| <¢)
=pP,(3t>n:|B™+B,|<e¢)

=JPX(Bn€dy)Py(EItZO: |B,| <€) SM

=P, (T, <c0)=1

so {t | |B,| < €} is unbounded. On the other hand, letting ¢ — 0 in (1)
shows that P, (T, < Tgz) = 0, and letting R — oo gives P, (T, < oco) = 0 for
all x # 0. For x =0,

Py(3t > a:B, =0) =% Py(3t > 0: B, =0)
=Py(3t>0:B™ +B,=0)

= J Py(B, €dx)P.(3t>0:B,=0) SM
RZ
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because the law of B, under P, is a Gaussian law that does not charge {0}.
Therefore for each x, y € R?, P.(H, <00)=0.

(iii) Since the first three components of Brownian motion in R? are a Brownian

motion in R3, it suffices to prove the result for d = 3. Let f be a bounded C*®
functions with all derivatives bounded such that f(x) = |71\ on D, . Again,

Af = 0 on D,.g, so (f(Bra),t = 0) is a bounded martingale. Applying
Optional Stopping, we have

[~

e
=

px(Ts < TR) =

(2

==
™ =

for x € D . Letting R — oo in (2) shows that P,(T, < 00) = ﬁ Fix
r > 0 and define S; = inf{t > 0 | |B,| < r}, and for all k > 1 define
T, = inf{t > S; | |B;| = 2r} and S, = inf{t > T} | [B] < r}. Now
{8k < 00} = {T} < oo} because Sy < T; (giving one inclusion) and Brownian
motion is unbounded (giving the other inclusion).

Px(Sk+1 < 00 | Sk < OO) = Px(Sk+1 < o0 | Tk < OO)
=P.(Ft>T:|B| <1 | T <00)

=P,(3t> T, : B +By| <1 | Ty < 00)
= J P.(By, €dy)P,(3t >0:|B,| <)
R3

by the Strong Markov property. But |Br, | = 2r, so a.s. under P.(By, € dy),
|yl = 2r, whence P, (3t : [B,| < 1) =P, (T, <o00) = % Therefore P, (S;41 <
00| S < 0) = % It follows that P, (S, < 00) = 2:—_1Px(81 < 00) given that
S; < 00. By the Borel-Cantelli Lemma, supik | S, < oo} < oo a.s. for all r.
Letting r — oo along Z_, this shows that eventually |B,| > r for any r, so

|B| = o0 a.s. O

Remark. For 2-dimensional Brownian motion, since {t | B, € B(x,¢)} is un-
bounded for every x € R? and £ > 0 and R? may be covered by a countable
union of balls of a fixed radius, the trajectory of Brownian motion is dense in R2.
On the other hand, a.s. for all t > 0, B, ¢ Q2.

6.6 Dirichlet problem

Let D € R? (d > 2) be a connected open set (i.e. a domain), and let g be a
measureable function on dD. f € C?(D)N C(D) is said to satisfy the Dirichlet
problem with boundry condition g if Af =0 on D and f|;p, = g. We will see that
in many cases f (x) := E[g(B;)] is the unique solution, where T is the first exit
time of B from D. Recall that (% — %)pt(x) = 0. We restrict our attention to the
case where g € C(dD,R) and D is such that P,(T < oo) =1 for all x € D, where
T =inf{t > 0| B, ¢ D}.

6.6.1 Proposition. Let v be a bounded solution of the Dirichlet problem with
boundry condition g. Then necessarily v(x) =E,[g(By)] for all x € D.
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Proor: Let Dy =B(0,N)N{x €D |d(x,dD) > ]%}, and let ¥y be a bounded C?
function which agrees with v on Dy and has bounded partials (it is non-trivial that
such a 7y exists). Let Ty = inf{t > 0| B, ¢ Dy}. Since A¥jy =0 on Dy,

tAT
ﬁN(Bt/\TN) —y(x) = f’N(Br/\TN) —y(x) - J AVy(B,)ds
0

is a martingale. Since it is bounded, Optional Stopping implies that
v(x) = E, [V (Br, )] = E,[v(Br,)].

Letting N — oo, By, — By (this uses the fact that T < oo a.s.) Since v is bounded
on D, DCT implies that v(x) = E,[v(B;)] = E, [g(Br)]. O

6.6.2 Definition. A locally bounded measurable function h : D — R is harmonic
if for all x € D and r > 0 such that B(x,r) € D,

h(x) = J h(y)do,,.(¥),
S

where S, , is the sphere centered at x of radius r and o, , is the uniform distribu-

tionons§, ..

Remark. o, is the unique probability measure on S, . which is invariant under
isometries fixing x.

6.6.3 Proposition. A harmonic function h is C*°(D) and satisfies Ah = 0.
ProoF: See lecture notes. O

6.6.4 Proposition. For g € C,(D), the function u(x) = E,[g(Br)] is harmonic on
D.

Proor: See the lecture notes for a proof that u is bounded and measurable. Fix
x € D and r > 0 such that B(x,r) € D. Define S =inf{t > 0| |B, — x| >r}, a
stopping time such that S < T < oo a.s. under P,. Then

u(x)=E,[g(Br —Bs +Bs)]
=E,[g(BY) + By)] T — S =inf{t > 0| B® + B, ¢ D}

= J P, (Bs € dy)E,[g(By)].

Now Bg € S, , a.s. and by the invariance of standard Brownian motion under the
action of O(d), the law of Bg under P, is invariant under isometries preserving
x. Therefore P,(By € dy) = o, ,(dy), so u(x) = fsxrcrx,r(dy)u(y) and u is

harmonic. O

It is not true in general that u(x) — g(y) as x — y in D. For example, if
D =B(0,1)\ {0} and g = 1y; then u(x) = 0 for all x € D. The problem can also
arise with very complicated boundries.
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6.6.5 Theorem. LetD be a domain with smooth boundry (i.e. for all y € 9D there
is a neighbourhood V of y such that 9D NV is a smooth surface) and assume that
P.(T < o0) =1 forall x € D. Then for all g € C,(dD), u(x) = E,[g(Br)] is the
unique bounded solution to the Dirichlet problem.

6.6.6 Lemma. Let D be a domain with smooth boundry. Then for all y € D,
P(T>mn)—0asx—yinD forallm > 0.

Proor: Add me! O

6.6.7 Corollary. If D is a bounded domain and g € C(dD) then the unique solu-
tion to the Dirichlet problem is u(x) =E,[g(By)].

6.7 Donsker’s invariance principle

Let X1,X,,... be i.i.d. real-valued r.v’s such that E[X;] = 0 and IEI[Xf] = 1. Con-
sider S, = X;+---+X,,, and define a continuous process from this but interpolating
linearly between values (so S, = (1 — {t})S|; + {t}S|;11 for all t €R).

6.7.1 Theorem. Let S = 3% for all t € [0,1]. Then (s{,0 <t < 1) —
(B;,0 <t <1) in distribution, where B is standard Brownian motion.

By SIN) — B in distribution we mean that it converges in distribution in the
space (C([0,1],R),| - |l,) with the Borel o-algebra. Using this theorem one can
prove, for example, that % SUPg<n <y Sn — SUPg<;<; B, in distribution at N — oo.

7 Poisson Random Measures

7.1 Motivation

The Poisson distribution #(A) (A > 0) is such that if N has distribution % (A) then
P(N=n)= e‘A% for n > 0. It is a “law of rare events,” in that Bin(n, %) — P(A)
weakly as n — oo.

Let (E, &) be a measurable space. Define E* to be the set of o-finite measures
on (E, &) of the form m = ), 0, for some countable set I and x; € E for all
i € I. Let & be the smallest o-algebra for which X, is measurable for all A € &,
where X, : E* —» R, U{oo} : m — m(A).

7.1.1 Definition. Let u be a o-finite on (E,&). An E*-valued r.v. M on & is a
Poisson random measure with intensity u if for all Ay, ..., A, € & pairwise disjoint,

i) M(A;),...,M(A;) are independent; and

(i) forall j€{1,...,k}, M(A;) ~ 2 (u(A;)) if u(A;) < oco.

7.1.2 Lemma. IfM is a Poisson random measure with intensity u (PRM(u)) then
its law is uniquely determined.

ProoOF: Let A,,...,A, € & be pairwise disjoint and of finite y-mass, and i; >
0,...,i = 0. Consider {m € E* | m(A;) = iy,...,mA) =ik} = {Xy, = 11,...,Xp, =

k
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ir}. Such events are stable under intersection and generate the o-algebra &*. Now
if M is PRM (u) then

k
P(M(A) =i,...,M@A) =i) = [ [P((a) =i)
j=1

k i
=] e (W)
; i;!
Jj=1 J
Thus the probabilities P(B) are determined by the definition of PRM(u) for all
B in a 7-system that generates &, so the definition determines the law of M
uniquely. O

7.1.3 Lemma.
(1) Ile,Nz ~ g(ll),g(kz) then N1 +N2 ~ 9(7(«1 +A.2)

(ii) Let N ~ #(A) and let Y;,Y,,... be iid. and taking values in {1,...,k},
independent of N, and such that P(Y; = j) = p; for some p;, ..., p; which
sum to 1. If N; = Zle 1yy ;3. Then Ny, ...,N; are independent and N; ~
P(p;A) for1 <i<k.

Proor: Exercise. O
7.1.4 Proposition. There exists a PRM ().

Proor: First assume that u(E) < co. Let N be a & (u(E)) r.v. Independently of

N, let X;,X,,... be ii.d. with law % SetM =30, 5 . Then M is a PRM(u).

Indeed, let A,,...,A; be pairwise disjoint, then M(A;) = Zf;l Ix.ca,. Setting ¥; =

jifand only if X; € A;, the Y;’s are independent and P(Y; = j) = P(X; €4;) = u4,)

u(E) "

By the lemma, the M(A;) are independent and follow a & (,u(E)%) =2 (u(A))),
as we wanted.

If u(E) = oo then we can find E,, (n > 1) that partition E and u(E,) < oo for all

n. Let M,,, n > 1 be independent Poisson random measures with intensities u(- N

E,), the restriction of u to E,. Then M = Y, _, M, is PRM(u). Indeed, ifA, ..., A;

are disjoint and of finite u-mass then M(A;) = Y] - M,(4;) = X, .o M,(A; N

E,). By definition, (M,(A; NE,),1 < j < k) are independent and these vectors

are independent over n. Thus M(A,),...,M(A,) are independent and M(A;) ~

P (D1 WA NE)) = 2 (uA))). O

7.1.5 Corollary. If M is a PRM(u) and if A,,...,A, are pairwise disjoint with
finite u-mass then M|, ,...,M|, are independent, and moreover, M |Aj, given

M(A;) = n, has the same distribution as > 0x,, where Xy, ..., X, are i.i.d. with

M('nAj) - . X )
) CHHC 1A

respect to the measure

Note that E[M(A)] = u(A). Indeed, E[Z2(1)] = A.
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7.2 Integrating with respect to a Poisson measure

7.2.1 Proposition. For f : E — R, measurable, M(f) = fEf(x)M(dx) defines a
positive r.v. with E[M(f)] = u(f ), the first moment formula. Moreover,

E[e ] = exp(u(e™” — 1)),
the Laplace functional formula.

Proor: If f = 1, for some A € & with u(A) < oo then M(f) = M(A) is a r.v. By
approximating f by simple functions (i.e. functions of form )., ;1 A.), the usual
argument shows that M(f) is a r.v. If the Laplace functional formula holds then
replacing f by Af (A > 0) and differentiaing with respect A at A = 0, we directly
obtain E[M(f)] = [, p(dx)f (x) = p(f).

Now assume that u(E) < co and M = Zflzl 0x,, where N ~ #(u(E)) and
(X;,i > 1) are i.i.d. and independent of N, with £(X;) = lﬁ Then

E[e M) =E [C—Z’Llf(xi)}

_ Ze—u(E)@E [eZhare]

n=0 n!
=3 e H(E)" (J ‘u(dx)e—f(x))n
>0 n! g ME)

hence, since u(E) = fE w(dx),

E[eMP)] = e~ HE) @0 — oynyy(e=f —1)).

If u(E) = oo then find E,, that partition E with u(E,) < oo for all n. The measures
M|, are independent, and M(f 1 ) are independent, so

E[efM(flfn)] = exp (J (eff(X) _ 1)u(dx)) .
E,

Thus

E[e ™M) = l_[E[e—M(flgn)]

n>0
= exp ( (e - 1)u(dx))
n>0vE,

=exp(u(e —1)). ad
7.2.2 Corollary. If f € L*(u) then f € LY(M) a.s.,
E[e™T)] = exp (J p(dx)(e ) — 1)),

and E[M(f)] = u(f)-
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ProoF: Apply the previous proof to |f| to get E[{M(|f])] = u(|f|) < co. Therefore
M(f) < oo as., so f € LY(M). Then redo the previous proof and note that
€09 — 1] < |f (x)| € L} (). (Apply DCT?) O

Note that if moreover we have f € L2(u) then M(f) has finite variance

Var(M(f))=ff(X)2du(X)=M(f2),

the second moment formula.

7.2.3 Proposition.
(i) Let M be a Poisson random measure on (E, &), let (F, %) be a measurable
space, let f : E — F be measurable, and Iet f, denote the push-forward of f.
Then f,M (i.e. D 8¢x)if M =),6x ) isa PRM(f.u) onF.

(ii) (Marking property) Let M be a PRM(u) written in the form M =Y. § x, and
let (Y;,i > 1) be i.i.d. and independent of M, with £(Y;) = v on some space
(F,Z). Then M* =3, 8(x vyisaPRM(u®v) onE X F.

Proor: Exercise (apparently it is obvious given the definitions). O

7.3 Poisson point processes

7.3.1 Definition. Let (E, &, G) be a o-finite measure space. A Poisson point pro-
cess with intensity G (or PPP(G)) is a Poisson random measure on R, x E with
intensity dt ® G(dx), where dt is Lebesgue measure on R,.

Such a process M can be written M(dtdx) =), 8(¢,,x,)» where I is a count-
able index set. Since dt is diffuse (i.e. it has no atoms), with probability 1, for all
t, there is at most one i € I such that t; = t. Therefore we can define a process
(e;, t > 0) with values in E II {x} by

x; ift=t; forsomeiel
e = .
t %  otherwise

Then (e,, t > 0) is also called a Poisson point process with intensity G.

7.3.2 Definition. Let (X,,t > 0) be a stochastic process with values in R. We say
that (X,) is a Lévy process if

(i) Foralls<t, X, —X, @x +—s (increments are stationary);

(ii) Forall0=1ty <t; <--- <ty, (X, —X,_,,1 <1 <k) are independent.

7.3.3 Proposition. Let M(dtdx) (resp. (e;,t > 0)) be a PPP(G) on E. Let f €
LY(G) and define

X{ :=J fO)M(dsdx)
[0,1]xE

(resp. X{ = ZOSsStf(es)’ where f(x) :=0) for t > 0. Then X{ is a Lévy process,
and moreover
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@) M{ ::X{ — thf(x)G(dx) defines a martingale; and
(i) if f € L%(G)N LY (G) then (M )2 —¢ fEfz(x)G(dx), t > 0) is a martingale.

ProoF: Let M’ : R, X E — E denote the push-forward of M by projection on
the second coordinate. Then f[o t]fo(x)M(ds dt) = M(f) = M’'(f) and it is

easy to see that its intensity is equal to tG(x). Since G(f) < oo, we obtain that
(s,x)— f(x)isin Ll(dsl[o,u X G(dx)).
Check Lévy:

(i) Let0<s < t. Then
x/ —xf ——J f(x)M(dsdt)
t s
(s,t]1XE

and notice M'(f) = M(f 1,7) and M’ is a PRM((t —s)G), whence X{ .
has the same distribution as X {_s.

(i) LetO=ty<t; <--- <ty Then
X, =X, = f fFx)M(dsdt) = M|(ti,zi,1]><E(f)
(it IXE

which are independent since the bands (t;, t;_;] x E are pairwise disjoint.
Check martingale:

(i) Apply the formula for the first moment and note that the latter half of the
right hand side of the first equation below is independent of Z,.

X/, | Z.] ZEEJ f(x)M(dsdx)+f F()M(dsdx) | Z,]
[0,t]XE [

t,t+s]xE

=x/ +E[ F)M(dsdx)]
[t,t4+s]XE

=x/ +f £ (x)dsG(dx)
[t,t+s]XE

=X! +sG(f)
=M/ +(t +9)G(f)

(ii) Use the fact that (M/)? = (M{+s — M2 -y + 2M{M{+s, and use the
formula for the variance. O

7.3.4 Example (Poisson process). Taking E = {0}, G = 65, and f(0) = 1 gives
the Poisson process which we have seen in its alternate form as a sum of i.i.d.
exponential r.v.’s with parameter 6. Let Nte = Zi‘;l 17, 4.1, <¢> the Poisson process
with intensity 6.
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7.3.5 Example (Compound Poisson process). Let v be a finite measure on R.
Let M(dtdx) =Y, 8(t, x,)» @ PPP(v). Then for any t there are only a finite number
of t; in the interval [0, t], so we may label them in increasing order 0(= t,) < t; <
ty <---. Then

N/ ::J xM(dsdx)=in1tiSt,
[0,c]xR i>1

for t > 0, is the compound Poisson process. (By finiteness this makes sense even if
fR |x|v(dx) = 00.) It is easy to see that Zizl 0, isa PRM(6dt), where 6 = v(R),
a Poisson point process corresponding to a homogeneous Poisson process with
intensity 8. By the Marking property of Poisson random measures, we obtain the
following alternative construction of (N, t > 0). Take T; < T, < --- such that the
increments (T; — T;_;,i > 1) are independent and exponentially distributed with
parameter 6. Take an i.i.d. (¥;,i > 1) independent of (T;) with £(Y;) = V(VR) =3%-
Then (N;") has the same distribution as (Zizl Yilr <., t = 0). The law of Ny’ is
called the compound Poisson distribution, CP(v), so

*n

0" v\ v
_2: -0 YN _ e
CP(v) = ¢ (9) —¢ n!’

n>0 —— —— n>0

probofn  Law of
atoms before Y1+-+Y,
time 1

(Recall that p * v is the convolution of y and v, the unique measure such that
prv(f) = [ f (x4 y)udxv(dy))

Remark. Notice that

E[e*N ] = exp (f dsv(dx)(e™ — 1))
[0,1]xR

= exp (r@f M(ei“ - 1))
. 0

=exp (16(¢: (1) - 1)

where qb% is the characteristic function of %.

7.4 Lévy processes in R

Recall that (X,, t > 0) is a Lévy process if it has stationary independent increments.
Notice that the law of the Lévy process (X,) is determined by the 1-dimensional
marginals (£ (X,), t > 0), since

L(Xesee Xy )= LF((X,, =X r<izi))
for some function F, and each of the X, —X,  are independent with law £ (X, _, ).
7.4.1 Definition. A triple (a,q,IT) is a Lévy triple if
(i) a€eR;

(i) ¢ >0;and
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(iii) IIis a o-finite measure on R such that TI({0}) = 0 and

J I(dx)(x2 A1) < oo.
R

7.4.2 Theorem. There is a one-to-one correspondence between cadlag Lévy pro-
cesses (X;,t = 0) and Lévy triples (a,q,11) in such a way that if (X, t > 0) is the
cadlag Lévy process associated with (a,q,11) then E[e*] = ™™ where

22 A
Y(A)=iaA— q; +f M(dx)(e™ —1— iAx 1y <1)-
R

This is the Lévy-Khintchine formula.

7.4.3 Examples. A '
() If ¢ = 0 and II is the zero measure then E[e'**:] = ¢*?* 50 X, = at and X
is just a (deterministic) linear function.

i 2

(i) If @ = 0 and II is the zero measure then E[e/*:] = e‘fq%, so X, has dis-
tribution A4(0,qt) and hence X, = ,/qB,, where B is a standard Brownian
motion.

(iii) If ¢ = 0, TI(dx) is a finite measure (i.e. fR II(dx)|x| < 00), and if a =

f_ll xTI(dx), then ¥(A) = fR T(dx)(e** — 1), so X, is a compound Poisson
process with intensity IT.

In general, Lévy processes have jumps which are only square-summable over
compact intervals and the term iAx1,,<; is a compensation for this.

How can we construct the Lévy process with triple (a,q,IT1)? Let (Y",n > 1)
be independent compound Poisson processes with respective intensities equal to
I, := H|(%H’%]. Then IT,,(|x|) < oo for all n, so M" = (Y;* — tfR xII,(dx),t > 0)

. . —n
is a martingale. Let M, = >/ _, M¥, and note that

E[eiAM["] = exp (t J " Hn(dx)(eilx —-1- i)Lx)) .

1

n+l

7.4.4 Theorem. For every t > 0, M? — M in L2, where (MX,t > 0) is an L2-
martingale with a cadlag modification, which we will also denote by M*. If we
are given

(i) a standard BM (B,);

(ii) a CP process Y° with intensity (I1| o «)); and

(iii) the martingale M*;

then X, = at + ,/qB; + Yt0 + M/* is a cadlag Lévy process with characteristic
function given by the Lévy-Khintchine formula.
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Proor: Let n > m > 1 and notice
—n —m —n —m
E [ sup |[M, — M, |2} <4E[IM, - M, |*]
0<s<t
by Doob’s L2-inequality. Now
1
n )
E [| Z Mtklz} = tJ x2TI(dx)
k=m+1 ==

by the second moment formula for PRM’s since

mg <« PPP(H(dX)l]ﬁ,ﬁH])??
Thus, for all ¢ > 0 and for all n,m large, E[supy<,<, IM: - M:nlz] < g, so in
particular (M:)n21 is an L?-Cauchy sequence. Therefore M'Z — M/* in L? as
n — oo. By the Borel-Cantelli Lemma and the above we even get that M? — M
uniformly over compact intervals, up to extraction. A uniform limit of cadlag
processes is cadlag, so M™ is a cadlag martingale. O
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mT-system, 3

absolutely continuous, 23
adapted, 12

backward martingale, 20
bounded in L!, 15
Brownian filtration, 40
Brownian motion, 39

cadlag, 27

canonical Brownian motion, 38
characteristic function, 34
Chebyshev’s inequality, 5
closed in LP, 18

compound Poisson distribution, 52
compound Poisson process, 52
conditional density function, 11
conditional distribution, 11
conditional expectation, 5, 6
conditional probability, 5
converges in distribution, 32
converges weakly, 31

d-system, 3

density, 22

diffuse, 50

Dirichlet problem, 45

discrete stochastic integral, 14
distribution function, 32
domain, 45

f.p.s., 12

filtered probability space, 12
filtration, 12

finite marginal distributions, 27
first entrance time, 12

first moment formula, 49

Holder-continuous, 30
harmonic, 46

integrable, 12
intensity, 47

Lévy process, 50
Lévy triple, 52
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Lévy-Khintchine formula, 53
Laplace functional formula, 49
law of X, 10

likelihood ratio, 25

Markov’s inequality, 4
martingale, 12
measurable events before, 13

natural filtration, 12

Poisson point process, 50
Poisson process, 51

Poisson random measure, 47
previsible, 14

product o-algebra, 3
product martingale, 24
product measure, 3
push-forward, 50

Radon-Nikodym derivative, 22
random function, 27
random process, 12

sample path, 27

second moment formula, 50
separable, 23

simple Markov property, 40
standard Brownian motion, 36
stochastic process, 12

stopped process, 13

stopping time, 12
sub-martingale, 12
super-martingale, 12

tail o-algebra, 21
tight, 33

u.i., 19

uniformly integrable, 19
up-crossing, 15

usual conditions, 28

version, 28

Weiner measure, 37
Weiner space, 37
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