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Automated vs. 
Interactive Theorem 

Proving



Automated reasoning has been around since the 1950s:

• Martin Davis implemented Presburger's decision procedure at the IAS in 1954.
• Allen Newell, Herbert Simon, and Cliff Shaw introduced the Logic Theorist in 

1956.
• Hao Wang implemented good provers for propositional and predicate logic in 

1958.
• Henry Gelernter, J. R. Hansen, and Donald Loveland published an article on the 

Geometry Machine in 1960. 
• Davis and Hilary Putnam introduced the propositional resolution rule in 1960.
• John Alan Robinson introduced a unification algorithm in 1965.

History



The first proof checkers appeared later:

• De Bruijn's Automath appeared in the late 1960s.
• Mizar appeared in 1973.

It's not surprising, considering that interactive theorem proving requires 
interaction.

See Harrison, Urban, and Wiedijk, “History of Interactive Theorem Proving.”

History



Using automation:

• Write formal specifications and theorems.
• Call automation to verify inferences.
• Add intermediate assertions if necessary.

Pros:

• Users only need to learn the assertion language.
• Faster, friendlier development.

Cons:

• It doesn't scale.
• It's not robust.

Verification



Using interaction:

• Write formal specifications and theorems.
• Write detailed formal proofs interactively.

Pros:

• Anything is provable in principle.
• Have fine control over proofs.

Cons:

• It requires a lot of expertise.
• It requires a lot of work.

Verification



View automation / interaction as a continuum:

• Any automatic proof system can benefit from user interaction.
• Any interactive proof system can benefit from automation.

A sledgehammer starts on the interactive side.

Synthesis



The Sledgehammer 
Ethos



The context: given some hypotheses, a conclusion, and a library with tens of thousands 
of theorems.

The task: formally verify the inference.

The approach: 

• Use heuristics to extract a modest set of promising premises from the library. 
• Translate the problem to the language of one or more ATPs. 
• Call external provers to try to prove the goal. 
• If any succeeds, harvest information about the proof (possibly only the premises 

used). 
• Use the information to reconstruct a formal proof internally. 

Sledgehammers



There are variations at every step: 

• One can use symbolic heuristics, lightweight ML, or neural methods for 
premise selection.

• One can use first-order provers, higher-order provers, or SMT solvers as 
external provers.

• One can use various translations.
• One can harvest various types of information. 
• One can use different methods of proof reconstruction. 

Sledgehammers



The most successful one to date is Isabelle’s Sledgehammer, originally developed 
by Larry Paulson and Jia Meng (c. 2006), and later by Jasmin Blanchette and many 
others.

The next slide shows the sledgehammer web page for Isabelle 2009.

Sledgehammers





The Challenges of 
Dependent Type 

Theory



Set theory is an excellent foundation for mathematics:

• The rules of first-order logic are easy to explain.
• There are nine axioms (with choice).
• It is expressive and strong enough to represent any standard mathematical 

argument.

For implementation in a proof assistant, a type discipline is essential:

• for disambiguating statements.
• for inferring information.
• for error messages.

Axiomatic foundations



Since the early twentieth century, axiomatically characterized structures have been 
central to mathematics.

Mathematicians now

• take products and powers of structures,
• take limits of structures,
• build quotients of structures,
• and much more.

In short, they calculate with structures as easily as they calculate with numbers.

Structures have to be first-class objects in a proof assistant.

Structural reasoning











Dependent type theory is great for ITP, but challenging for ATP:

• Types can depend on parameters.
• Types can be empty.
• Parameters are instantiated in theorems and function application.
• Type class inference can depend on parameters and hypotheses.
• An expression as simple as x < 2 can be written in many different forms, 

depending on where the < comes from.
• Applying a theorem about Zmod p may require knowing that p is prime just to 

make sense of notation.
• Unification and automation have to recognize definitional equality.

Dependent type theory



Our Sledgehammer



Thomas Zhu, Josh Clune, Albert Jiang, Sean Welleck, and I have implemented a 
prototype sledgehammer that uses:

• premise selection: a neural method we implemented, and an implementation 
of the Meng-Paulson heuristic by Kim Morrison

• translation: Lean-auto (Qian, Clune, Barrett, A) to translate to TPTP / SMT
• external prover: Zipperposition
• proof reconstruction: Aesop (Limperg, From) and Duper (Clune, Qian, 

Bentkamp, A)

We are working with the cvc5 team to add cvc5 and LeanSMT.

Our sledgehammer





Lean-auto was developed principally by Yicheng Qian.

We use Lean-auto to export problems to Zipperposition.

• It instantiates parameters and type classes (monomorphization).
• It chooses canonical representatives of definitionally equivalent terms 

(canonicalization).
• It collects instances of axioms for inductive types.
• It lifts everything to a common universe.
• It expresses problems as instances of inferences in simple type theory.

Lean-auto







Duper (developed by Clune, Qian, and Bentkamp) is our version of Metis.

• It is a superposition prover, modeled after Zipperposition.
• It includes higher-order inferences.
• It produces formal proofs.
• It has inhabitation reasoning for soundness in the presence of empty types.
• It extends Zipperposition's rules and unification to dependent types.
• It deals with universe levels.
• It currently uses Lean-auto for monomorphization (but see below).

Duper





Premise Selection



Thomas, Josh, Albert, Sean, and I:

• implemented a neural method of premise selection.
• implemented the prototype hammer.
• set up evaluation procedures.
• tested, tuned, and evaluated the combination:

§ variations on the training
§ variations on the model size
§ variations on the core hammer algorithm.
§ variations on the number of premises used.
§ alternate methods for premise selection.

Premise selection for a hammer





The hammer uses Aesop (an internal backtracking search) with additional rules 
that enable it to use premise selection and call Lean-auto on subgoals.

Aesop may succeed on its own, but it can also call Lean-auto on subgoals with the 
premises, and that, in turn, calls Zipperposition.

The algorithm



Our premise selector uses methods introduced in Mikuła et al., “Magnushammer: 
A Transformer-Based Approach to Premise Selection.” 

Method: 

• Collect positive and negative instances of (goal, premise) pairs. 
• Use a transformer model and embed both into the same latent space. 
• Nudge positive instances closer, negative instances further.

We include information like docstrings, namespaces in the training.

Premise selection





We host premise selection with an AWS server with a GPU.

We retrain the model with each release of Mathlib. The embeddings of Mathlib
theorems are there.

Theorems from a local project have to be embedded when used. They are cached 
(even between users).

We provide instructions for setting up your own server.

Premise selection





Other Automation



Other things that should be part of the hammer:

• Lean-SMT (the cvc5 team) calls cvc5 and constructs a Lean proof directly.
• Grind is a powerful new internal Lean prover.
• Canonical (Norman, A) does exhaustive search in dependent type theory and 

produces small, explicit terms.
• QuerySMT (Clune, Barbosa, A) has cvc5 generate theory-specific hints, inserts 

them in the Lean source, and uses Grind and Duper to construct a Lean proof.

Other automation











Challenges



Maintenance

• All the components of the pipeline (Duper, Lean-auto, the premise selection)  
must be kept up to date with Lean.

• The model has to be retrained regularly.
• Someone has to keep an eye on the server.

Quality of life

• We should set up precompiled binaries for Duper.
• The server should handle different versions of Mathlib more gracefully.
• Kim Morrison has asked for a fork of Mathlib that uses the hammer.
• The sledgehammer should support parallel calls.

Engineering



We need to:

• Try more examples by hand.
• Study Lean-auto translation failures.
• Study Aesop failures.
• Experiment with other means of premise selection, and combinations thereof.
• Are there things that premise selection systematically misses?
• Try other back-end provers (like Vampire, cvc5).
• Try other means of proof reconstruction.
• Collect user feedback and examples.

Performance







The mission of the Institute for Computer-Aided Reasoning in Mathematics is to:

• empower mathematicians to take advantage of new technologies for 
mathematical reasoning and keep mathematics central to everything we do;

• unite mathematicians of all kinds, computer scientists, students, and 
researchers, to achieve that goal; and

• ensure that mathematics and the new technologies are accessible to 
everyone.

Mission



In 2023, a workshop by the National Academies for 
Science, Engineering, and Medicine explored 
the promise of these technologies and the challenges 
that lie ahead.

The Institute for Computer-Aided Reasoning in 
Mathematics is designed to meet the challenges.

Motivation



Some challenges:

• Existing tools aren’t designed for mathematicians.
• Documentation isn’t written for mathematicians.
• Mathematicians don’t have the relevant expertise.
• Mathematicians don’t have time to learn to use AI.
• Collaborations are needed between computer scientists and mathematicians.
• Nobody “owns” AI for mathematics; it falls through the cracks.
• Some of the work is tedious, doesn’t yield academic credit.
• The mathematics community doesn’t know how to support/assess 

mathematicians using AI.

Empowering mathematicians



We will maintain a staff of innovation engineers who will:

• help mathematicians learn to use the technologies
• answer questions and provide technical support
• maintain documentation, tools, infrastructure, and other community 

resources
• serve as liaisons to computer science and industry
• carry out essential tasks that academics don’t have time or incentives to do
• be community leaders in the use of technology
• gather resources and coordinate efforts.

Empowering mathematicians



We will also provide:

• workshops
• summer schools
• collaborative visits
• an annual conference

These will build a community of students, researchers, mathematicians, computer 
scientists, engineers, and others to address the challenges together.

We need a combination of perspectives and expertise.

Bringing us together



AI and the digitization of mathematics can lead to greater democratization but it 
can also lead to greater inequities.

A central goal of ICARM is to ensure that all communities have the resources they 
need to participate in mathematics and take advantage of the new technologies.

Our original proposal included a summer school for college students, a workshop 
for graduate students, and an after-school program for high school students to 
address this challenge head on.

Improving access



The institute has been launched as a three-year pilot:

• 2-3 administrative staff
• 3 innovation engineers
• At least two workshops each year
• At least one summer school each year
• A conference in the second year
• Collaborative visits

Current status



We are:

• Setting up administrative and financial infrastructure within CMU
• Constituting our governing boards
• Setting up our space
• Setting up our web pages and computing infrastructure
• Hiring staff and innovation engineers
• Starting to plan our first activities and events
• Collaborating with the other institutes

At the Joint Mathematics Meetings, we will hold tutorials, participate in the 
institutes’ reception, and have a booth.

Current status



Neurosymbolic AI



Formal methods and symbolic AI
• based on logic and rules
• precise semantics
• easily get lost in a search

Machine learning and neural AI
• synthesizes huge amounts of data
• can explore and learn
• can detect subtle patterns and develop intuitions
• it can be hard to tell what the answers mean

Both are important.

Machine learning vs. formal methods



A sledgehammer is a good example of neurosymbolic AI.

• Use neural AI to learn what facts are likely to be relevant.
• Use symbolic AI to fill in and check the details.

Understanding how to combine the two traditions effectively is arguably the most 
important challenge to AI today.

A synthesis


