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where

@ Let G be a finite group. A representation of G is a pair (V,p),

e Vs a finite dimensional vector space over C
e p:G— GL(V) is a group homomorphism

@ Every group homomorphism G — C* is a one dimensional
representation. (Think of scalars as 1 x 1 matrices.)
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Group Representations: Definition

@ Let G be a finite group. A representation of G is a pair (V,p),
where
e Vs a finite dimensional vector space over C
e p: G— GL(V) is a group homomorphism

@ Every group homomorphism G — C* is a one dimensional
representation. (Think of scalars as 1 x 1 matrices.)

Chris Almost A Quick Introduction to Representation Theory



Introduction
Characters
Applications

Examples

@ If X is a finite G-set then let V be the vector space with basis
{ex | x € X}. Then p : G — GL(V) defined by

ps(ex) = Es.x

is called the permutation representation associated with X.
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@ If X is a finite G-set then let V be the vector space with basis
{ex | x € X}. Then p : G — GL(V) defined by

ps(ex) = Es.x

is called the permutation representation associated with X.
@ The regular representation is a special case of this.
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Examples

@ If X is a finite G-set then let V be the vector space with basis
{ex | x € X}. Then p : G — GL(V) defined by

ps(ex) = Es.x

is called the permutation representation associated with X.
@ The regular representation is a special case of this.

@ Let (V,p) and (W,q) be representations. The direct sum
representation is

pPPG:G—GL(VDOW):s— [ps 0]

0 ¢s
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Subrepresentations and Irreducible Representations

e If (V,p) is a representation and W C V is a linear subspace such
that
psWC W forallse G

then W is a subrepresentation of V.
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Subrepresentations and Irreducible Representations

e If (V,p) is a representation and W C V is a linear subspace such
that
psWC W forallse G
then W is a subrepresentation of V.

@ If V has no subrepresentations other than {0} and V then it is
said to be irreducible.
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Subrepresentations and Irreducible Representations

e If (V,p) is a representation and W C V is a linear subspace such
that

psWC W forallse G
then W is a subrepresentation of V.

@ If V has no subrepresentations other than {0} and V then it is
said to be irreducible.

@ Every representation can be decomposed into a direct sum of
irreducible representations. (Rickhart's Theorem)
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Schur’'s Lemma

Lemma

Suppose that (V,p) and (W, ) are irreducible representations and
f:V — W is linear such that

psf(v) =f(gsv) forallsc Gandv eV

Then f is either the zero map or an isomorphism.
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@ Suppose that f is non-zero.

@ kerf C Vis a subspace. If v € ker V then for any s € G,

f(psv) = Gsf(v) =0 =0
Therefore ker f is a subrepresentation of V.

But V is irreducible and f is non-zero, so ker f = {0}.

e f(V)C Wis asubspace. If f(v) € f(V) then forany s € G,

Ssf(v) = f(psv) € f(V)
Therefore f( V) is a subrepresentation of W.

But W is irreducible and f is non-zero, so f(V) = W
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Proof of Schur’'s Lemma

@ Suppose that f is non-zero.
@ kerf C Vis a subspace. If v € ker V then for any s € G,

f(psv) = ¢sf(v) =G0 =0

Therefore ker f is a subrepresentation of V.
But V is irreducible and f is non-zero, so ker f = {0}.
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Proof of Schur’'s Lemma

@ Suppose that f is non-zero.
@ kerf C Vis a subspace. If v € ker V then for any s € G,

f(psv) = ¢sf(v) =G0 =0

Therefore ker f is a subrepresentation of V.
But V is irreducible and f is non-zero, so ker f = {0}.

e f(V)C Wis asubspace. If f(v) € f(V) then forany s € G,

csf(v) = f(psv) € (V)

Therefore (V) is a subrepresentation of W.
But W is irreducible and f is non-zero, so f(V) = W.
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@ Letp: G — GL(V) be a representation of G.
The character of p is v, defined by

xv(s) =Tr(ps)

@ Notice that v is a class function since

|G

S

xv(hsh™) =Tr(ppsn-1) = Tr(Papspy ") = Tr(ps) = xv(s)
@ Foranyse G, p

= pga = Pe = I so the eigenvalues of ps are
roots of unity. Hence /() is a sum of roots of unity.
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Characters: Definition

@ Letp: G — GL(V) be a representation of G.
The character of p is v, defined by

xv(s) = Tr(ps)

@ Notice that v is a class function since

xv(hsh™') = Tr(ppsn-1) = Tr(papsp, ') = Tr(ps) = xv(s)
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Characters: Definition

@ Letp: G — GL(V) be a representation of G.
The character of p is v, defined by

xv(s) =Tr(ps)
@ Notice that v is a class function since

xv(hsh™') = Tr(ppsn-1) = Tr(papsp, ') = Tr(ps) = xv(s)

@ Forany s < G, p‘sG‘ = Pga = Pe = I so the eigenvalues of ps are

roots of unity. Hence () is a sum of roots of unity.
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o xv(s™") =xv(s)

@ Xvaw =Xv+Xw

Let (V,p) and (W, ) be representations of G.
° xv(e) =dimV
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o xv(s™) =xv(s)

@ Yvew =Xv+Aw

Let (V,p) and (W, ) be representations of G.
e xv(e)=dmV
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Characters of Irreducible Representations

The collection of all class functions f: G — C is a vector space. It has
an inner product

(f.g) = 16| Y #(s)g(s)

seG

Theorem

The characters of the irreducible representations of G form an
orthonormal basis of this vector space.

Proof of this fact uses Schur’s Lemma.
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Decomposing Representations

@ The dimension of the space of class functions is equal to the
number of conjugacy classes, so there are that many irreducible
representations.
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Decomposing Representations

@ The dimension of the space of class functions is equal to the
number of conjugacy classes, so there are that many irreducible
representations.

@ Suppose that (V4,y),...,(Vh, yp) are all of the irreducible
representations of G.
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Decomposing Representations

@ The dimension of the space of class functions is equal to the
number of conjugacy classes, so there are that many irreducible
representations.

@ Suppose that (V4,y),...,(Vh, yp) are all of the irreducible
representations of G.

@ If p: G— GL(V) is any representation then there are integers
ai,...,ap > 0 such that

V§81V1@"‘@ahvh
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Decomposing Representations

@ The dimension of the space of class functions is equal to the
number of conjugacy classes, so there are that many irreducible
representations.

@ Suppose that (V4,y),...,(Vh, yp) are all of the irreducible
representations of G.

@ If p: G— GL(V) is any representation then there are integers
ai,...,ap > 0 such that

V§81V1@"‘@ahvh
@ Hence v = a1 + -+ an)n, and so

ai= (Xv,Xi)
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Character Tables

Notice that (xv,Xv) = & + - + &, so v is irreducible
if and only if (xv,xv) = 1.

Theorem

It is enough to know the character of a representation to know it up to
isomorphism (once you already know all of the irreducible
representations).
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Notice that (xv,Xv) = & + - + &, so v is irreducible
if and only if (xv,xv) = 1.

Theorem

It is enough to know the character of a representation to know it up to
isomorphism (once you already know all of the irreducible
representations).

@ It is convenient to record this information in a table.
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Character Tables

Notice that (xv,Xv) = & + - + &, so v is irreducible

if and only if (xv,xv) = 1.

Theorem

It is enough to know the character of a representation to know it up to
isomorphism (once you already know all of the irreducible

representations).

@ It is convenient to record this information in a table.

@ Here is the character table for G3:

id| (12| (123
TREREE 1
Ul - 1
wl2| o -1
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@ U is the trivial representation, every group has it.

e U'is the alternating representation. It is obtained by considering
the sign of the permutation.

@ Gj3 acts on the set {1,2,3}, so consider the associated
permutation representation (V,p). We have

| poen=[334
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Calculation of the Character Table for G3

@ U is the trivial representation, every group has it.

e U’ is the alternating representation. It is obtained by considering
the sign of the permutation.
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Calculation of the Character Table for G3

@ U is the trivial representation, every group has it.

e U’ is the alternating representation. It is obtained by considering
the sign of the permutation.

@ G; acts on the set {1,2,3}, so consider the associated
permutation representation (V,p). We have

P = [ég(ﬂ P12) = [‘ié(ﬂ Pa123) = [ggé}
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Calculation, continued

@ (V,p)is notirreducible, since the vector ey + e, + e3 is fixed by
all elements of the group. The span of this vector forms a copy of
U sitting inside of V.
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Calculation, continued

@ (V,p)is notirreducible, since the vector ey + e, + e3 is fixed by
all elements of the group. The span of this vector forms a copy of
U sitting inside of V.

@ Suppose we write V=W ® U. Thenyy =xw+1, so

xw(id)=2 xw(12)=0 yxw(123)=—1
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Calculation, continued

e (V,p) is not irreducible, since the vector ey + e2 + e is fixed by
all elements of the group. The span of this vector forms a copy of
U sitting inside of V.

@ Suppose we write V=W ® U. Thenyy =xw+1, so
xw(id)=2 xw(12)=0 xw(123)=-1

@ W is irreducible since

Xw,xw) = |61 | Y \XW(S)\2:%(2+4.0+2.1):1

€G3
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Burnside’s Theorem

Using representation theory we can show

Lemma
If G has a conjugacy class of order a power of a prime then G is not
simple.
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Burnside’s Theorem

Using representation theory we can show

Lemma
If G has a conjugacy class of order a power of a prime then G is not
simple.

Theorem
If |G| is divisible by at most two primes then G is solvable.
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Proof of Burnside’s Theorem

@ Suppose that G is a minimal counterexample. Then G is simple
since a normal subgroup N would give solvable groups N and
G/ N, which would show G is solvable.
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Proof of Burnside’s Theorem

@ Suppose that G is a minimal counterexample. Then G is simple
since a normal subgroup N would give solvable groups N and
G/ N, which would show G is solvable.

@ Say |G| = p?q®, where b > 0. Let H be the Sylow subgroup of
size g°. Then H has non-trivial center.
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Proof of Burnside’s Theorem

@ Suppose that G is a minimal counterexample. Then G is simple
since a normal subgroup N would give solvable groups N and
G/ N, which would show G is solvable.

@ Say |G| = p?q®, where b > 0. Let H be the Sylow subgroup of
size g°. Then H has non-trivial center.

@ Let hbe a non-identity element in the center of H and
let K be the centralizer of hin G.
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Proof of Burnside’s Theorem

@ Suppose that G is a minimal counterexample. Then G is simple
since a normal subgroup N would give solvable groups N and
G/ N, which would show G is solvable.

@ Say |G| = p?q®, where b > 0. Let H be the Sylow subgroup of
size g°. Then H has non-trivial center.

@ Let hbe a non-identity element in the center of H and
let K be the centralizer of hin G.

e |K|=p°qP, and c < asince otherwise h would be in the center of
G. The size of the conjugacy class of his |G|/|K| = p? °.
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Proof of Burnside’s Theorem

@ Suppose that G is a minimal counterexample. Then G is simple
since a normal subgroup N would give solvable groups N and
G/ N, which would show G is solvable.

@ Say |G| = p?q®, where b > 0. Let H be the Sylow subgroup of
size g°. Then H has non-trivial center.

@ Let hbe a non-identity element in the center of H and
let K be the centralizer of hin G.

e |K|=p°qP, and c < asince otherwise h would be in the center of
G. The size of the conjugacy class of his |G|/|K| = p? °.

@ This is a contradiction by the Lemma. O

Chris Almost A Quick Introduction to Representation Theory



W Jean-Pierre Serre

Linear Representations of Finite Groups.

GTM 42, Springer-Verlag, 1977.

«O0r «Fr «=)» «=)>» Q¥



	Introduction
	Characters
	Applications
	
	


