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Review of some probability theory 3

0 Review of some probability theory

For this course we let (2, %, P) be a probability space and (S, &) be a (sufficiently
nice) topological space. The Borel g-algebra 9(S) is the o-algebra generated by
the open sets, B(S) = o(F).

0.0.1 Definition. X : (Q,Z) — (S,) is called a random element (or an -
measurable function) if X 1(A) € Z forallAc &.

We will also use the terms random variable, random vector, random process, or
random measure, as appropriate for the codomain.

0.0.2 Definition. (Comparison of random elements)
(1) If P[X = X’] =1 then we say that X and X’ are equal a.s. or indistinguish-
able.
(i) If P[X € A] = P[X’ € A] for all A € & then we say that X and X’ are equal
in distribution.

Equality in distribution can be defined for random elements defined on un-
equal probability spaces (but they must have the same codomain).

0.0.3 Example. Let Q2 = {H, T} and P be the uniform probability (i.e. Bernoul-
li with parameter %). Let X(H) = 0 = X'(T) and X(T) = 1 = X'(H). Then
P[X = 1] = P[X’ = 1] so they are equal in distribution, but they are not equal
a.s., in fact they are unequal a.s.

0.0.4 Definition. (Convergence of random variables)
(i) X, converges P-a.s. to X if P[limsup, |X, —X| > 0] = 0.

(p)

(i) X, converges in probability to X (or X,, — X) if
lim P[|X,—X|>¢]=0
n—oo

for all ¢ > 0.
(iii) X,, converges in distribution to X (or X,, 9 x ) if

P[X, € A] — P[X €A]

for all A such that P[X € dA] = 0. Equivalently, X,, 2, X if the distribution
functions of X, converge pointwise to the distribution function of X at ever

point of continuity of that function. Equivalently, X, =X if

Elf (X)] = E[f(X)]

for all bounded continuous functions f.

Remark. When trying to prove a sequence of random variables converges in prob-
ability, Markov’s inequality is often very useful.
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Now let us recall some important theorems. Let X;, i € N be i.i.d. r.vs such
that u =E|X;| <ocoand let S, = Z?=1Xi- Khintchine’s weak law of large numbers
says that

Sn P

—_
n

>

and Kolmogorov’s strong law of large numbers says that

- -y P-as.
n
If 02 = E[|X; — u|?] < oo (i.e. the r.v.’s have finite variance) then the central limit

theorem states S
n MU @
— — A(0,1),
ovn ©.1)

where of course the right hand side may be replaced by any standard Gaussian
random element. The appearance in this theorem of the normal distribution is a
big part of why this distribution comes up everywhere.

1 Brownian Motion

1.1 Introduction to stochastic processes

1.1.1 Definition. A stochastic process on (2, & ,P) with state space (S, &) is (equiv-
alently) a
(i) (one-parameter) family of random variables, {X, : Q@ — S | t € [0, 0)};
(i) random element of RI®®) X = Xy(w):[0,00) =S| weQ};
(iii) random element of two variables X : [0,00) X Q — S.

Notice that the concept of “measurability” would seem a priori to be different
for each of the three definitions.

1.1.2 Definition. A stochastic process is said to be measurable if X is measurable
as a random element of two variables, i.e. if for allA e &,

{(t,w) | X(t,w) €A} € $B[0,00) X Z.

Warning: In K&S the authors write B(R[**)) = & (0,00) B(R), which may or may
not be true according to our definitions. (Think about this?)

1.1.3 Definition. (Comparison of random processes) Let X and X’ be random
processes.
() X and X’ are indistinguishable if P[X, = X[ for all t] = 1.
(ii) X is said to be a modification of X" if P[X, = X] =1 for all .
(iii) If P[X € A] = P[X’ € A] for all A € B(R[>*) then X and X’ are equal in
distribution.
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(iv) If for every tq,...,t, then we have
P[(X,,...,X, ) €A] =1P>[(X;1,...,X;n) €A]

for all A€ %(R") they X and X’ are said to have the same finite dimensional
marginal distributions (or fi.di. distributions).

As before, the definitions of equality in distribution and having the same fi.di.
distributions can be extended to processes defined on different probability spaces.

1.1.4 Definition. A sequence of random elements X, converges weakly to X (or

X, 2 X) if for every bounded continuous function f : S — R then E[f(X,)] —
E[f(X)].

1.2 Construction of Brownian motion

For reasons that will become clear in the section on Donsker’s invariance principle,
we look for a process B = {B,, t > 0} with the following properties.
(i) By =0 and B, ~ A4(0, t) for all ¢t;
(ii) B has stationary increments (or homogeneous increments), i.e. B, — B, has the
same distribution as B, _, for all s < t;
(iii) B has independent increments, i.e. for s < t, B, — B, is independent of {B,, |
0 <u<s};and
(iv) B has continuous paths.

The canonical version of a random element X : (2,%,P) — (S,5) is con-
structed as follows. The image measure PX ! of X is defined by PX!(A) = P[X €
A] for A € B(S). There is always a random element defined on (S, ¥,PX 1)
with the same distribution as X, namely the identity function. Thus our goal is to
construct a measure on (C[0,1], 8(C[0, 1])) that satisfies properties 1-3.

1.2.1 Lemma. Given O < t; < t, < tg, any process B that satisfies properties 1-3
must have the following joint probability density function.

3., .8, (6 ¥,2) = p(t1;0,)p(ty — t1; %,y )p(ts — t2;¥,2),

where p(t;x,y) := & eXp(_(y;tX) ).

This lemma extends easily to any finite number of times and it is seen that
properties 1-3 determine the fi.di. distributions of B.
To use Carathéodory’s extension theorem to construct a measure on (G, ¥) one
must:
(i) Define a finitely additive set function u, on some algebra or 7-system 6 <

9.
(ii) Show that u is countably additive on €.
(iii) Carathéodory’s theorem allows us to conclude that u, may be extended as

a measure to the completion of o(€) C 9.
One could also start with a reference measure and define another measure
via a density function. Or one could define a measure as a “limit” of “simple”
measures.
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Construction of Brownian motion: method 1

Let I be the space of finite increasing sequences of times
I:i={(t1,...,t))|neEN,0<t; <--- < t, < oo}
From the lemma, it is clear that IP has finite dimensional distributions given by
Q. (A) :==P{w € C[0,00) | (w,,,...,w, ) EA}

for all A€ B(R"), where
Q.(A)= J p(t150,x1) - p(ty — tho1; Xp_1, X )dxy -+ dx,,.
A

This method will yield a unique measure on (C[0, 00), B(C[0, 0))), Wiener mea-
sure, with fi.di. distributions given by {Q,,t € I}. (But I don’t see how, yet.)
Let 6’ be the set containing each so-called cylinder set, sets of the form

{w € C[0,00) | (wy,,...,w ) EA}

for A€ B(R"), for n € N. We have a finitely additive set function Q, defined on
%’. As an exercise, prove that the collection {Q, | t € I} is consistent (see below).
The next step is to show that Q, is countably additive on €’ (see Itd6-McKean), and
the final step is to show that o(%6’) = B(C[0, 00)). (I must be missing something
here.)

The canonical version of Brownian motion is defined to be the canonical pro-
cess on (C[0,00), B(C[0,00)),P), where P is Wiener measure.

Construction of Brownian motion: method 2

1.2.2 Theorem (Daniell-Kolmogorov). Let {Q,(-),t € I} be a family of finite di-
mensional distributions that satisfies -
(1) Q.(A) is invariant under permutation of the elements of t; and
(ii) For any t = (ty,...,t,), ifs = (t1,...,t,_1) and A € B(R"!) then Q,(A x
R) = Q,(A). This is the requirement that the family is consistent. -
Then there is a unique probability measure P on (R[>, 8(R[>>))) such that

P(w R | (w,,...,w, ) €A} = Q,(A)

forallAe B(R") andt el.

Let % be the collection of cylinder sets
{weRP [(w,,...,w, ) €A}

for Ae B(R"), for n € N, from R[> As in method 1, Q, is defined on € and it is
finitely additive and consistent. It is countably additive by the Daniell-Kolmogorov
extension theorem. Carathéodory’s theorem gives a measure satisfying properties
1-3 on o(€). The only thing remaining is to deal with the continuity of the paths.
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1.2.3 Theorem (Kolmogorov-Centsov). If{X, | t € [0, T1} is a real valued stochas-
tic process defined on (2, #,P) that satisfies

E[X, —X,|*] < C|t —s|**F

for all0 <s <t < T and some positive constants a, 3, and C, then there is a
continuous modification of X which is locally Hélder continuous with exponent v,

for all y € (0, g)

A stochastic process {X, | t € [0, T]} is said to be locally Hélder continuous
with exponent y if an a.s. positive r.v. h such that

|X}__)Q|
P sup —=<¢d6|=1
o<t—s<h |t —s["
s,t€[0,T]
for some appropriate constant 6 > 0.

ProoF: The first step is to choose a countable dense subset of [0, T]. We use the
dyadic rationals
D={k2™"|k=0,...,2"  neN}.

Define O = {w | t — X,(w) is uniformly continuous}, where X is the canonical
process on R[>, We would like to show that P(Q*) = 1. We will show instead
that P(Q2*) = 1, where

Q" ={w |t — X,(w) is locally Holder continuous on D with coefficient y}.
By definition, w € Q* holds if there is n*(w) such that

max | Xo-n(w)—X —vo-n( <2—ny
1§k§2"| ka-n (@) = Xge—1)p-n ()]

for all n > n*(w). Call this property (P). Let

== —-n - —-n >27 .
By = o | max Ko (0) = Xgpre(@)] 2 277)

The set of w for which property (P) does not hold is the set of w for which E,
occurs infinitely often. Whence

o\ =) JE.
meNn=>m

Now

2"
P(E,) =P (U [Xion — Xg—1y2n| = Z_HY)

k=1
o

< ZPUsz-" = X2 |* = 271%)
k=1
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2rl
<2me Z E([Xko2n — Xge—1)2-71%)
k=1

2" 1 1+
nya J—
<camey (2)

k=1
< 2ra=fn

S0 Zzozl P(E,) < 0 if y € (0, g). Therefore by the Borel-Cantelli Lemma we have
P(Q*) =1.
The next step is to define the modification. We define

X, (w) teD,weN”
X(w)= lims}—étDXsn(O)) t¢D,weN”

{s

0 wé¢n*

n
n

and we must show that it is truly a modification of X. For t € D, P(X, = X,) =
P(Q*) = 1. For t ¢ D, we know by construction that X; — X, a.s. for any {s,} €D
converging to t. We know by K-C inequality that X; — X, in probability. Therefore

X, — X, in probability, and so P(X, =X,) = 1. O

To complete the construction we must check the K-C inequality holds for Brow-
nian motion for some a and 3.

Weak convergence

There are a few books on convergence of processes: Billingsley (but not Probabil-
ity), Parthasarathy, Jacod-Shiryaev.
For this section we let (S, ) be a metrizable space.

1.2.4 Definition. A sequence of measures u, converges weakly to u, all defined

on the same space (S, %(S)), denoted u,, N u, if

B, [f1= J [, (dx) — f fOIuldx) =E,[f],
s 3
for all f € C,(S).

It can be seen that when S = R this reduces to convergence in distribution.
A norm that may be defined on a collection of measures absolutely continuous
with respect to some measure A is the total variation norm defined by

T
AU’TV_ Sdl

'dk.
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1.2.5 Exercise. Suppose that u,, is the distribution of

Sn _ Z?:l(xi _E[Xi])

Jno i ’
where the X; are i.i.d. with finite means and variances. Does u, converge in the
total variation metric?

1.2.6 Definition. Given a sequence of probability measures on (S, %(S)) and a
probability measure y on (S, B(S)), u, converges weakly to u if and only if

limffduﬁffdu
n—o0 s s

for every bounded continuous function f on S. We write u,, RN u.

This is the weak® topology induced from considering the space of finitely ad-
ditive measures as the dual of the space of bounded measurable functions. Note

that
f fdu
S

so the total variation norm is the operator norm induced by this duality.

lullry = sup
FeL™(s)
I lloo<1

>

1.2.7 Theorem (Portmanteau). The following are equivalent.
() py > p;
(i) liminf,_, . u,(U) = w(U) for every open set U;
(iii) limsup,_,., U,(C) < u(C) for every closed set C;
(iv) lim,_,, u,(A) = u(A) for every measurable set A such that u(A) = 0.

1.2.8 Continuous mapping theorem. If ® : S — S’ is continuous and u,, RN uin
w)

(S, B(S)) then &(u,) — @(u) in (S', B(S").

ProOF: Let g € C(S’). Then g o ® € C,(S), so by definition

J gd¢(un)=f go@dunﬁj go@du=J gdo(u),
S’ S S S’

50 B(1,) > B(u). O

1.2.9 Definition. Let IT be a family of probability measures on (S, %(S)).
(i) II is said to be relatively compact if every sequence in II contains a weakly
convergent subsequence. (This is just relative compactness with respect to
the topology induced by weak convergence).
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(ii) TI is tight if for every € > O there is a compact set K € S such that P(K) >
l1—¢forall P eIl

1.2.10 Theorem (Prohorov). Suppose that (S,<”) is a Polish space (i.e. a com-
plete, separable, metrizable space). Then a family Il of probability measures on
(S, B(S)) is tight if and only if T1 is relatively compact.

We will be interested in the case when S is the space of continuous functions
on [0, 00) with the metric p associated with the uniform norm

&1 SUPeo If (6) — g ()]
pUE)= ; 21+ supefo.q; If (t) — g(t)l )

(C[0,00), p) is a Polish space.

1.2.11 Theorem (Arzela-Ascoli). A set A C C[0,00) is relatively compact if and
only if the following two conditions hold.

(1) sup,eq|w(0)| < 00; and

(i) limgs o SUp,,ecq mT(w,85)=0 forall T < oo, where

m'(w,8)= sup |w(t)—w(s)|
0<s<t<T
[t—s|<&

is the modulus of continuity. (A is said to be equicontinuous).

1.2.12 Theorem. A sequence {P,} of probability measures on C[0,c0) is tight if
and only if

() lim; »o sup,s; P {w | [w(0)| > A} = 0; and

(i) limg g sup,s; Py{w | m?(w,8)>¢e}=0foralle >0 and all T < co.

ProoF: Suppose that {P,} is tight. Then given any 1 > 0 there is some compact
set K, € C[0,00) such that P,(K,) > 1 — 7. By the Arzela-Ascoli theorem, given
T >0, € > 0 there is A < 0o and §, > O such that

K={w]||w(0)|<A,m"(w,86)<eforse (0,5}

Now suppose that {P,} satisfies the conditions. Then given T > 0 and 1 > 0,
choose A > 0 such that

M
upP 0)|>A} < —
sup niw | |w(0)] > A} < T
Choose 6, > 0 such that foreach k =1,2,...
T 1 n
SupIPn{w|m (w95k)>z}5 T4+k+1"
n>1 2

Define
AT ={w||w()| <A, m (w,5,) < i forallk=1,2,...}
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and let A:=()_, Ar. Then

o0

n n
P(A)21-) o =1-o7
k=0

so P,(A) > 1—n for all n > 1. By the Arzela-Ascoli theorem A is relatively compact,
so {P,} is tight. O

It turns out that the topology on M; (S) induced by weak convergence is metriz-
able, and M, (S) with this so-called Prohorov metric is complete and separable.

Another important fact is that we will use often is that probability measures
on (C[0,00), B(C[0,00))) are uniquely characterized by their finite dimensional
distributions, i.e. their values on cylinders

{w € [0,00) | (wy,,...,w, ) €A},

forAe B(R"), forn €N.

Donsker’s invariance principle

Let £,&,,... be i.i.d. r.v’s with mean zero and variance one. Let S, = Z?zl ..
w)

Recall the central limit theorem, that S,,/+/n — N(0, 1). Following KS, let

Y =8+t = LtDE )11

be the continuous time process that is the linear interpolation between the partial
sums. For each n > 1, scale Y in space by a factor of 4/n and in time by a factor
of n (the choice of these scaling factors will become clear in a moment) to get a
process {XE”) |t €[0,17},

1
XEH) = _Ynt = ﬁ(smtj + {nt}‘SLntJ+l)'
Notice that for s = k/n and t = (k+ 1)/n we have XE") —Xs(”) = &1/ +v/n which is
independent of U(XIS”) |lu<s)=o0(&4,...,&) and it has mean zero and variance

1. At t =1 we have X%") =S, /+/n, which converges weakly to 4(0,1). For t = %
we have (approximately)

m L Sjej = 1 Sz
1 / 2 /n
2 n 2 \/E E

=

which is A4(0, %) in the limit, by the CLT. These computations lead us to believe

that the X 5”) “converge” to Brownian motion. This is made precise below.

1.2.13 Theorem. {X™} converges weakly to Brownian motion.
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First we show that {X™} is tight. From Exercise 4.11 of KS, if {X(} is a
sequence of continuous stochastic processes with X(()”) =0 and if

supE[|x™ —xM|*) < Cplt —s|'HP

n>1

forall T > 0and 0 <s,t < T for some constants a, 3, and C, then P, = P(x™)~1
form a tight sequence. To show that {X™} is tight we will show that it satisfies
the conditions of this problem.

The next step is to apply Prohorov’s theorem to see that {X} is relatively
compact. Thus there is a weakly convergent subsequence {X"}. Let X be such
that X =% X and apply the continuous mapping theorem and central limit
theorem to conclude that X has the required fi.di. distributions.

1.3 Sample path properties

1.3.1 Proposition. If B is a Brownian motion then the following processes X are
also Brownian motions with respect to their natural filtrations.
@ X, := %Bct for ¢ > 0 (scaling property)
(i) X, :=B,,. — B, for ¢ > 0 (simple Markov property)
(iii) X, =By —Br_, fort € [0, T] (time reversal property)
(iv) X, :=tB1 fort >0 and X, := 0 (time inversion property)
V) X, := UB; for an orthogonal matrix U (where B is d-dimensional Brownian
motion). In particular we have the reflection property, that —B is a Brownian
motion.

1.3.2 Lemma. P[sup,.,B, =00 and inf,(B, = —oo] = 1.
PROOF: Let Z = sup,5q B;. For any ¢ > 0 we have

cZ =supcB; e supBL2 =Z.

t>0 t>0 ¢
Therefore the law of Z is concentrated on {0,00}. Let p = P(Z = 0). Then

p <P[B; £0and supB;,, —B; < 0]

20
=P[B; <0]P[supB;; —B; < 0] By L (By4t —By,t20)
>0
=P(B, <0)P(Z =0) (Byy. — By, t > 0)is a BM
_1
sop=0and P(Z =o00)=1. O

Remark. A direct consequence of this is that a.s. for all a € R, {t | B, = a} is not
bounded above.
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1.3.3 Lemma. Brownian motion is a.s. not differentiable at zero.

ProoF: The last lemma and time inversion together imply that
P[Ve>0,3s,t <es.t. B,<0<B,]=1.

Indeed, if this were not the case then there would be a set A with P[A] > 0 and
the property that for all w € A there is ¢ = ¢(w) such that either B(u) > 0 or
B(u) < 0 for all u € (0, ¢]. By the time inversion property this implies that for all
w €A, B, = uB: satisfies B, > 0 or B, < 0 for all s € [, 00), which contradicts
the previous lemma.

Therefore the only possible (right) derivative of Brownian motion at zero is
0. If this were the case on a set A of positive probability, then then for w € A,
IB,(w)| < t forall 0 < t < T(w). Once again, using time inversion, B, := tB% isa

Brownian motion. On A, for all 0 < t < T(w), B1 = % <1, which is impossible.[]
1.3.4 Lemma. Brownian paths are monotone on no interval, a.s.

Proor: We must show that the set Us’tEQ{w | B(w) is monotone on [s,t]} has
probability zero. By the symmetry properties of Brownian motion it suffices to
show that A := {w | B(w) is non-decreasing on [0, 1]} has probability zero. Let
A, = ﬂi:ol {Bi1 —B: > 0} and notice that A = (|-, A, since B has continu-
ous paths. (It follows in particular that A is measurable.) Since B has indepen-
dent, normally distributed increments P[A,,] = (%)”, so by continuity of measure,
P[A] = lim, ., P[A,] =0. O

Given a partition I1= {0 = t, < t; <--- <t =1} of [0,1], and a real-valued
function f : [0,1] — R, let

kg
VO£ = Y 1F () - F(ty)lP.
i=1

The (classical) p-variation of f is defined to be

VO(f) = sup VO (IT)(f).
I1

If f is continuous and p = 1 then V?P)(f) = limy -0 v®)(11,)(f) where I1, is
any sequence of partitions such that ||II,|| — O (i.e. the mesh size goes to zero).
When p # 1, these quantities need not be the same. Regardless, the p-variation of
a stochastic process X is defined to be

V(X)) = im V)0

where the limit is taken in probability.
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1.3.5 Lemma. The quadratic (p = 2) variation of Brownian motion on the inter-
val [0, t] is the deterministic value t, and Brownian motion does not have finite
variation (p = 1) on any interval.

Proor: Fix t and fix a partition T={0 =ty < t; <--- < t, =t} of [0,t]. Then
n 2
BV mE) - o = ()4 )
=1

where A; = (B, — BtH)2 — (t; = t;_1)*. It can be shown that E[A;A;] = 0 for
j # k and E[A?] = 2(t; — t;_;)*. Whence

j=1

so VA(II)(B) converges to t in L2(0,t) (and hence in probability). It follows
that Brownian motion cannot have finite first variation because it has continuous
paths. O

1.3.6 Sample path properties. The following properties are true of a.e. sample
path of Brownian motion.

(i) Unboundedness.

(ii) Ofunbounded first variation. (This is a consequence of the fact that V®(B(w)) #

0 a.s.)

(iii) Non-differentiable at zero (or anywhere).

(iv) Monotone on no interval. (This is a consequence of (ii))

(v) Nowhere differentiable, i.e.

{w |V t €[0,00) either DYW,(w) = 00 or D_W,(w) = —oo}
contains an event F with P(F) = 1, where
_ 1
D f, = limsup E(f(t +h) — f(h))
h—0
and .
D f, = liminf > ( (¢ +h) = £ ().
(vi) Law of the Iterated Logarithm:

W (w W (w
lim sup () =1 and liminfL——l

tooo 4 /2tloglogt tmoo \/Ztloglogt_

(vii) Exact modulus of continuity (Lévy), see 2.9.E
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1.4 Distributional properties

1.4.1 Definition. A stochastic process X is a Gaussian process if for every 0 <
t; < ty--+ < oo the R" valued random vector (X, ,...,X, ) has a (multi-variate)
Gaussian distribution. The covariance function of a Gaussian process is defined to
be p(s, t) := E[(X; - E[X, DX, —E[X,])].

Brownian motion is a Gaussian process mean zero and covariance function
p(s,t)=sAt.

1.4.2 Lemma. The CDFF, . (xq,...,x,) of (B ,...,B, ) s

.....

X1 Xp
J J p(t1;0,y)p(ta — t1;¥1,¥2) = Pty — th15 Yno1, Yu)d Yy - dy;.
—00 —0Q0

1.5 Markov property

Informally, X is a Markov process if there is a family of Borel measurable functions
{fs.¢} such that
PX, €Al FX) = f, (X, A).

1.5.1 Definition. Let (2, %) be a measurable space. A kernel on 2 is a map N :
QO x Z — [0,1] such that

(i) A— N(x,A) is a probability measure on (£, %) for all x € &; and

(i) x — N(x,A) is Z-measurable for everyAe Z.
A kernel N is called a transition probability or stochastic kernel if N(x,Q) =1 for
all x € Q.

Notation. If f is a non-negative % -measurable function and N is a kernel then
the function

Nf(x):= J N(x,dy)f(y) =Enq[f]-
Q
Likewise, if M and N are two kernels then
MN(x,A) = J M(x,dy)N(y,A).
Q
Suppose there is a process X for which, for any s < t there is a transition
probability P, , such that a.s.
P(X, €A| FX) =P, (X,,A).

Then for any positive #-measurable function f, using standard approximation
arguments,

E[f(X) | ZF] =P, f(X,).
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Soifs <t <v then
P(X, €A| FX)=E[PX, €A| FX) | FX] = f P, ,(X,,dy)P, ,(¥,A).

This should equal P; ,(X;,A).

1.5.2 Definition. A transition function on (2, %) is a family {P;, | 0 <s < t} of
transition probabilities on (€2, %) such that for all s < t < v,

f Ps,t(Xs’ d.y)Pt,v(.y:A) = Ps,v(x:A)-
Q
These are the Chapman-Kolmogorov equations.

1.5.3 Definition. Let (2, %,{Z,,t > 0},P) be a filtered probability space. An
adapted process X is a Markov process with respect to another filtration {%,} (con-
taining {Z}) with transition functions P;, if for all non-negative Z-measurable
functions f and 0 <s < t, E[f(X,) | %] = P, .f (X;).

Remark.

(i) Given a transition function, one can always construct a Markov process with
that transition function using Kolmogorov’s extension theorem.

(ii) The transition function is said to be homogeneous if for all s < t, P, , depends
on s and t only through t —s. In this case the C-K equation takes the form

P (x,A) = [ P,(x,dy)P.(y,A).

1.5.4 Theorem. Brownian motion is a Markov process with respect to its natural
filtration. (With what transition function?)

Intuition: B, = B, — B, + B, and B, — B is A4(0,t —s), distributed as P if
B;=y.

1.5.5 Lemma. Suppose thatX andY are d-dimensional random vectors on (Q, Z,P),
Y is a sub-o-algebra of &, X is independent of ¢ and Y is ¢-measurable. Then
for every T’ € B(RY),

PX+Y el |9]=P[X+YeTl|Y] P-as.

and
PX+YeT|Y=y]=P[X+Y eIl ae forPY !

Proor: We will show that for D € #(R? x RY),

P[(X,Y)eD|¥]=P[(X,Y)eD|Y].
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First look at D = D, x D, for D;,D, € B(R?). The left hand side is
PIX €D,,Y €D,y | 9] =1yyep PIX €Dy | 9] = 1iyep,; PIX € D]

and the right hand side is equal to the same thing by the same logic. Since the
measurable rectangles form a Dynkin system and generate B(R¢ x R?), we are
done. |

Let Q° = (C[0,00) : R)¢, Z° = 88(Q°), and P® = PM x .. x P4 where each
P® is Wiener measure. Let X be the canonical process on (2°,.Z°, P°), so X is
a d-dimensional Brownian motion started at zero. Let u be an arbitrary initial
distribution on (R?, 8(R?)). Consider the random variable on (R? x Q°, Z(R?) ®
Z9 u® P°) defined by X(x, w1, ...,wy) = x + (w1,...,w,), and so is Brownian
motions with initial distribution u.

Another way to think about this is to think of P* as the image measure. How
can we explicitly write P* in terms of P® and u? Naturally, take P*(F) = P°(F—x),
and write P*(F) = f PX(F)u(dx). This integral is well-defined if for every F € Z°
the map x — P*(F) is “universally measurable.” The following fact is true: for
everyF € & o'i) the map x — P*(F)is 8(RY)-measurable. (Universal measurability
is introduced so that we get this nice property for slightly larger filtrations, such
as the augmented natural filtration.)

Define u

wRY):= ] B®R) 2 BRY.
u prob

A mapping R? — R is said to be universally measurable if it is % (R?)/ B(R?)-
measurable.

Note that if F is a set of the form {w € Q° | w(0) € Iy, w(t;) € 'y} then
P*(F)=1r (x) fFl pa(ty; x1,y1)dy;, where as always

1 exp =yl
(27t): 2t '

As a consequence, Brownian motion is a homogeneous Markov process with
transition function P,(x,A) = prd(t;x,y)dy. Here we call py(t; x,y) the tran-
sition density of Brownian motion. We have seen E[f(B,,,) | B;] = P,f(B;). The
infinitesimal generator of a homogeneous Markov process is & := lim_ %(Ps —1).

pa(t;x,y) =

1.5.6 Definition. A Markov family is an adapted process {S,, Z, | t > 0} on some
(2, Z) together with a family of probability measures {P* | x € R%} on (Q, %)
such that
(i) x — P*(F) is universally measurable for all F € & ;
(ii) P*[X,=x]=1forall x € R%;
(i) P*[X,,. € F|Z,]=P*[X,,. € F|X,] forall x € R%, for all F € #(R?)[>>);
(iv) P*[X,,, €T|X,=y]=PY[X, €T]forall x €R?, as.-P X!

1.5.7 Definition. A process X is & -progressively measurable if the restricted map
X:[0,t] xQ—RYis (B[0,t] ® Z,)/ B(RY)-measurable for all t < co.
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1.5.8 Definition. The o-algebra generated by a random time T is the o-algebra
generated by {{X; €A} |A€ B(R)} U{T = oo}.

1.5.9 Definition. A random time T is an & -stopping time (resp. & -optional time)
if {T <t} e Z, (resp. {T < t} € &,) for all t. The o-algebra generated by a
stopping time T is

Fr={AcF|An{T <t} e Z, forallt > 0}.

1.5.10 Exercise. Suppose that X is an adapted process with right continuous
paths and A € B(R?). The hitting time is H, = inf{t > 0 | X, € A}.

(i) If Ais open show that H, is an optional time.

(ii) If Ais closed and X is continuous show that H, is a stopping time.

1.5.11 Definition. Let {Z,}5, be the completion of {#?},, and for each t >0
let #, = (.o, Z;. Then {Z .}, is a right continuous filtration, the Brownian
filtration.

1.5.12 Theorem. Let {B;,#.},>o be a Brownian motion and let T be a finite val-

ued stopping time. Then the process defined by BET) =By, —By fort >0isa
Brownian motion independent of ;.

ProOOF: A simple stopping time is a stopping time whose image is countable. We
claim that given any finite time there is a non-increasing sequence of simple stop-
ping times T; > T, > --- such that lim,_,, T, = T point-wise. In addition,
Fr =1, Fr . (The reason we take the approximation from above is for this
latter property.) Indeed, define

>k
T,= Z on 1po-n (kg1)2-my © T
pary

Then clearly T,, > T, for all n, and T, converges to T since 0 < T, — T < 27",
Further, #; € Z; for all n as a consequence of the general fact that S < T implies
Fs € Zr. (Indeed, if A€ ¢ then

AN{T <t} =An{S<tIn{T <t} e Z,

soAe Fr) fAe(),Fr then An{T, <t} € F, foralln>1andallt>0.
Therefore

anfr<a=J N@niT, <t+ehH e Zu. =2,

e>0m=>1n>m e>0

by the right continuity of {Z,}.
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Back to the proof of the theorem. If T is a simple stopping time then let
{71,7y,...} be the range of T. For any A € & and for all Cy,...,C, € B(R),

PAN ([ ){Brs, — Br € Ci})

i<m

PAN ([ |{Bsst, = B-, €Ci, T = T4})

i<m

M 1D

P((){B:,+t, — B:, € GHPUT = 1,1 NA)

0 i<m

P([){B,, € CHPA)

i<m

x~
Il

Now set A= R to deduce that t — By, — By is a BM. Since A € & was arbitrary,
we also get independence.

For a general topping time T, consider the approximating sequence of simple
stopping times T,, \, T defined above. For any A € Z and for all open C;,...,C, €
B(R™) we have

PAN((|{Bry,, —Br € G})) = lim PAAN ([ ){Br, 4, — Br, € G})

= lim P((){B, € GDP@A)
=P([ ){B, € GHPQA)

i<m

since A€ Fy_forall n. O

1.5.13 Example. This theorem is not true for general random times. Take T to
be the last time before 1 that B, is zero.

1.5.14 Lemma. Under P°, |B| = {|B,|, %} is a Markov process with transition
density PO[|W,_i| € dy | [W,| = x] = p,(s; x, y), where p,(s;x,y) = p(s; x,y) +
p(s;x,—y).

1.5.15 Lemma. Define Y, = M, — B,. Under P°, the process {Y,, Z,} is a Markov
process and has transition density

P[Y,, €dy | Y, =2] = (p(s;z,¥) + p(s;z,—y))dy = p,(s;2,y)dy.
Proor: Fors >0,t>0,b>a, b>0,

PO[BH—S Z a’MH—s S b | Egt:' :PO[Bt+s Z a’Mt S b’( Sllp Bt+u) S b | gt]
uel0,s]

=14, <p3P°[Beys = a,( sup By, )< b|F,]

u€l0,s]
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= l{M[Sb}Po[BtJrs = a,( sup Bt+u) <b |Bt:|
uel0,s]

since {B,} is a Markov process under P°. This calculation shows that (M,,B,) is a
Markov process under P°. Since Y, is a function of M, and B,, it follows that for
every I' € B(R),

PlY,,, €T | Z,]=P°[Y,,, €T |B,M,].
It suffices to show that
P°[Y,y, €dy |B,=x,M,=m] =p.(s;m—x,y)dy.
Forb>m>x,b>a, m>0,
P°[B,,, €da,M,,, €db|B, = x,M, = m]
= P°[B,,, €da, max B,,, €db | B, = x,M, = m]
0<u<s
= P*[B, € da, M, € db]
=P°[B,eda—x,M, €db — x]

(2b—a—x)?

2
= (2b—a—x)e” =z dadb

v 2ms®

Form>x,m>a, m>0,

P°[B,,, €da,M,,; =m|B, =x,M, = m]

=P°[B,,, €da, sup B,,, <m|B, =x,M, =m]
uel0,s]

= P*[B, €da, M, < m]
= P*[B, € da] — P*[B, € da,M; > m]

1 _ (a—x)2 _ (2m—a—x)2
= e s —e 25 da
27s

Therefore, since either the maximum increases to a new level b > m over the
interval [t,t +s] or it stays the same, we have

P°[Y,,, €dy | B, = x,M, = m]

9}
Zf PO[BH—SEb_dy’MH-sEdb|Bt=xaMt=m:|

+P°[Byy €m—dy,M, ;=m|B, =x,M, =m]

*© 2 _ (bty—x)?
= (b+y—x)e =z dydb

27ms®
4 1 ( _ m—y-x)  (mty—x)? ) dy
e 25 —e 25
V2Ts

=pi(s;m—x,y)dy -
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We have the following Markov processes:
(i) Brownian motion B,
(i) Poisson process N,
(iii) Reflected Brownian motion |B,|
Giv) (M,,B,)
() Y, =M, - B,
What about

T, =inf{t > 0|B, = b} = inf{t > 0| B, > b} = inf{t > 0| M, > b}?

1.5.16 Theorem. {T,,0 < b < oo} is a non-decreasing left-continuous (strong
Markov) process that has stationary independent increments and is purely discon-
tinuous (i.e. there is no interval on which b — Ty, is right-continuous).

Proor: Notice that

{T, <t}={M,>b} = |{M, 2 b—-1}= ﬂ{Tb_% <t}.

neN neN

which implies left-continuity. That it is non-decreasing is obvious.

The time shift operator, defined by 6,(w)(t) := w(s + t) for s,t > 0. The
operator can also be defined for random times. We have for 0 < a < b, T}, =
Ty + Ty 0 67, a.s. For all Z, -measurable functions f,

EBLf(Ty = To) | 1, ] = E[f (Ty 0 0r) | Fr,] = E[f(Tp)] = E[f (T}_o)]

using the continuity of Brownian motion and the fact that Brownian motion has
stationary, independent increments. This implies that T, — T, is independent of
Z, and has the same distribution as T}_,.

For the last part it is enough to show that for p,q € Q,

Plw|b+— Ty(w)isctson [p,q]] =0.

However, b — T, is continuous on this interval if and only if M, is strictly in-
creasing on [T,,T,], and for this to happen we would require BTp+t - BTp to be

p>iq
strictly increasing on that interval. But this last process is a Brownian motion by
the strong Markov property, and so is not strictly increasing anywhere. O

1.5.17 Lemma. E°[exp(—uT,)] = exp(—b+v2u).

1.5.18 Proposition. Almost surely, the set Z = {t € [0,00) | B, = 0} has no
isolated points.

ProorF: Earlier we showed that zero is not an isolated point, indeed

E°[exp(—u(t + Ty 0 6,))] = e ™" E°[E” [exp(—uTy)]] = e E°[exp(~|B,|v2u)]]
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and as t — 0, the right hand side goes to one. Therefore by Fatou’s Lemma,

. — 01> i — 01—
P[ll{l{lonf(t—l—TOOQt) 0]_11R%an[(t+T009t) 0]=1,

so zero is a limit point of Z a.s. For any rational g, the define the time d, to be
q + T, © 6, the first point in Z after . However, By =0, s0 {By ;. |t >0} isa
standard BM by the strong Markov property. Therefore the set

U {d; is not a limit point of Z}
q<Q

has P-measure zero. If h € Z and h = d, then h is a limit point of Z. If not, choose
a sequence {g,} € Q such that g, / h. Then d, € [q,,h],sod, —handhisa
limit point of Z. O

2 Martingales

2.1 Martingale convergence theorem
The definitions of sub- and super-martingales are analogous in discrete- and continuous-
time.

2.1.1 Definition. A stochastic process X is integrable if E|X,| < oo for all a € I.
An adapted stochastic process {X,, #,|a €1} isa
(i) sub-martingale if E[X, | #,] > X, for all a < b;
(i) super-martingale if E[X, | #,] <X, for all a < b;
(iii) martingale if it is both a sub- and super-martingale.

2.1.2 Doob’s Upcrossing Lemma. Let X be a super-martingale and let Uy [a, b]
be the number of up-crossings of [a, b] by time N. Then

(b—a)EUy[a,b] LEXy —a)”

2.1.3 Definition. A predictable process is a process {C,, #,} such that C, is #,_;-
measurable for all n.

Proor: Let {X,, Z,} be a super-martingale, C; = 1(x _,; and
Co=lic,=111ix, ,<by + 1ig, =0 1ix, <0t

forn>1,and Y, := Y, , C;(X; —X,; ;). Then {C,, Z,} is predicable and {Y,, Z,}
is a super-martingale. We have fundamental inequality

Yy = (b—a)Uyla,b] — Xy —a)".
Therefore we may conclude that

0>E[Yy] = (b—a)EUy[a,b] —EXy —a)”. O
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Now for the continuous-time analog. For a < b and F C [0, co) finite, let
(i) 7y=min{t e F | X, <a}
(i) oj=min{t €F |t = 7;,X, > b}
(iii) T, =min{t €F [t >0;,X, <a}
Given an interval I C [0, 00) let

U,(a, b;X) =sup{Ug[a, b] | F C I finite}.

2.1.4 Theorem. Let {X,,Z.} be a right-continuous sub-martingale, a < b, and
A>0.
() AP[sup.cr, X, > A] <EX].
(i) AP[inf,cy X, < —A] SEX! —EX,.
(iii) Up-crossings: (b —a)EU[, 1(a,b;X) < |a| +EX].
(iv) IfX is non-negative then E[(sup,c[, .1 X)"] < (p%l)" EXP.

Proor: Exercise. (Approximation arguments.) a

2.1.5 Doob’s Forward Convergence Theorem. Let {X,, &,} be a super-martingale
bounded in L' (i.e. sup, E|X,| < 00). Then X, = lim,_, X, exists and is finite
a.s., and it is ¥, -measurable.

Proor: Let

A = {X,, does not converge to a limit in [—00, 00]}
= {liminfX, # limsup X, }
n n

= U {liminfX, <a < b <limsupX,}
a<beQ 8 n

: U Aa,b.

a<beQ

But A, € {limy_,,, Uy[a, b] = co}. The probability of this set is zero, so P(A) =
0. By Fatou’s Lemma

E|X,|=E[liminf|X,|] <liminfE |X,| < co.
n n

2.1.6 Doob’s Forward Convergence Theorem. Let {X,,Z,} be a cadlag super-
martingale bounded in L' (i.e. sup, E|X,| < 00). Then X, = lim,_,., X, exists and
is finite a.s., and it is ¥, -measurable.

2.1.7 Discrete Optional Sampling Theorem. Let M be a uniformly integrable
martingale and T be a stopping time. Then E[M,, | 7] = My a.s.

2.1.8 Corollary. E|M;| < oo and EM; =E M,.
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2.1.9 Corollary. IfS is another stopping time and S < T then E[M; | 5] = M.

2.1.10 Continuous Optional Sampling Theorem. Let {X,, Z,} be a right-continuous
sub-martingale with a last element and let S and T be &,-optional times. Then
E[Xy | Zs.] > Mg a.s. If S is a stopping time then we may replace ¥, by Fs.

Proor: Define

S = 00 S=
"Tlk2h (k—1)2"<S<k2™"

and T, similarly. Then S,, and T,, are stopping times and S,, \\ W and T,, \\ T, and
by the discrete optional sampling theorem, E[X; | Z5 ] > X; . ForallA€ Z; ,

andﬁn > J Xg dP.
A A

Therefore it also holds for all A € ﬂoo Fs = Fgy. Also, since S <S,, Fg C Fs .
Observe that {Xs , 75 } are backward sub- martingales and EX is decreasmg

and bounded below by IEXO Therefore {X; } are u.i., and likewise for {Xr }.
Since the process is right continuous

XS = nli—>noloXS” al’ld XT = nli—>ngoXT”,

so we can take limits in the equation above and interchange the limits to get
E[Xy | Zs1] 2 EXs. o

2.2 Continuous Martingales

For this section let {X,, #,} be a process with right continuous paths.

Remark. (i) We automatically know that it has limits from the left a.s. since
{3t €[0,n] liminfX,
s/t

<limsupX,} € | {@|Ugu(a, b, X (w)) = oo}.
s/t a<beQ

(ii) Recall that {Z,} is said to satisfy the usual conditions if %, contains all the P-
negligible sets and {%,} is right continuous. If {X,, Z,} is a sub-martingale
and {Z,} satisfies the usual conditions then t — EX, is right continuous
then X, has a right continuous modification such that {X,, Z,} is a sub-
martingale.

(iii) Continuous martingale results that are derived from discrete martingale re-
sults (e.g. OST) rely on approximation arguments for which a key ingredient
is the backward sub-martingale convergence theorem. This theorem (given
below) allows one to justify limits of the following kind.
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Let T, \ T, S, \\ S, and {X,,%,} is a right-continuous sub-
martingale. If Xg <E[X; | % ]forallnthenXs <E[X; | Zg,].
Namely, for all A€ F5, € Fg we have

lim J Xy dP =45 J lim X, dP ="t & JXTdIF’
n—00 n n—00 n
A A A
using the fact that EX; > EX,,.

2.2.1 Theorem (BS-MCT). Let {Z,} ., be a decreasing sequence of o -algebra
and suppose that {X,,%,} is a backward sub-martingale (i.e. E|X,| < oo and
E[X, | Zpi1] = X4 a.s. for all n). Iflim,_, EX, > —oo then {X,} is u.L.

Proor: Step 1: Show that {X ', Z,} is a backward sub-martingale. This is the case
since X1 < E[X,, | #,41] implies, since x — x* is non-decreasing,

X:_H = IEI:Xn | gn+1]+ < E[X;r | tQ.n+1:|

by the condition Jensen inequality.
Step 2: lim,_,, sup,>; P[|X,| > A] = 0 since

AP[IX,| > Al <EIX,|=-EX,+2EX] <oco

by the assumed bound and the fact that EXT < EX]".
Step 3: X' is u.i. Indeed, since {X ', Z,} is a sub-martingale we have E[X", |
F.]1 = XF s0

+am + +
J XndP—f E[X] |9n]d19>5f XfdP
{1%,1>23 {1X, 1>} {1, 1>}

Step 4: X, is u.i. Indeed, for A > 0 and n > m we have

ozf X, dP
X, <—A

n

=EX, — J X, dP
X,>—A

>EX, — f X, dP
X,=>—A

nZ

=EX, —IEXm+J X, dP
X,<—A

Given ¢ > 0, there is m large enough so that

0<EX, -EX, <

N| ™
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for all n > m (since X is L'-bounded and E X, is monotonic). For that m choose

A > 0 such that
€
supf X, |dP < —
n>m Jy <—2 2

SO SUDs X dP<e¢andX]} is u.i O

X >A
2.2.2 Theorem (Convergence). If{X,, Z,} is a sub-martingale and

supEX;" < 00
0

then X, has a limit a.s. and in L'.

2.2.3 Corollary. If{X,,Z,},>¢ is a right continuous non-negative super-martingale
then X, = lim,_,, X, exists and is in L".

2.2.4 Optional Sampling Theorem. If{X,, Z.,} is a right-continuous sub-martingale
with a last element (i.e. X, = lim,_,., X, exists a.s. and is in L') and S and T are
{Z,}-optional times then E[X; | Fs,.] > Mg a.s. If S is a stopping time then we
may replace ¥s, by Zs.

2.3 Applications

Note first that if {B,, Z,} is a Brownian motion then it is a martingale. Indeed,
E[Bt — B, +B; | ﬂs] :E[Bt _Bs] + B, = B;.

2.3.1 Lemma. Let T =inf{t > 0| B, ¢ (a, b)}, where a < 0 < b. Then
() P(B, =b)= b_—_aa
(i) E[t] =—ab

ProoOF: 7 is a stopping time, but we cannot naively apply the OST since Brownian
motion does not have a last element. Instead we look at the stopped process {B;x,},
which is a right continuous martingale with last element. Applying the OST we
get

0=EB,\,=bP[B,=b,T<n]+aP[B,=a,7 <n]+E[B,;7 >n].
Taking limits as n — oo we get
0=bP[B,=b]+aP[B, =a]

For the next part, we show that M, := (B, —a)(b — B,) + t is a martingale.
(This is not too hard.) Then again applying the OST to the stopped process

—ab= EMT/\H = ]E[T A T'I.] +E|:(BT/\H - a)(b _Br/\n)]

and taking limits we get the result. O
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2.3.2 Example. Let X, = B, +ct (Brownian motion with drift). We are interested
in H, = inf{t > 0| X, = x}. We need the fact that exp(0B; —%Gzt) is a martingale.
Fix A > 0. Then from the exponential martingale it follows that

exp(0X, — At) = exp(0B, — (A — 6¢c)t)

is a martingale provided that A — O¢c = %92. Let B,a = —c £ v/ c? + 2A. Note that
a < 0 < . Thus for any A > 0 and f as given the martingale exp(8X, — At) is
bounded on [0, H,.]. We can use the OST to conclude that

E[exp(fXy, — AH,)] = eP*E[e™ ]

from which it follows that E[e *#x] = exp(—x(4/ ¢2 4+ 24 —c)). The Laplace trans-
form can be inverted explicitly to give

X _(x—ct)2
mexp — )

Take limits as A\, 0 in the Laplace transform to conclude that

P(H, €dt) =

1 ifc>0
PLH, < oo] = e~ jfc <0

Now we calculate E[e *"] where T = H, AH, for a < 0 < b. Recall that the 6
that we used previously was found as a root of A — 6¢c = %92. We know that any
process of the form

Mt = Cleaxlikt + Czeﬁxlikt

is a martingale for any constants C;, C,. Choose M, of the form M, = f(X,)e
such that f(a) = f(b), say

Mt — (eﬁb _ eﬁa)eaXt—kt + (eaa _ eab)eﬁXr—lt.
With this choice, M, is bounded on [0, T], and so the OST implies
f(0)=E[My] =E[M;] =E[f(a)e *"]

SO s 5 ,
eP? — eP% 4 % — ¢
E[e 1] =

e[a’b+aa _ eﬁa+ab

In the special case ¢ = 0 and a = —b this reduces to E[e *"] = sech(bv/22).
2.3.3 Law of the Iterated Logarithm.

. B, _
P| limsup———= | =1

£\0 ,/Ztloglog(%)
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Proor: Write h(t) = 4/2t loglog(%). The first step is to show that

limsu <1
de

P-a.s. Apply Doob’s maximal inequality to the exponential martingale Z, = exp(aB,—
%zt) yielding for a > 0

( sup (B, ——as)>[3’) ( sup Zt>e“ﬁ) <e WPER[Z,]=e"%.
sel0,t] s€[0,¢]

Now fix 6,6 € (0,1) and apply the inequality with t = 8", a = 67"(1 + &)h(6™),
and § = 2h(6"). Then

1 1\"
aff = 5(1 +8)0"h*(0™) = (1 + &) loglog (5)
and P —log(nlog( NHe =0(n'*?). So

sup P(B; — —s(l +68)8"h(6™)) > h(@n)) < Con~(+0).
s€[0,6m]

By the Borel-Cantelli Lemma there is ©}, ; € & with PQ" = 1 such that for all
w € Q) there is Ny 5(w) such that for all n > N 5(w)

xg[loe%( (B, ——s(1+5)0 "h(6™) < h(@ )

Thus for 6™ <t < O™

B, < sup B, < (2+5)9 "h(0") < (2+5)9_§h(t)
s€[0,0m]

where the last inequality uses the fact that h(6™) < 9_%h(9"+1) < 9_%h(t), SO

11msup— <(1+=z )9

£\0
Letting 6 \, 0 and 6 ,” 1 along countable sequences we complete the proof of the
first step.

For the second step, see KS p.112-113 O

Recall the generator of a Markov process is ¢ = lim, o ? where P, f(x) =
E[f(X,)| X, = x]. The Brownian transition function is

1 llx = yII?
p(f;x’}’)— d exp(_ )
(2rt): 2t
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and satisfies % = %Apt(x). For Brownian motion, check that ¥4f(t,x) = Z—JZ +
%A f . Define

c/ =f(t,Bf)—f(0,Bt)—f %f (s,B,)ds.
0

If {B,, Z,} is a Brownian motion and f € C? then C{ is an {Z,}-martingale.

2.4 Lévy processes

2.4.1 Definition. A Poisson process {N,, .} with intensity A is a right continuous
{Z,}-adapted process with N, = 0 and N, — N, ~ Poisson(A(t —s)), i.e. for i =
0,1,..., ‘ .

At —s)

P[N, - N, =i] = oo 2 ZS) - )

i!
The Poisson process has stationary independent increments and {N, — At} and
{eN:=2t(*=DY for any a € R, are martingales. This is because E[e®:] = et(¢"~D
is the moment generating function for the Poisson distribution.

2.4.2 Definition. A Lévy process is a right-continuous process with stationary in-
dependent increments.

2.4.3 Examples.
(i) Brownian motion (with drift)
(ii) Poisson process
(ili) T,, the hitting time of Brownian motion to a level a.

2.4.4 Definition. A probability measure u on R is said to be infinitely divisible if
for all n there is a probability measure v on R such that y = v*". Equivalently, if
Y ~ u then for every n there are i.i.d. n.v’s ¥; ~ v such that Y = Z?:l Y;.

If {X,, &} is a Lévy process with X, = 0 then for all ¢, X, is infinitely divisible
since it may be written as a sum of n i.i.d. increments,

n
X, = Z(Xti _Xt"*Tl)-
i=1

Conversely, given any infinitely divisible r.v. Y there is a Lévy process {X,, Z,} such
that Y £ X,.
Analytical methods can be used to show that if u is infinitely divisible then its

Fourier transform is equal to e*(®), where

BM

drift  —A— Poisson
o .rle 1 29;+ (m i6x ) (dx)
= — =0 —1—- vidx
' 2 ¢ 1+ x?

pure jump process
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and v is a Radon measure on R\ {0} such that f 1sz v(dx) < co. This immediately

gives you a complex exponential martingale associated with a Lévy process. This
is the Lévy-Khintchine formula

2.4.5 Definition. A r.v. Y is stable if for all n there are independent r.v.’s with the

same law as Y and constants a,, > 0 and b, such that Y; +---+Y, 2 a,Y +b,.

2.4.6 Lemma. Stable r.v.’s are infinitely divisible.

2.4.7 Exercise. It must be the case that a,, = n« for some a € (0,2]. When a =2
we get the Gaussian distribution. When a € (0,2] then o = 0 in the L-K formula
and the Lévy measure has density

(M1 1gecgp + My pesgp)lx]|"0F9

for some m;,my > 0.

2.5 Doob-Meyer decomposition

2.5.1 Lemma. Any non-constant continuous martingale {M,} a.s. has infinite vari-
ation.

ProoF: Let V, be the variation of M on [0, t] and define
S, :=inf{s > 0|V, > n} Ainf{s > 0| |M,| > n}.

Then the stopped process M5+ is of bounded variation and is a martingale by
the OST. Therefore it is enough to prove that M is constant whenever it and its
variation are bounded. Assume further that M, = 0 a.s. Fix t < oo and let
M={0=ty<t; <--- <t =t} be asubdivision of [0, t]. Then

k-1 k-1
E[M2]=E[Y (M2 —M2)]=E[Y (M, —M,)"]
i=0 i=0
As a result

E[MZ] <E[V,sup|M,,, —M,|]

i1
and since M is of bounded variation and it is continuous, this quantity goes to
zero as the mesh of the partition goes to zero, so M = 0. O

Remark. Continuity is required for this proof. The compensated Poisson process
is a right continuous process of bounded variation (it is seen to be of bounded
variation since it is the difference of two increasing processes).

2.5.2 Definition. A, is said to be an increasing sequence if 0 = A, <A; < --- P-
a.e. and E[A,] < oo for all n > 0. A, is said to be an increasing sequence if 0 = Ay,
t — A, is non-decreasing PP-a.e., right continuous and EA, < oo for all t > 0. Such
a thing is said to be integrable if E[A, ] < oo.
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2.5.3 Definition. In discrete time, a sequence is said to be natural if for every
bounded martingale {M, },

IE[MnAn] = E[Z Mk*l(An _Anfl)]
k=1

Let Y, = >, Mi_1(A, —A,_;). Then a sequence A is natural if and only if
E[Y, ] = 0 for all n, if and only if {A,} is predictable.

2.5.4 Definition. In continuous time, A is natural if for all bounded martingales
E[MAJ=E[| M, dA,].
(0,]

2.5.5 Lemma.

]E[J M,dA, = E[ M,_dA,]
(0,t] (0,t]

It will be a consequence of the definition of the stochastic integral that f ©0.6] A, dM, =

MA; = | o ; Ms-dA; and so E[(A- M),] =0.

2.5.6 Proposition. (In discrete time) an increasing random sequence is predictable
if and only if it is natural.

Proor: Suppose that A is natural and M is a bounded martingale. Let Y,, be the
martingale transform, as defined above. Then

]E[An(Mn _Mn—l)] ZE[Yn] _E[Yn—l:l =0 O

2.5.7 Definition. An increasing process {A,} is said to be natural if

E[ MsdAs] ZE[J MsfdAs]
(0,t] (0,t]

for all bounded martingale {M,Z,}.

This is analogous to the discrete time version because
E[MA,] = E[J M;_dA]
(0,t]

(see text for the approximation argument). An increasing process is increasing if
and only if it is natural. See notes for the proof of existence.
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2.5.8 Definition. A right continuous process X is of class D (resp. class DL) if
{X }ies (resp. {X:}ies, for all a € R,) is u.i., where S is the set of all finite
stopping times (resp. S, is the set of all stopping times bounded by a).

2.5.9 Theorem. If X is a right continuous sub-martingale of class DL, then X =
M +A, where M is a martingale and A is a natural increasing (predictable) process.
IfX is class D then M is u.i. and A is integrable.

2.5.10 Definition. A local martingale is a right continuous process M such that
there exists a localizing sequence of stopping times {T,} with T, ,/ 0o a.s. and such
that (M — M,)"» is a martingale for all n.

2.5.11 Theorem. A process X is a local sub-martingale if and only if it has a
decomposition X = M + A, where M is a local martingale and A is a locally inte-
grable increasing process. The decomposition is unique when A is required to be
predictable/natural.

2.5.12 Definition. A process X is a semi-martingale if X = M + A, where M is a
local martingale and A is locally of finite variation.

2.5.13 Definition. A process X is said to be regular if for all a > 0 and every non-
decreasing sequence of stopping times {T,} bounded by a, if T = lim,_,, T, then
lim E[Xy ] =E[Xr].

n—o0

A continuous sub-martingale is regular.

2.5.14 Theorem. For a right continuous sub-martingale X of class DL, the com-
pensator is continuous if and only if X is regular.

2.5.15 Lemma. Non-negative sub-martingales are of class DL.

Proor: Fix a > 0 and suppose that T is such that P[T < a] = 1. Then apply
OST to {X7,,} to get E[X, | #r] = Xy. Multiply both sides by 1 .;; and take
expectations to get

E[X7 1y, >3] SE[X 1, >3]

Since X, € L! and
1 1
P[X; > A] < XIE[XT] < ZE[XG] —0as A — oo,

it follows that {X7}reg, is ui. O
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3 Stochastic Integration

Naive stochastic integration (i.e. via Riemann sums) is impossible. Let X be a right
continuous function on [0, 1] and II, be a refining sequence of dyadic rationals
such that ||IT,,|| — 0. What conditions are needed on X so that the sums S, =
Znn h(t;)(x(try1) — x(ti)) converge to a finite limit for all continuous h?

3.0.16 Theorem. Finite variation is necessary.

Proor: Let X = C[0,00) and Y =R, and for h € X let
To(h) =Y h(t)(x(tran) — x(£):
I,

Construct h,, in X such that h,(t;) = sgn(x(tx,1) — x(t)) over IT, and ||h,|| = 1.
For such an h, we have T,(h,) = Znn |x(tgs1) — x(te)l, so || T, || = Varpg 1;(x). On
the other hand, if for all h € X lim,_,, T, (h) exists then by the Banach-Steinhaus
theorem the total variation over [0, 1] of x is finite. O

3.1 Riemann-Stieltjes Integration

Let Z ¥ be the class of finite variation processes (differences of increasing pro-
cesses) started at O.

3.1.1 Theorem. Let A< Z V¥ and H be a (jointly) measurable process such that
a.s. s — H(s, w) is continuous. Let I1,, be a sequence of random finite partitions of
[0, t] such that lim,_,, ||11,|| — O. Then for and {S;} with T) < S; < T4, a.S.

t
lim ;Hsk(ATM ~Ag)= fo H,dA,.

3.1.2 Theorem. Let A € FV¥ be right continuous . For f € C!, the process
(f(A))iso is in FV and is equal to

J FIA)dA+ Y AFA)+F(A)AA,.
0

0<s<t

3.1.3 Example. Let N be a Poisson process of parameter A and M, = N, — At be
the compensated Poisson process. Let H be jointly measurable and (say) bounded.
The natural way to define the integral of H with respect to M is

t

t t t
IM(H) =f H,dM, = J H,d(N, — At) = f H,dN, — AJ Hds.
0 0 0 0

Let {T;} be the jump times of the Poisson process, so that N, = Z?io 17.<.. Then

0 t
IM(H)=Y Hylp< - AJ H,ds.
n=1 0
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If H is continuous and adapted, then
t
E[M(H) -1 (H) | Z] = E[J H,dM, | Z]=0
S

applying the first theorem in the section, so the integral is seen to be a martingale.
What if H is not continuous but right continuous? Let H, = 1y 1,)(t), so

t o0 t
f HdM, = HAplo, - AJ Hds=—-AtAT),
0 i=1 0

which is not a martingale.

Now for the harder case of continuous martingales (necessarily of unbounded
variation). Let B be standard Brownian motion and consider a sequence {IT,} of
dyadic partitions of [0, co) with ||TT,|| — 0 as n — co. Define

n) _
BW = ZBfk 1(fk,fk+1] :
I

We know B™ is caglad, and B™ — B u.c.p. i.e. for all T,

sup [B{" —B,| 0
te[0,T]

as n — 0o. The martingale transform is

15(B™) = B, (B, —B.,)
Hﬂ
1 1
= Z E(Btkﬂ +Btk)(Btk+1 - Btk) - E(Btk+1 - Btk)(Btk_H - Btk)
I,
1 1
— 2 2
- EBt 9 Z(Bfkﬂ _Bfk)
Hll

This converges u.c.p. to %B? — %t. Note that this is not what we would expect from
the usual change of variable formula. There is an extra term of —% t,

3.2 Construction of the It6 integral

See text, §3.1 and §3.2.
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3.2.1 Definition. A process X is called simple if there is a strictly increasing se-
quence of real numbers {t,},>o with t, = 0 and lim, ., t, = 0o and a sequence
of random variables {&,},>o with sup,>,[£,| < C < oo and &, is &, -measurable
for all n and

o0
X, = EoLgy(t) + D &l 1()
i=1

This class of processes will be denoted ¥,,. We define the stochastic integral of
X € ¥, with respect to M by the martingale transform

00
Iiw(X) = Z gi(]\/[t/\t,+1 - MtAti)'
i=0
Some obvious properties of I for simple processes are
@ I)'(X)=0;

(i) I(aX + BY) = alM(X) + 1) (Y) (linearity);

(i) {IM(X), Z.}:>o is a martingale.

(iv) E[(IM(X))?] =E[ [, X?d[M],] (see below)

Proor (or 4.):

E[(I iw (X))?] =fill in all details as an exercise

t
=E[J X2d[M];] O
0
It follows from the last property that
t
E[(I GO = (1 (X)) | F,] = E[f xzd[M]],

so if X € %, and M € #, then I"(X) € .#, and

00

IO =D = 3 51 A DX,

where [X]i = ]E[f;std[M]s].
It is a fact that (.#,, || - ||) and (&, [-]) are complete metric spaces.

3.2.2 Lemma. LetX be a bounded, measurable, adapted process. Then there is a
sequence {X (m)}mzl of simple processes such that

T
sup lim E [J x ) —thzdt] =0.
0

T>0 M0

Proor: Fix T > 0.
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(i) Suppose that X has continuous paths. Then X can be approximated by
[0 9)
X = Xoligp(t) + > Koo Lga-n genya-n (-
k=1

Indeed, X™ — X a.s. as m — oo and by the BCT [X —X(™], — 0.
(i) Suppose that X is progressively measurable. Define, for t € [0, T],

t
F, =J X.ds and X =m(F, —F,_1).
0 m

Note that for F to be well-defined we require only that X is measurable. F
is continuous, so X(™ is continuous for all m. Progressive measurability of
F follows from that of X. Indeed, if

g:([0,t]1 xQ,8[0,t]® Z,) — (R, B(R))

is measurable then f Ot g(s, w)ds is also ([0, t] ® Z,)-measurable by Fu-
bini(?). Therefore F is continuous and progressively measurable. For all
weNX Em)(w) — X,(w) by the fundamental theorem of calculus. The
BCT gives you the rest. Standard diagonalization gives you that X can be
approximated by a sequence in .%,.

(iii) Let X be measurable and adapted. As before, F is continuous and measur-
able but we can not be sure that it is progressively measurable. We will
show that F is indeed adapted. By KS Proposition 1.1.2, X has a progres-
sively measurable modification Y. Let G, = fot Y.ds for t € [0, T]. We know
from the second part that G is &,-adapted. It suffices to show that F is a
modification of G since the filtration is complete. Fix t € [0, T].

T
{Ft 7’é Gt} < {J IXI;éY[dt > 0}
0

SO
T

P[F, #G,] < f P[X, #Y,]dt=0.
0
Since {Z,} is complete, F, is adapted. Proceed as in the previous step. O

3.2.3 Proposition. If t — [M], is absolutely continuous then ¥, is dense in
(M), [1n)-

Proor: If X € ¥ is bounded then the assertion essentially follows from the previ-
ous lemma. Choose a subsequence of {X™} along which

{ lim X () =X}C
k—o00

has zero uyz measure, and therefore zero u,,-measure. By BCT we have conver-
gence in [-];,. If not bounded then use DCT instead (truncation, take limits). O



Characterization of the Stochastic Integral 37

Integrand Integrator
£(M) (meas, adapted) | M € 4, t — [M], a.c. (It6)
£*(M) (prog meas) M € #; (1t6)
P (M) (predictable) M € #, (Kunita-Watanabe)

Using localization we can replace .#; by .# eloc and replace

T T
]E[f X2d[M]] <oo by ]P’[J X2d[M];,] < oo.
0 0
We must deal with questions like whether I(XT) = (I(X))7 for stopping times T.

3.3 Characterization of the Stochastic Integral

For M € /;, X € £*(M) we have shown that IﬁW(X) = fot X,dM; is well-defined.
We know what I"(X) € . with quadratic variation fot X2d[M];.
What is the cross variation of I™(X) and IY (N)? Recall that the cross variation

may be characterized as the unique predictable process (of finite variation) such
that

MCOMN(Y) — (1" GO, 1N ()]

is a martingale. First, when X and Y are simple, suppose without loss of generality
that

00
X = <EOI{O}(t) + Z gil(fi:fiﬂ](t)
i=1

and

[o¢]
Y =nolyp(t) + Z Nilee, e,,,1(0)-
im1

Remember that
o0 o0
Iﬁ”(X)=Z§i(Mt,.HM _Mti/\t) and Iiv(Y)ZZTIi(NrMAt _Nt,-/\t)-
i=1 i=1

Fix 0 < s <t < t and suppose that n and m are such that t,, <s < t,,,; and
t, <t <t,. (in fact, suppose for now thats =t, and t = t,,, ;).

E[(1'CO) - 1 GONIF () - L' (Y) | #]

= E[Zn:ilﬁnj(th - Mti)(thH _Nt/-) | Z]

i=m j=m

=E[Y &mi(M,,,, — M, )(N,,,, —N,) | Z]

i=m
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ZZE[gini(th _Mti)(NtiH _Nti) | Z]

i=m

n
=Y E[£m;E[M, N,  —M,N, |7.]1|%]

i=m

= E[&m;E[[M,N],,, — [M,N], | 7.1 Z,]

i=m

=E[) &mi([M,N],, - [M,N],)| Z]

t
= E[J X, Y, d[M,N], | Z]

3.3.1 Proposition. Let a, 3,y be right continuous functions [0,00) — R with
a(0) = B(0) = y(0) = 0. Let a be of finite variation and 8 and y be increas-
ing. Suppose further that for all s < t we have

JLoafs ([ on) ([ )"

Then for any measurable functions f,g we have

f IfgIdIaIS(J de/s)z(f gzdy)z.

Proor: Monotone class theorem. O

N

3.3.2 Theorem (Kunita-Watanabe inequality, 1967).
IfFM,N € #;,X € £*(M),Y € £*(N) then a.s.

J |sts|d|[M,N]s|s( f xfd[M]s)z( f de[N]s)z.
0 0 0]

Proor: By the previous result we only need to show that there is a negligible set
Z such that

1 1

J d|[M,N],| < (J. d[M]u)z(f d[N]u)2

holds path-wise for all s, t. Let Z be the null set such that if w ¢ Z then
t
0< J. d[M+rN,M+rN],

for all r,s,t withs <t and r,s,t € Q. Then

t

t
OSJ d[M+rN,M+rN]t—f d[M+rN,M +rN];
S S
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=r'([N], = IN])+2r(IN, M], = [N, M]) + ([M], — [M],)

The right hand side is non-negative for all rational r, so it holds for all real r
by continuity. The discriminant of the quadratic equation must be non-negative,
which gives us the desired inequality. Since we have it for rational s, t, by right
continuity of the paths we have it for all s, t. O

3.3.3 Lemma. IfM,N € /$, X € £*(M), {X™M}*  C £*(M), with

n—oo

T
lim f XM — X [*d[M],=0
a.s.-P, then, forall0 <t < T,
lim [1"(X™),N], = [I"(X),N],.
n—oo0

ProOF:

T

I[LIS[L[LSJ [1r 0

0

3.3.4 Lemma. IfM,N € .#; and X € £*(M) then

t

[IM(X),N], = f X,d[M,N],.
0

Proor: We showed there is a sequence of simple processes such that the condition
in the above lemma holds. But we showed that the condition in this lemma holds
for simple processes. O

3.3.5 Theorem. Consider a martingale M € .#; and X € £*(M). Then M(X) is
the unique martingale ® € _#; such that

t
[‘P,N]t=f X,d[M,N];
0
forallN € ;.

3.3.6 Corollary. If M € 45, X € ¥*(M), N =IM(X), Y € £*(N), then XY €
L*(M) and IN(Y) = IM(XY).

t
ProOF: [N], = fo X2d[M];, so

T

T
E[J Xfod[M]shE[J Y2d[N],] < co.
0 0
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SoX,Y € £*(M). For any N € M , the previous theorem showed that
d[N,N], =X,d[M,N],

and so

t

[IM(XY),N], = f XY, d[M,N], = f Y, d[N,N], = [I"(Y),N],.
0 0

By the characterization of the integral, IM(XY) =IN(Y). O

Today we have shown that [IM(X),IN(Y)] = fOrXSYSd[M,N]S.
Read the proof of It6’s formula.
3.4 Stochastic Integration

Today we extend the definition of the stochastic integral to all of .#%!°°. For
M € .#; with t — [M], absolutely continuous and X € £*(M). We used the fact
that for all T < oo there is a sequence {X(™} C &, such that

T
E[J Ix™ — X, *dt] -0
0
as m — 0o0. We use “time changes” to do the general case.
3.4.1 Theorem. For M € .#;, £,(M) is dense in £*(M) with respect to [-].

Proor: The proof in the general case follows from the following more general
lemma. O

3.4.2 Lemma. Let {A,} is a continuous (resp. right-continuous) increasing, & -
adapted process. If X is progressively measurable and satisfies

T
E[J X2dA,] < o0
0

for all T > 0, then there exists a.s. a sequence {X (”)}2‘;1 of simple processes such
that .
sup lim E[J Ix™ — x,|2dA,] = 0.
0

T>0M7®

ProoF: Assume without loss of generality that X is bounded, say by C. It suffices
to fix T > 0 and show there exists {X (”)};";1 C %, such that

n—o00

t
lim IE[J IX™ — x,|2dA,] = 0.
0
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The process A; + t is strictly increasing and continuous, so it has a continuous
strictly inverse function T, defined by Ay + T, = s for all w. In particular, T; <s
and

{T;<t}={A +t=>steF.

Therefore for all s > 0, T; is an & -stopping time. Define ¢, = #; and Y, = X;..
Since X is progressively measurable, Y; is ¢-adapted. Without loss of generality,
assume X, =0 for t > T. Also,

e} [e¢}
0 0

Ar+T
:E[J l{TSST}X?‘SdS]
0

<C(E[A;]+T) < oo.

For any N € N, choose R < oo such that E[ f ;o Yszds] < %1 By the old result, there
is a simple process ¥™ such that

K 1
EL| 170 -YPds] < o
0 2n
Define YS(”) =1op (s)f’s(”). Then

R
E[J Y™ —Y,|%ds] < -
0

But

Ys(n) = 501{0}(5) + Z gi]‘(si,&'ﬂ] (S)

i>0

where each &; is % -measurable. Define

X" = Yt(—tf)l _501{0}(5)+Z§11(T T, ().

S+1
i>0

To see that X, () i Z-adapted, simply observe that &; restricted to (T, T ] is
F. measurable.

Now we extend to .#“!°°. For simplicity we assume that M, = 0. Define
T, := inf{t > 0 | |M,| > n} for n € N. Then M is a bounded martingale. Recall
the (generalized) Doob decomposition. If M € 4 oloc then there is a unique,
continuous, increasing process [M] such that M? — [M] € .#%!°. For M,N €
/ﬂg’loc define

[M,N]= %([M—i—N] —[M —N1]).
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3.4.3 Definition. Let M € //tg’loc and X progressively measurable with

P U de[M]t} =1
0

for all T < co. Then I (X) is defined to be

t
M _ M Ty T, T,
I, (X)—It x )—fX dM
0

forall t € [0, T,], where T,, =S, AR, and

t
S,I:inf{t>0|f de[M]IZn} and R, =inf{t >0||M,| > n}.
0

Note that M™ € .45 and X" € £*(M ™) by the definition of S,. So ™M™ (xT)
is well-defined.

3.4.4 Definition. A (continuous) semi-martingale X is a process that admits a de-
composition X = M + A, where M € .#%!°° and A € Z¥!°°, the collection of
continuous adapted processes that are of finite variation on every bounded inter-
val.

This decomposition is unique. Now we can define the stochastic integral with
respect to a continuous semi-martingale in the obvious way.

3.4.5 Proposition. We have the following properties of I (H).
(i) Linearity;
(i (M), = [, H2d[M],;
(i) [1M(H),1V(K)], = [, HKd[M,N],;
Furthermore, the stochastic integral IM(H) is characterized as the unique ® €
M such that [8,N], = [ H.d[M,N], for all N € .

In particular we cannot say things regarding the conditional expectations.

3.5 Integration by parts formula for stochastic integrals

Recall that
2 _ 2 2
Mf - Z(Mfk - Mfk—l)
i
= Z(Mfk - Mtk,l)(Mtk + Mtk,l)
i

= ZZMtk,l(Mtk - Mtk,l) + Z(Mtk - Mtk,l)z
In I
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3.5.1 Lemma. Let M be a bounded continuous martingale and A be a continuous
adapted process of finite variation. Then

(i) M? =2 [ MdM,+[M],; and
(i) MA, = [, AdM, + [ MdA,.

Proor: Define T := 0 and

. 1
Ty, s=inf{t > T¢ [ IM; — Mpp| > E},

and define t;; = t A T;'. Then we have

2 _ 2
MF=23 My (Mg =My )+ > (My— My )
k>1 k>1

Define
X" = ZMT"*l l(Tl?—l’TknJ and A":= Z(Mtl’: — Mtg,l )2,
k>1 k>1
so we can rewrite this as M? = 2IM(X™) + A". We showed earlier that A" —
[M] as. (at least along a subsequence). Since sup, |X} —X;‘“I < 271 and
sup, |X!' — M,| < 27". Taking limits, we have M? = 21 (M) + [M],.
The second part is a similar argument, taking t; = (k2™") At and X" =
> iooAm Len . O
k>0 ey H(tg_,ty]

3.5.2 Theorem. LetX and Y be continuous semi-martingales. Then

t t
XY, - XY, = f X,dy, +f Y, dX, +[X,Y],.
0

0

Proor: We assume without loss of generality that X, = Y, = 0. Suppose that
X =M+Aand Y =N +V. Using the first part of the last lemma applied to M + N
and M — N to get

t t
MN, = J M, dN; +J N,dM; + [M,N],.
0 0
Combine this with ordinary Lebesgue-Stieltjes integration to get the result. O

Recall the following results.

3.5.3 Theorem (Chain Rule).

If X is a continuous semi-martingale and U and V are progressively measurable
processes with V. € ¥*(X) then U € ¥*(V - X) if and only if UV € ¥*(X), in
which caseU - (V-X)=(UV)-X.
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3.5.4 Theorem (Integration-by-parts).
For continuous semi-martingales X and Y,

t t
XY, — XY, = J X,dy, +J Y,dX, + [X,Y],.
0

0

We prove today the following.
3.5.5 Theorem (Itd’s Formula).
For a continuous semi-martingale X and a smooth function f € C?(R%),

B ‘of Co1 ©9cf
f(xt)—f(xo)—zfo 3—)q(xs)dxs+§§]£ Fxo

Proor: We prove the case d = 1. Fix X and let ¥ be the collection of smooth

functions f for which the formula holds. Clearly % is a linear subspace of C%(R)

what contains all linear functions. We show that % is closed under multiplication.

Let f,g € ¥ and define F = f(X) and G = g(X). Then F and G are continuous

semi-martingales. By the integration-by-parts formula,

(Fe)X,) = (fg)Xo) = F,G, — FoGy
=(F-G),+(G -F),+[F,G],
=f00-(g'CO)-X + 38" - [XD+g(X) - (F/(X)-X + 5£"(X) - [X]) + [f (%), g(X)]
=F00-(g'CD) X +38"(X) - [XD+gX) - (F/(X)-X +3£"(X)- XD+ f/(X)g'(X) - |
=(fg'+ef ) -X +32f " +2¢'f' +2¢")(X) - [X]
=(fg)()-X +3(f8)'X)-[X]

(X)d X', x7];.

since
[f(X),gCOT=[f'(X)-X,g'X)-X]=f'(X)g'X) - [X]
by Kunita-Watanabe. Therefore % contains all polynomials. Let f € 6?2 be arbi-

trary. By the Weierstrass approximation theorem there are polynomials p, such
that

sup |p,(x) = f"(x)| = 0

[x|<c

as n — oo for all ¢ > 0. Integrate p, twice to get polynomials F,, such that

sup |F,(x) = f GOl V IE,() = f/()I VI (x) = f7 ()] — 0

[x|<c

as n — oo for all ¢ > 0. In particular, F,(X,) — f(X,) for all t > 0. Letting
X = M + A, by the dominated convergence theorem for Stieltjes integral,

(Fp(X)-A+ SF/(X) - [M]) — (f'(X) - A+ 3£ (X) - [MD).

All that remains to show is that

f F/(X)dM, —>J f/(X)d M.
0 0
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This sequence does converge to this limit in L2 because
t 2 t
E ( f F(X) —f’(X)dMs) =E f (F,(X) = f'(X))*d[M;] -0
0 0

as n — oo (this is the It0 Isometry). Therefore there is a subsequence along which
the convergence is a.s. a

3.6 Fisk-Stratonovich integral

3.6.1 Definition. The Fisk-Stratonovich integral of X with respect to Y is
t t 1
X,0dY,:= | X,dY,+=[X,Y],.
0 0 2

We have an It6 rule and integration-by-parts rule for this type of integral. We
also have the following fact.

t
()

m—1
1
S.(T) = E E(Bzi +Btl+1)(Bti - Btlﬂ) — | BgodB.
i=0 0

3.6.2 Example. Consider the ODE ‘Z—I;’ = a(t)N(t), where a is the rate of growth
and N is the number of people. For whatever reason, we may think of a(t) as
r(t)+&(t), a deterministic part plus a process of random fluctuations. Empirically,
“E(t) = %”, SO we write

dN, =r(t)N,dt + oN,dB,.
It is not clear which integral we should use to write N,. The choice of integral
depends on the model. In finance the It6 integral is used because we cannot look

into the future. For stochastic processes on a manifold the Stratonovich integral is
used.

3.7 Applications of Itd’s formula

Regular conditional probabilities

Given a probability measure P on (Q, &), its characteristic function is

f(0)= J e'"*P(dx) = E[¢'?]
Q

for any r.v. Z with law P. Now suppose you were able to show that for P-a.e.
weEN,
£(6) =E[e"? | Z1](w).
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We would expect that f (6) should be the characteristic function of the conditional
law of Z given & . In order to do that we would like to be able to write

E[e” | Z7](w) =J (P | Fr)(w | dx)

Q

for some measure (P | &). This motivates the following.

3.7.1 Definition. Given a r.v. Z on (£, %,P) taking values in (S,.%), and a sub-
o-algebra F; € F, we will say (P | &) is a regular conditional probability if
(i) forall w € Q, (P| Z;)(w,-) defines a probability measure on (S, &);
(i) forallAe &, (P| Z;)(-,A) is Z;-measurable; and
(jiii) forallAe & and w € Q,P(Z €A| F7)(w) =P | Z1)(w,A).

For fixed A, we notice P(Z € A| Z1)(w) = E[1, | Z1](w) P-a.s. The existence
of a regular conditional probability is asking whether there a “modification” of
{PA| Z7) | A€ &} (defined as above) that satisfies the first condition (as it
certainly satisfies the second).

3.7.2 Theorem. If (S, ) is a complete, separable, metric space and & = %B(S)

then regular conditional probabilities exist.

3.7.3 Lemma. Let X be a d-dimensional random vector on (2, Z,P). Suppose
that ¢ is a sub-o-field of & and suppose that for each w € Q there is a function
¢(w,-) : R — C such that for allu € R?,

¢(w,u) =E[™“Y | 9](w)
P-a.e. If for each w, ¢(w,u) is the characteristic function of some probability
measure P© on (RY, B(RD)), i.e. if
plw,u) = f el B(dx)
R4

then for all A€ B(RY),
P[X €A| 9](w)=P“A) =: (P| 9)(w,A)

P-a.e. w.

Proor: Let (Q | ¢) be a regular conditional probability for X given ¥, so that for
each fixed u € RY,

¢(w,u) =E[™N | 9](w) = J Q| 9)(w,dx)
]Rd
P-a.e. w. The set of w for which this holds could depend on u. Take a countable
dense subset D and {2 € & with P(2) = 1 so that the equation above holds for all
u €D and all w € Q. Use continuity with respect to u of both sides to conclude for
all u € R? and all w € €. (See page 85 in KS.) O

This can be used to prove the strong Markov property in a different way.
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Martingale characterization of Brownian motion

Recall that if B is a standard d-dimensional Brownian motion then the covariation
among the components is [BY), B7], = o;jt.

3.7.4 Theorem (Lévy, 1948, Kunita-Watanabe, 1967).

Suppose that X is a d-dimensional continuous adapted process such that for ev-
ery component 1 < k < d the process Mt(k) = ng) —Xék) is a continuous local
martingale and [MY,MY], = &;;. ThenX is a Brownian motion.

Proor: We will show that for all 0 <s < t, X, — X is independent of % and has
the d-variate normal distribution with mean zero and covariance matrix (t —s)I,.
To do this we will show that

E[elwXe=X,) | Z,]= o~ IulP(t=s)

For fixed u, f(x) = e/¥ satisfies %(x) = iu;f(x) and af_zgx_(x) = —uu;f(x).

Applying It6’s formula to the real and imaginary parts we have
d t 1 d t
elwXe) — piluXy) 4 Z“Jf el X g0 — 5 Z u}z f el wXo) 4y,
s j=1 s

j=1

Now |f (x)] < 1 forall x € R%, and because [MU], = t is bounded on any interval,
MY € #¢. Thus the real and imaginary parts of {fot e!@X ) dM W} lie in S (not
just .#%1°¢). Taking expectations,

t
E[J X dpMiNg =0
S

P-a.s. For A € Z,, multiplying by e~iwX)1, gives the result. (Fill this in.) a

1td’s formula for general f € C> and X = M + A a semi-martingale is

ox; ;

X,)=f(0,X %Xdl F_o X)d[X;, X $of X,)dXx!
LX) =FOX) | - (6X) s+5; g, ML | 5o XX

Bessel process

Let B be a d-dimensional Brownian motion and let

d
R, =Bl = \/(Bgl))z +ene +(BE ))2'

By the rotation (orthogonal transformation property) of Brownian motion, if ||y || =
|| x|| then R has the same distribution under P* and P”. Use this to show that R is
a Markov process (see hand-written notes).
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super-martingale, 22

tight, 10

time inversion property, 12
time reversal property, 12
time shift operator, 21
total variation norm, 8
transition density, 17
transition function, 16
transition probability, 15

universally measurable, 17
usual conditions, 24

variation, 13

weak law of large numbers, 4
Wiener measure, 6



	Contents
	Review of some probability theory
	Brownian Motion
	Introduction to stochastic processes
	Construction of Brownian motion
	Sample path properties
	Distributional properties
	Markov property

	Martingales
	Martingale convergence theorem
	Continuous Martingales
	Applications
	Lévy processes
	Doob-Meyer decomposition

	Stochastic Integration
	Riemann-Stieltjes Integration
	Construction of the Itô integral
	Characterization of the Stochastic Integral
	Stochastic Integration
	Integration by parts formula for stochastic integrals
	Fisk-Stratonovich integral
	Applications of Itô's formula

	Index

