Definition MunkTop.12.1: .7 is a topology on X if and only if 7 C p(X)
and @ € 7 and X € J and for every S C .7, US € 7 and for every U, V €
T, UnNVeg.

Definition MunkTop.12.2: (X,.7) is a topological space if and only if T
is a topology on X.

Definition MunkTop.12.3: U is open in (X,.7) if and only if (X,.7) is
a topological space and U € .

Definition MunkTop.12.4.a: If (X, .7) and (X, .7”) are topological spaces
then .7’ is finer than .7 on X if and only if ' D 7.

Definition MunkTop.12.4.b: If (X, Z) and (X, J") are topological spaces
then .77 is strictly finer than . on X if and only if 7’ D 7 and 7' # 7.

Definition MunkTop.12.4.c: If (X, .7) and (X, .7’) are topological spaces
then .77 is coarser than 7 on X if and only if .’ C 7.

Definition MunkTop.12.4.d: If (X, J) and (X, J") are topological spaces
then 7' is strictly coarser than . on X if and only if 7/ C .7 and ' # 7.

Definition MunkTop.13.1: 2 is a basis for a topology on X if and only
if  C p(X) and for every x € X, there exists B € % such that € B and for
every ¢ € X, for every By, By € £, if x € B; N By then there exists By € 4
such that x € B3 and B3 C By N Bs.

Definition MunkTop.13.2: If £ is a basis for a topology on X then the
topology on X generated by A is the unique .7 C p(X) such that for every U
C X, U € 7 if and only if for every x € U, there exists B € % such that z €
Band B CU.

Definition MunkTop.13.3.a.basis: The standard basis for a topology
on R is the set of U C R such that there exist a, b € R such that U =
{reR:a <z <b}.

Definition MunkTop.13.3.a: The standard topology on R is the topology
on R generated by the standard basis for a topology on R.

Definition MunkTop.13.3.b: The lower-limit topology on R is the topol-
ogy on R generated by the set of U C R such that there exist a, b € R such that
U={zxeR:a<z<b}

Definition MunkTop.13.3.c: The K-topology on R is the topology on R
generated by the standard basis for a topology on R union the set of V' C R



such that there exists W in the standard basis for a topology on R such that V'
=W\ {1/n:neN}

Definition MunkTop.13.4.a: . is a subbasis for a topology on X if and
only if . C p(X) and U = X.

Definition MunkTop.13.4.b: The topology on X generated by the subbasis
& is the set of U C X such that there exists & C p(.¥) such that for every A
€ @/, Ais finite and U = U{NS : S € A}.

Definition MunkTop.14.1: If R is a strict sipmle order on X and a,b €
X then (a,b) = {z € X : aRzRb}.

Definition MunkTop.14.1.A: If R is a strict sipmle order on X and U C
X then U is an open interval in X under the order R if and only if there exist
a, b € X such that U = (a,b).

Definition MunkTop.14.2: If R is a strict sipmle order on X and a,b €
X then (a,b] is the set of x € X such that aRzRb or x = b.

Definition MunkTop.14.2.A: If R is a strict sipmle order on X and W
C X then W is an open-closed interval in X under the order R if and only if
there exist a, b € X such that W = (a, b].

Definition MunkTop.14.3: If R is a strict sipmle order on X and a,b €
X then [a,b) is the set of € X such that aRzRb or z = a.

Definition MunkTop.14.3.A: If R is a strict sipmle order on X and W C
X then W is a closed-open interval in X under the order R if and only if there
exist a, b € X such that W = [a,b).

Definition MunkTop.14.4: If R is a strict sipmle order on X and a,b €
X then [a,b] is the set of € X such that aRxRb or x = a or z = b.

Definition MunkTop.14.4.A: If R is a strict sipmle order on X and F' C
X then F' is a closed interval in X under the order R if and only if there exist
a, b € X such that F' = [a, b].

Definition MunkTop.14.5: If R is a strict sipmle order on X then the
basis for the order topology on (X, R) is the set of U such that there exist a, b
€ X such that U = (a,b) or a is a first element in X, under R and U = [a, b)
or b is a last element in X, under R and U = (a, b].

Definition MunkTop.14.6: If R is a strict sipmle order on X then the
order topology on (X, R) is the topology on X generated by the basis for the
order topology on (X, R).



Definition MunkTop.14.7: If R is a strict sipmle order on X and a € X
then (a,+00) = {z € X : aRz}.

Definition MunkTop.14.8: If R is a strict sipmle order on X and ¢ € X
then (—o0,a) = {z € X : zRa}.

Definition MunkTop.14.9: If R is a strict sipmle order on X and a € X
then [a, +00) is the set of € X such that aRx or z = a.

Definition MunkTop.14.10: If R is a strict sipmle order on X and a €
X then (—o0,a] is the set of © € X such that zRa or x = a.

Definition MunkTop.15.1: If (X, 7) and (Y, .7’) are topological spaces
then the basis for the product topology on (X, ) x (Y, ') is the set of U x V
such that U € 7 and V € 9.

Definition MunkTop.15.2: If (X,.7) and (Y, .J’) are topological spaces
then the product topology on (X, 7) x (Y,.7") is the topology on X generated
by the basis for the product topology on (X,.7) x (Y, .7").

Definition MunkTop.15.3: m1(z,y) = x.
Definition MunkTop.15.4: ms(z,y) = y.

Definition MunkTop.15.5: If there exist u, v such that x = (u,w) then
m1(x) = u. Otherwise 71 () is undefined.

Definition MunkTop.15.6: If there exist u, v such that x = (u,v) then
ma(x) = v. Otherwise ma(z) is undefined.

Definition MunkTop.16.1: If (X,.7) is a topological space and Y C X
then the subspace topology on'Y inherited from (X, 7)is{Y NU :U € T}.

Definition MunkTop.16.2: If (X,.7) is a topological space and Y C X
then (Y,.77) is a subspace of (X,.7) if and only if 7’ equals the subspace
topology on Y inherited from (X, 7).

Definition MunkTop.16.3: If then the dictionary order on (R, A) x (S, B)
is the unique T such that for every y, y € T if and only if there exist p, ¢, r, s
such that y = ((p,q),(r,s)) and p,r € A and ¢q,s € B and pRr or p = r and ¢Ss.

Definition MunkTop.16.4: If I = [0, 1] and R equals the dictionary order
on ({(x,y) 12 <y}, I)x {(z,y) : & <y},I) then the ordered square 12 is (I x
I,the order topology on (I x I, R)).

Definition MunkTop.16.5: If R is a strict sipmle order on X and Y C X
then Y is a convez subset of (X, R) if and only if for every a, b € Y, (a,b) C Y.



Definition MunkTop.17.1: If A C X then A is a closed set in (X, 7) if
and only if (X,.7) is a topological space and X \ A is open in (X, 7).

Definition MunkTop.17.2: If (X,7) is a topological space and A C X
then A° =U{U €7 :U C A}.

Definition MunkTop.17.3: If (X, .7) is a topological space and A C X
then A is the intersection over the set of F' such that A C F and F is a closed
set in (X, .7).

Definition MunkTop.17.4: AN B # @ if and only if A N B # @.
Definition MunkTop.17.4.5: AN B =g ifandonlyif AN B = &.

Definition MunkTop.17.5: If (X,Z) is a topological space and z € X
and U € 7 then U is a neighborhood of z in (X, 7)) if and ounly if x € U.

Definition MunkTop.17.6: If (X,.7) is a topological space and € X
and A C X then z is a limit point of A in (X, .7) if and only if for every U, if
U is a neighborhood of z in (X, .7) then U N A\ {z} # @.

Definition MunkTop.17.7: If (X,.7) is a topological space and f is in
the set of maps from N to X and z € X then f converges to x under .7 if and
only if for every U € 7, if U is a neighborhood of z in (X, .7) then there exists
N € N such that for every n > N, f(n) € U.

Definition MunkTop.17.8: If (X, .7) is a topological space then (X,.7)
is a Hausdorff space if and only if for every z, y € X, if z # y then there exist
U, Ve TsuchthtzeUandy e Vand UNV = 2.

Definition MunkTop.17.9: If (X, ) is a Hausdorff space and there exists
y such that f converges to y under .7 then z is a limit of f if and only if x
equals the unique y such that f converges to y under 7.

Definition MunkTop.18.1: If (X,T) and (Y,T') are topological spaces
and f is in the set of maps from X to Y then f is continuous if and only if for

every V € T", the range of the converse relation to f when restricted to V' is in
T.

Definition MunkTop.18.2: If (X,T) and (Y,T') are topological spaces
and f is in the set of maps from X to Y and z € X then f is continuous at x
if and only if for every V', if V' is a neighborhood of f(z) in (Y,7”) then there
exists U such that U is a neighborhood of z in (X, T) and the range of f when
restricted to U is contained in V.



Definition MunkTop.18.3: If (X,T) and (Y,T”) are topological spaces
and f is a bijection from X to Y then f is a homeomorphism if and only if f
and the converse relation to f are continuous.

Definition MunkTop.18.3.5: If (X, T) and (Y,T") are topological spaces
then (X, T) is homeomorphic to (Y, T") if and only if there exists f such that f
is a homeomorphism.

Definition MunkTop.18.4: If (X,T) and (Y,T') are topological spaces
and f is an injection from X to Y and f is continuous then f is an imbedding
if and only if f is a homeomorphism.

Definition MunkTop.19.1: If f is a function and the domain of f equals
J then z is a tuple relative to f if and only if x is a function and the domain of
x equals J and for every a € J, z(a) € f(a).

Definition MunkTop.19.2: If f is a function and the domain of f equals
J then [],c; f(a) is the set of x such that x is a tuple relative to f.

Definition MunkTop.19.2.5: A% =] ., f(a).

Definition MunkTop.19.3: If X is a function and the domain of X equals
J and T is a function and the domain of T equals J and for every o € J,
(X (), T()) is a topological space then the standard basis for the box topology
on [[4es X () is the set of [, ; f() such that U is a function and the domain
of U equals J and for every a € J, U(a) € T(cv).

Definition MunkTop.19.4: If X is a function and the domain of X equals
J and T is a function and the domain of T equals J and for every o € J,
(X(a),T(a)) is a topological space then the box topology on [],c; X(a) is
(ITacs f(a)the topology on [],c; f(a) generated by the standard basis for
the box topology on [, X(a)).
Definition MunkTop.19.5: If f is a function and the domain of f equals

Jand 3 € J then f(8) = (A\z € [[ e, f(a))z(B).

Definition MunkTop.19.6: If X is a function and the domain of X equals
J and T is a function and the domain of T equals J and for every a € J,
(X (), T(e)) is a topological space then the standard subbasis for the product
topology on [[,c; X () is the set of the range of the converse relation to X (/3)
when restricted to U such that 8 € J and U € T(0).

Definition MunkTop.19.7: If X is a function and the domain of X equals
J and T is a function and the domain of T equals J and for every a € J,

(X(a),T(a)) is a topological space then the product space on [],c; X(a) is



(ITacs f(),the topology on [],.; f(a) generated by the subbasis the standard
subbasis for the product topology on [],.; X(«)).

Definition MunkTop.20.1: d is a metric on X if and only if d is in the
set of maps from X x X to R and for every z, y € X, d(z,y) > 0 and d(z,y) =
0 if and only if x = y and for every z, y € X, d(z,y) = d(y,z) and for every z,
y, z € X, d(zy) + d(y,2) > d(,z).

Definition MunkTop.20.2: If d is a metric on X and z € X and € > 0
then B(e,z) ={y € X : d(z,y) < e}.

Definition MunkTop.20.3: If d is a metric on X then the basis for the
metric topology on X induced by d is the set of B(e,z) such that x € X and ¢
> 0.

Definition MunkTop.20.4: If d is a metric on X then the metric topology
on X induced by d is the topology on X generated by the basis for the metric
topology on X induced by d.

Definition MunkTop.20.5: If (X, T) is a topological space then (X, T) is
metrizable if and only if there exists d such that T equals the metric topology
on X induced by d.

Definition MunkTop.20.6: If (X,T) is a topological space then X is a
metric space if and only if T equals the metric topology on X induced by d.

Definition MunkTop.20.7: If X is a metric space and A C X then A is
bounded in X under d if and only if there exists M € R such that for every aq,
as € A, d(al,ag) < M.

Definition MunkTop.20.8: If X is a metric space and A C X and A #
@ and A is bounded in X under d then the diameter of A is the unique s such
that s is a supremum for {d(a1,as) : a1,as € A}, under {(z,y) : © < y}.

Definition MunkTop.21.1: If (X,T) is a topological space and x € X
then X has a countable basis at z if and only if there exists f such that f is a
function from N to 7', and for every U such that U is a neighborhood of z in
(X,T), we have that there exists n € N such that f(n) C U.

Definition MunkTop.21.2: If (X, T) is a topological space then (X, T) is
first countable if and only if for every z € X, X has a countable basis at x.

Definition MunkTop.21.3: If (X,T) is a topological space and Y is a
metric space and F' is a function and the domain of F' equals N and for every
n € N, F(n) is a function from X to Y then (F(n))S2, uniformly converges to

n=0



f if and only if for every € € R, if € > 0 then there exists N € N such that for
every n > N, for every z € X, d([F(n)](z),f(x)) < e.

Definition MunkTop.22.1: If (X,T) and (Y,T’) are topological spaces
and p is a surjection from X to Y then p is a quotient map if and only if for
every U C Y, U € T" if and only if the range of the converse relation to p when
restricted to U is in 7.

Definition MunkTop.22.2: If (X,T) and (Y,T') are topological spaces
and p is a surjection from X to Y and C C X then C is saturated if and only
if for every y € Y, if C intersects the range of the converse relation to p when
restricted to {y} then the range of the converse relation to p when restricted to
{y} is contained in C.

Definition MunkTop.22.3: If (X,T) and (Y,T') are topological spaces
and p is a function from X to Y then f is an open map if and only if for every
U € T, the range of f when restricted to U is in T".

Definition MunkTop.22.4: If (X,T) and (Y,T') are topological spaces
and p is a function from X to Y then f is a closed map if and only if for every A
such that A is a closed set in (X, T'), we have that the range of f when restricted
to A is a closed set in (Y, T").

Definition MunkTop.22.5: If (X,T) is a topological space and p is a
surjection from X to A then the qutotient topology on A induced by p is the
unique 7" such that T is a topology on A and p is a quotient map.

Definition MunkTop.22.6: If (X,T) is a topological space and X* is a
partition of X and p is a surjection from X to X* and for every z € X, p(x) =
(lw € X*)x € w and T equals the qutotient topology on X* induced by p then
(X*,T) is a quotient space if and only if T.



